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EDITOR’S INTRODUCTION 


For years many teachers of economics, as well as other professional 
economists, have felt the need for a series of books on economic subjects— 
a need which is not filled by the usual textbook or by the highly technical 
treatise. 

This series, published under the general title Economics Handbook 
Series, was planned with these needs in mind. Designed first of all for 
students, the volumes are useful in the ever-growing field of adult educa- 
tion and also are of interest to the informed general reader. 

The volumes are not long—they give the essentials of the subject 
matter within the limits of a few hundred pages; they present a distillate 
of accepted theory and practice without the detailed approach of the 
technical treatise. Each volume is a unit, standing on its own. 

In the classroom the books included in the Economics Handbook Series 
will, it is hoped, serve as brief surveys in one-semester courses and as sup- 
plementary reading in introductory courses, as well as in other courses in 
which the subject is pertinent. 

In the current volume of the Economics Handbook Series, Professors 
Henderson and Quandt discuss microeconomics with the help of mathe- 
matics. The amount of mathematics required for understanding the 
text is not great, and an appendix helps the reader refresh his memory on 
theindispensablemathematical techniques. With economists increasingly 
in command of the mathematics essential for professional work in their 
field, this book should contribute greatly to an understanding of micro- 
economics. This volume suggests the many clarifications and advances 
made possible by the use of mathematics. 

It is our hope that undergraduates at the better colleges, graduate 
students, and professional economists will find this well-organized, clearly 
and logically presented work helpful. From the case of a single con- 
sumer and a single producer, the authors move on to that of exchange 
among producers and consumers in a single market and then to the 
general case in which all markets are shown in their interrelations with 
one another. The book deals with competitive markets, as well as 
imperfect markets, and also with problems of welfare. 

One author took the primary responsibility for four chapters, and the 
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other for three chapters and the Appendix. But each author also con- 
tributed to the final preparation of his coauthor’schapters. In this sense 
the book is a joint product. 

From San Diego State College, James M. Henderson moved on to 
Harvard, where he received his Ph.D. and won the Wells Prize for The 
Efficiency of the Coal Industry, which is slated for publication in 1958. 
At present, Professor Henderson is on the Harvard teaching staff and 
is a member of the senior research staff of the Harvard University 
Economic Research Project. 

After an early education in Europe, Richard Quandt migrated to this 
country and received his A.B. at Princeton, swmma cum laude. He 
obtained his Ph.D. at Harvard and, while on the teaching staff there, 
began the collaboration which produced the current volume. Quandt, 
now an assistant professor at Princeton, has written articles for several 
scientific journals. 

The editor welcomes this volume to the series. Its quality indicates 
that many other important contributions are to be expected from these 
first-class economists. 


Seymour E. Harris 


PREFACE 


The last two decades have witnessed an increasing application of mathe- 
matical methods to nearly every branch of economics. The theories of 
individual optimizing units and market equilibrium which are included 
within the microeconomics branch are no exception. Traditional theory 
has been formulated in mathematical terms, and the classical results 
proved or disproved. The use of mathematics has also allowed the 
derivation of many new results. Mathematical methods are particularly 
useful in this field since the underlying premises of utility and profit 
maximization are basically mathematical in character. 

In the early stages of this development economists were rather sharply 
divided into two groups: the mathematical economists and the literary, or 
nonmathematical, economists. Fortunately, this sharp division is break- 
ing down with the passage of time. More and more economists and 
students of economics are becoming acquainted with at least elementary 
mathematics and are learning to appreciate the advantages of its use in 
economics. On the other side, many mathematically inclined economists 
are becoming more aware of the limitations of mathematics. It seems a 
safe prediction that before too many more years have passed the question 
of the use of mathematics in microeconomic theory will be only a matter 
of degree. 

As the number of economists and students of economics with mathe- 
matical training increases, the basic problem shifts from that of teaching 
mathematics to economists to that of teaching them economics in mathe- 
matical terms. The present volume is intended for economists and 
students of economics who have some mathematical training but do not 
possess a high degree of mathematical sophistication. It is not intended 
as a textbook on mathematics for: economists. The basic concepts of 
microeconomic theory are developed with the aid of intermediate mathe- 
matics. The selection of topics and the order of presentation are indi- 
cated by economic, rather than mathematical, content. 

This volume is intended for readers who possess some knowledge, 
though not necessarily a great deal, of both economics and mathematics. 
The audience at which it is aimed includes advanced undergraduate and 
graduate students in economics and professional economists who desire to 
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see how intermediate mathematics contributes to the understanding of 
_some familiar concepts. Advanced knowledge in one of these fields can 
partially compensate for a lack of training in the other. The reader with 
a weak background in microeconomics will not fully appreciate its prob- 
lems or the limitations of the mathematical methods unless he consults 
some of the purely literary works in this area. A limited number of 
these are contained in the lists of selected references at the end of each 
chapter. 

A one-year college course in calculus, or its equivalent, is sufficient 
mathematical preparation for the present volume.? A review of the 
mathematical concepts employed in the text is contained in the Appendix. 
The Appendix is not adequate for a reader who has never been exposed to 
calculus, but it should serve the dual purpose of refreshing the reader’s 
memory on topics with which he has some familiarity and of introducing 
him to the few concepts that are employed in the text but are not usually 
covered in a first course in calculus—specifically, Cramer’s rule, Lagrange 
multipliers, and simple difference equations. The reader interested in 
extending his knowledge of specific mathematical concepts will find a list 
of references at the end of the Appendix. 

In order to simplify the reader’s introduction to the use of mathematical 
methods in microeconomic theory, two- and three-variable cases are 
emphasized in Chapters 2 and 3. The more general cases are emphasized 
in the later chapters. The analysis is frequently accompanied by dia- 
grams, in order to provide a geometric interpretation of the formal results. 
The formal analysis is also illustrated with specific numerical examples. 
The reader may test his comprehension by working tnrough the examples 
and working out the proofs and extensions of the analysis that are acca- 
sionally left as exercises. 

The authors have both served as senior partners in the preparation of 
this volume, with each contributing approximately one-half of the mate- 
rial. Henderson is primarily responsible for Chapters 3, 5, 6, and 8, and 
Quandt is primarily responsible for Chapters 2, 4, 7, and the Appendix. 
However, the manuscript was prepared in very close collaboration, and 
each author helped plan, review, and revise the work of the other. 
Therefore, all errors and defects are the responsibility of both. 

The authors are indebted to many of their teachers, colleagues, and 
students for direct and indirect aid in the production of this volume. 
Their greatest debt is to their former teacher, Wassily W. Leontief. His 
general outlook is in evidence throughout the volume, and he is responsi- 
ble for much of the authors’ affection for microeconomic theory. The 
authors gratefully acknowledge the advice and criticism of William J. 


1The reader without this background is referred to the first fifteen chapters of 
R. G. D. Allen, Mathematical Analysis for Economists (London: Macmillan, 1938). 
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Baumol, who read the entire manuscript in an intermediate stage and 
offered numerous suggestions for its improvement. Others who deserve 
specific mention are Robert Dorfman, W. Eric Gustafson, Franklin M. 
Fisher, Carl Kaysen, and Seymour E. Harris. The marginal productiv- 
ities of the inputs of the authors’ above-mentioned friends are strictly 
positive in all cases. 

The authors also owe a very significant debt to the economists who 
pioneered the application of mathematical methods to microeconomic 
theory. Their written works provide the framework for this book. The 
outstanding pioneers are J. R. Hicks and Paul A. Samuelson, but there 
are many others. The names and works of many of the pioneers can be 
found in the lists of selected references at the end of each chapter. 


James M. Henderson 
Richard E. Quandi 
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CHAPTER 1 


INTRODUCTION 


Economics is not a clearly defined discipline. Its frontiers are con- 
stantly changing, and their definition is frequently a subject of contro- 
versy. Acommonly used definition characterizes economics as the study 
of the use of limited resources for the achievement of alternative ends. 
This definition is adequate if interpreted broadly enough to include the 
study of unemployed resources and to cover situations in which the ends 
are selected hy economists themselves. More specifically, economics may 
be defined as a social science which covers the actions of individuals and 
groups of individuals in the processes of producing, exchanging, and con- 
suming goods and services. 


1-1. The Role of Theory 


Explanation and prediction are the goals of economics as well as most 
other sciences. Both theoretical analyses and einpirical investigations 
are necessary for the achievement of these goals. The two are usually 
inextricably intertwined in concrete examples of research; yet there is a 
real distinction between them. Theories employ abstract deductive 
reasoning whereby conclusions are drawn from sets of initial assump- 
tions. Purely empirical studies are inductive in nature. The two 
approaches.are complementary, since theories provide guides for empiri- 
cal studies and empirical studies provide tests of the assumptions and 
conclusions of theories. 

Basically, a theory contains three sets of elements: (1) data which play 
the role of parameters and are assumed to be given from outside the 
analytical framework; (2) variables, the magnitudes of which are deter- 
mined within the theory; and (3) behavior assumptions or postulates 
which define the set of operations by which the values of the variables 
are determined. The conclusions of a theoretical argument are always 
of a what would happen if nature. They state what the results of eco- 
nomic processes would be if the initial assumptions were satisfied, i.e., if 
the data were in fact given and the behavior assumptions justified. 

Empirical investigations allow comparisons of the assumptions and 
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conclusions of theories with observed facts. However, the requirement 
of a strict conformity between theory and fact would defeat the very 
purpose of theory. Theoriesrepresent simplifications and generalizations 
of reality and therefore do not completely describe particular situations. 
The data-variable distinctions and behavior assumptions of the theories 
presented in subsequent chapters are satisfied by few, if any, actual 
market situations. A stricter conformity to facts would require a sepa- 
rate, highly detailed theory for each individual market situation, since 
each possesses its own distinctive characteristics. Applied theories of 
this nature, however valuable for specific research projects, are of little 
general value. The more general theories are fruitful because they con- 
tain statements which abstract from particulars and find elements which 
many situations have in common. Increased understanding is realized 
at the cost of the sacrificed detail. It is then possible to go from the 
general to the specific. The cases described by pure theories provide 
insight into economic processes and serve as a background and starting 
point for applied theories and specifie empirical studies. 


1-2. Microeconomics 


Like most other disciplines, economics is divided into branches and sub- 
branches. In recent years two major branches have been distinguished: 
microeconomics, which is the study of the economic actions of individuals 
and well-defined groups of individuals, and macroeconomics, which is the 
study of broad aggregates such as total employment and national income. 
This dichotomy is in a sense artificial, since aggregates are merely sums 
of individual figures. However, it is justified by the basic differences in 
the objectives and methods of the two branches. 

The microscopic versus the macroscopic view of the economy is the 
fundamental, but not tke only, difference between these two branches of 
economics. Before the micro-macro distinction came into vogue, the 
fundamental distinction was between price and income analyses. This 
distinction can be carried over into the micro and macro branches. 
Prices play a major role in microeconomic theories, and ‘their goal is 
generally the analysis of price determination and the allocation of specific 
resources to particular uses. On the other hand, the goals of macro- 
economic theories generally are the determination of the levels of national 
income and aggregate resource employment. 

One cannot say that income concepts are ignored in micro theories or 
that prices are nonexistent in macro theories. However, in micro theories | 
the determination of the incomes of individuals is encompassed within 
the general pricing process: individuals earn their incomes by selling 
factors of production, the prices of which are determined in the same 
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manner as all other prices. On the other hand, prices are relevant in 
macro theories, but macro theorists usually abstract from the problems 
of determining individual prices and their relations to one another and 
deal with aggregate price indices as determined by the level of aggregate 
spending. 

Since the problems of individual price determination are assumed 
away in macro theory, the relationship between individual units and the 
aggregates is not clear. If it were, the analysis would be classified as 
micro theory. The simplifications introduced by aggregation are not 
without reward, since they make it possible to describe the position and 
progress of the economy as a whole in terms of a few simple aggregates. 
This would be impossible if the micro emphasis on individual behavior 
and relative prices were maintained. 

Following this established separation of subject matter, the present 
volume is limited to a systematic exposition of traditional microeconomic 
theory. The theories of individual behavior and price determination 
for a perfectly competitive economy are developed in three stages of 
increasing generality in Chapters 2 through 5. The behavior of indi- 
vidual consumers (Chapter 2) and producers (Chapter 3) is the focal 
point of the first stage. Each individual is assumed to consider the 
prices of the goods that he buys and sells as given parameters, the magni- 
tudes of which he is unable to influence. The quantities of his purchases 
and sales are the variables determined in these theories. The market 
for a single commodity is the focal point of the second stage (Chapter 4). 
The prices of all other commodities are assumed to be given parameters, 
and the price of the commodity in question, as well as the volume of its 
purchases and sales, is shown to be determined by the independent actions 
of all its buyers and sellers. Finally, in the third stage (Chapter 5) the 
interrelations between the various markets in the system are explicitly 
taken into account, and all prices are determined simultaneously. 

Microeconomic theories are sufficiently flexible to permit many vari- 
ations in their underlying assumptions. For example, the assumption 
that no single individual is able to infl“ence prices or the actions of other 
individuals is modified in Chapter 6. Despite the variation of this basic 
premise, the family resemblance between the analyses of Chapter 6 and 
those of earlier chapters is quite evident. The assumption of a static 
world in which consumers and producers do not plan for the future is 
relaxed in Chapter 8.° Again the logical connection with the earlier 
chapters is easily discernible. The possibility of relaxing these and 
other assumptions increases the flexibility and generality of the basic 
theories. ; 

Another important use of theory is to serve as a guide to what ought 
to be. The subbranch of microeconomics which covers these problems is 
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known as welfare economics and is the subject of Chapter 7. The degree 
of conformity between theory and fact is of great importance in welfare 
economics. If one were interested in pure description, a divergence 
between theory and fact would suggest that the theory is faulty for that 
particular purpose. When the theory becomes a welfare ideal, such a 
divergence leads to the conclusion that the actual situation is faulty and 
should be remedied. 


1-3. The Role of Mathematics 


The theories of the present volume are cast in mathematical terms. 
The mathematics is not an end in itself, but rather a set of tools 
which facilitates the derivation and exposition of the economic theories. 
Mathematics is useful for translating verbal arguments into concise and 
consistent forms. However, it does more than this. Mathematics pro- 
vides the economist with a set of tools often more powerful than ordinary 
speech in that it possesses concepts and allows operations for which no 
manageable verbal equivalents exist. The use of mathematics enlarges 
the economist’s tool kit and widens the range of possible inferences from 
initial assumptions. 

Purely verbal analysis was the first stage in the historical development 
of economic theory. However, as quantitative relationships were formu- 
lated in increasing numbers and as theories became increasingly complex, 
purely verbal analyses became more tedious and more difficult to formu- 
late consistently. Mathematical functions underlay most of these early 
theories, though they were seldom made explicit. The recognition that 
more rigorous formulations were often necessary led to the acceptance of 
geometry as an important tool of analysis. Geometry was and is highly 
useful, but possesses many limitations. One of the most serious of these 
is the limitation of theoretical arguments to two, or at most three, varia- 
bles. The increasing use of mathematics in recent years reflects the belief 
that geometry is not adequate for rigorous economic reasoning in many 
cases. 

When an economic theory is put into mathematical terms, one must 
make some assumptions about the mathematical properties of the phe- 
nomena under investigation. These assumptions, like the strictly eco- 
nomic assumptions, represent simplifications of reality. However, it is 
fruitful to abstract from reality if increased understanding results from 
the sacrifice of some detail. 

The use of mathematics in the present volume does not mean that the 
authors believe that all verbal and geometric analyses should be dis- 
Carded. All three approaches are of value. Verbal analyses serve to 
fill in many details, and geometry is adequate, even preferable, for many 
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problems. In order to highlight the similarities between the geometric 
and mathematical approaches, the two are used side by side in the 
development of many propositions in the present volume. 

The mathematical concepts used in the text are reviewed in the 
Appendix. All except mathematically sophisticated readers should read, 
or. at least skim, the Appendix before beginning Chapter 2. 


CHAPTER 2 


THE THEORY OF CONSUMER BEHAVIOR 


The postulate of rationality is the customary point of departure in the 
theory of the consumer’s behavior. The consumer is assumed to choose 
among the alternatives available to him in such a manner that the satis- 
faction derived from consuming commodities (in the broadest sense) is as 
large as possible. This implies that he is aware of the alternatives facing 
him and is capable of evaluating them. All information pertaining to 
the satisfaction that the consumer derives from various quantities of 
commodities is contained in his utility function. 

The concepts of utility and its maximization are void of any sensuous 
connotation. The assertion that a consumer derives more satisfaction or 
utility from an automobile than from a suit of clothes means that if he 
were presented with the alternatives of receiving as a gift either an 
automobile or a suit of clothes, he would choose the former. Things 
that are necessary for survival—such as vaccine when a smallpox epi- 
demic threatens—may give the consumer the most utility, although the 
act of consuming such a commodity has no pleasurable sensations con- 
nected with it. 

The nineteenth-century economists W. Stanley Jevons, Léon Walras, 
and Alfred Marshall considered utility measurable, just as the weight of 
objects is measurable. The consumer was assumed to possess a cardinal 
measure of utility, ie., he was assumed to be capable of assigning to 
every commodity or combination of commodities a number representing 
the amount or degree of utility associated with it. The numbers repre- 
senting amounts of utility could be manipulated in the same fashion as 
weights. Assume, for example, that the utility of A is 15 units and the 
utility of B 45 units. The consumer would “like” B three times as 
strongly as A. The differences between utility numbers could be com- 
pared, and the comparison could lead to a statement such as ‘‘A is 
preferred to B twice as much as C is preferred to D.” It was also 
assumed by the nineteenth-century economists that the additions to a 
consumer’s total utility resulting from consuming additional units of a 
commodity decrease as he consumes more of it. The consumer’s behavior 
can be deduced from the above assumptions. Imagine that a certain 
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price, say 2 dollars, is charged for coconuts. The consumer, confronted 
with coconuts, will not buy any if the amount of utility he surrenders 
_ by paying the price of a coconut (i.e., by parting with purchasing power) 
is greater than the utility he gains by consuming it. Assume that the 
utility of a dollar is 5 utils and remains approximately constant for small 
variations in income and that the consumer derives the following incre- 
ments of utility by consuming an additional coconut: 


Unit Additional utility 
Coconut 1............ 20 
Coconut 2............ 9 
Coconut 3............ 7 


He will buy at ieast one coconut, because he surrenders 10 utils in 
exchange for 20 utils and thus increases his total utility.!. He will not 
buy a second coconut, because the utility loss exceeds the gain. In 
general, the consumer will not add to his consumption vi a commodity 
if an additional unit involves a net, utility loss. He will increase his con- 
sumption only if he realizes a net gain of utility from it. For example, 
assume that the price of coconuts falls to 1.6 dollars. Two coconuts will 
now be bought. A fall in the price has increased the quantity bought. 
This is the sense in which the theory predicts the consumer’s behavior. 

The assumptions on which the theory of cardinal utility is built are 
very restrictive. Equivalent conclusions can be deduced from much 
weaker assumptions. Therefore it will not be assumed in the remainder 
of this chapter that the consumer possesses a cardinal measure of utility 
or that the additional utility derived from increasing his consumption 
of a commodity diminishes. 

If the consumer derives more utility from alternative A than from 
alternative B, he is said to prefer A to B.f The postulate of rationality 
is equivalent to the foliowing statements: (1) for all possible pairs of 
alternatives A and B the consumer knows whether he prefers A to B or 
B to A, or whether he is indifferent between them; (2) only one of the 
three possibilities is true for any pair of alternatives; (3) if the consumer 
prefers A to B and B to C, he will prefer A to C. The last statement 
ensures that the consumer’s preferences are consistent or transitive: if he 
prefers an automobile to a suit of clothes and a suit of clothes to a bowl 
of soup, he must prefer an automobile to.a bowl of soup. 

The postulate of rationality, as stated above, merely requires that the 

1 The price is 2 dollars; the consumer loses 5 utils per dollar surrendered. There- 
fore the gross loss is 10 utils, and the gross gain is 20 utils. 

j A chain of definitions must eventually come to an end. The word “‘prefer’’ 
could be defined to mean ‘would rather have than,’’ but then this expression must be 


left undefined. The term “prefer” is also void of any connotation of sensuous 
pleasure. : 
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consumer be able to rank commodities in order of preference. The con- 
sumer possesses an ordinal utility measure,-i.e., he need not be able to 
assign numbers that represent (in arbitrary units) the degree or amount 
of utility that he derives from commodities. His ranking of commodities 
is expressed mathematically by his utility function. It associates certain 
numbers with various quantities of commodities consumed, but these 
numbers provide only a ranking or ordering of preferences. If the utility 
of alternative A is 15 and the utility of B is 45 (i.e., if the utility function 
associates the number 15 with alternative or commodity A and the num- 
ber 45 with alternative B), one can only say that B is preferred to A, 
but it is meaningless to say that B is liked three times as strongly as A. 
This reformulation of the postulates of the theory of consumer behavior 
was effected only around the turn of the last century. It is remarkable 
that the consumer’s behavior can be explained just as well in terms of an 
ordinal utility function as in terms of a cardinal one. Intuitively one 
can see that the. consumer’s choices are completely determinate if he 
possesses a ranking (and only a ranking) of commodities according to 
his preferences. One could visualize the consumer as possessing a list of 
commodities in decreasing order of desirability; when the consumer 
receives his income he starts purchasing commodities from the top of 
the list and descends as far as his income allows.! Therefore it is not 
necessary to assume that he possesses a cardinal measure of utility. 
The much weaker assumption that he possesses a consistent ranking of 
preferences is sufficient. 

The basic tools of analysis and the nature of the utility function are 
discussed in Sec. 2-1. Two alternative but equivalent methods are 
employed for the determination of the individual consumer’s optimum 
consumption level in Sec. 2-2. It is shown in Sec. 2-3 that the solution 
of the consumer’s maximum problem is invariant with respect to mono- 
tonic transformations of his utility function. Demand curves are derived 
in Sec. 2-4, and the analysis is extended to the problem of choice between 
income and leisure in Sec. 2-5. The effect of price and income variations 
on consumption levels is examined in Sec. 2-6. The theory is generalized 
to an arbitrary number of commodities in Sec. 2-7 and is reformulated in 
terms of an alternative approach, the theory of revealed preference, in 
Sec. 2-8. Finally, the problem of choice is analyzed with respect to 
situations with uncertain outcomes in Sec. 2-9. 


2-1. Basic Concepts 
The Nature of the Utility Function. Consider the simple case in which 
the consumer’s purchases are limited to two commodities. His ordinal 


1 How much a particular item on the list is liked is irrelevant; an item which is 
higher up on the list will always be chosen before one which comes later. 
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utility function is 
U = f(q,4) (2-1) 


where g: and qe are the quantities of the two commodities Q; and Q2 
which he consumes. It is assumed that f(q:,g2) is continuous and has 
continuous first- and second-order partial derivatives. The consumer’s 
utility function is not unique (see Sec. 2-3). In general, any single- 
valued increasing function of g, and ge can serve as a utility function. 
The utility number U® assigned to any particular commodity combi- 
nation indicates that it is preferable or superior to all combinations with 
lower numbers and inferior to those with higher numbers. 

The utility function is defined with reference to consumption during 
a specified period of time. The level of satisfaction that the consumer 
derives from a particular commodity combination depends upon the 
length of the period during which he consumes it. Different levels of 
satisfaction are derived from consuming ten portions of ice cream within 
one hour and within one month. There is no unique time period for 
which the utility function should be defined. However, there are restric- 
tions upon the possible length of the period. The consumer usually 
derives utility from variety in his diet and diversification among the 
commodities he consumes. Therefore, the utility function must not be 
defined for a period so short that the desire for variety cannot be satisfied. 
On the other hand, tastes (the shape of the function) may change if it is 
defined for too long a period. Any intermediate period is satisfactory 
for the static theory cf consumer behavior.!_ The present theory is static 
in the sense that the utility function is defined with reference to a single 
time period, and the consumer’s optimal expenditure pattern is analyzed 
only with respect to this period. No account is taken of the possibility 
of transferring consumption expenditures from one period to another.’ 

Indifference Curves. A particular level of utility or satisfaction can 
be derived from many different combinations of Q@; and Q2.¢ For a 


iThe theory would break down if it were impossible to define a period that is 
neither too short from the first point of view nor too long from the second, 

2 The present analysis is static in that it does not consider what happens after the 
current income period. The consumer makes his calculations for only one such 
period at atime. At the end of the period he repeats his calculations for the next one. 
If he were capable of borrowing, one would consider his total liquid resources avail- 
able in any time period instead of his income proper. Conversely, he may save, i.e., 
not spend all his income on consumption goods. Provision can be made for both 
possibilities without changing the essential points of the analysis (see Sec. 8-2). 

f By definition, a commodity is an item of which the consumer would rather have 
more than less. Otherwise he is dealing with a discommodity. In reality a com- 
modity may become a discommodity if its quantity is sufficiently large. For exam- 
ple, if the consumer partakes of too many portions of ice cream, it may become a 
discommodity for him. It is assumed in the remainder of the chapter that such a 
point of saturation has not been reached. . 
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given level of utility U® Eq. (2-1) becomes 
O° = f(q1,92) (2-2) 


where U° is a constant. Since the utility function is continuous, (2-2) is 
satisfied by an infinite number of combinations of Qi and Qo. Imagine 
that the consumer derives a given level of satisfaction U° from 5 units of 
Q, and 3 units of Qe. If his consumption of Q were decreased from 5 
to 4 without an increase in his consumption of Qe, his satisfaction would 
certainly decrease. In general, it is possible to compensate him for the 
loss of 1 unit of Q: by allowing an increase in his consumption of Qe. 


% ) 


oO q1 O , q 
FiGure 2-1 Figure 2-2 


Imagine that an increase of 3 units in his consumption of Q, makes him 
indiffereni between the two alternative combinations. Other commodity 
combinations which yield the consumer the same level of satisfaction 
can be discovered in a similar manner. The locus of all commodity 
combinations from which the consumer derives the same level of satis- 
faction forms an indifference curve. An indifference map is a collection 
of indifference curves corresponding to different levels of satisfaction. 
The quantities gi and gz are measured along the axes of Fig. 2-1. One 
indifference curve passes through every point in the positive quadrant 
of the gigz plane. Indifference curves correspond to higher and higher 
levels of satisfaction as one moves in a northeasterly direction in Fig. 2-1. 
A movement from point A to point B would increase the consumption 
of both Q, and Q,. Therefore B must correspond to a higher level of 
satisfaction than A.f 

Indifference curves cannot intersect as shown in Fig. 2-2. Consider 


t The term “‘level of satisfaction’? should not mislead the reader to think in terms 
of a cardinal measure of utility. The term is relevant only in that a particular level 
of satisfaction is higher or lower than some other level. Only the ordinal properties 
of levels of satisfaction are relevant. 
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the points Ai, Ae, and As. Let the consumer derive the satisfaction U1 
from the batch of commodities represented by A, and similarly U2 and 
U; from Az and A3. The consumer has more of both commodities at 
A; than at A, and therefore Us > U:. Since A: and Az are on the same 
indifference curve, U; = Uz. The points Az and A; are also on the same 
indifference curve, and therefore U2 = U3. This implies Ui = U3. 
Therefore, A; and A; are on the same indifference curve contrary to 
assumption. 
The Rate of Commodity Substitution. The total differential of the 
utility function is 
dU = fi dai + fe dae (2-3) 


where f; and fz are the partial derivatives of U with respect to qi and q2- 
The total change in utility (compared to an initial situation) caused by 
variations in qg; and qe is approximately the change in q, multiplied by 
the change in utility resulting from a unit change of qi plus the change in 
gz multiplied by the change in utility resulting from a unit change in qo. 
‘Let the consumer move along one of his indifference curves by giving up 
some Q, in exchange for Qe. If his consumption of Q: decreases by dqi 
(therefore, dq, < 0), the resulting loss of utility is approximately f: dq. 
The gain of utility caused by acquiring some Q2 is approximately fe dqe 
for similar reasons. Taking arbitrarily small increments, the sum of 
these two terms must equal zero in the limit, since the total change in 
utility along an indifference curve is zero by definition.! Since. the 
analysis runs in terms of ordinal utility functions, the magnitudes of 
fi dqi and fz dgz are not known. However, it must still be true that the 
sum of these two terms is zero. Setting dU = 0, 


fidg: + fedg. = 0 
yields 


— Wh 
dqu fe (2-4) 


The slope of an indifference curve, dq2/dqi, is the rate at which a con- 
sumer would be willing to substitute Q; for Qe or Qe for Qi in order to 
maintain a given level of utility.: The negative of the slope, —dg2/dqi, 
is the rate of commodity substitution (RCS) of Q, for Qe or Qe for Q:, 
and it equals the ratio of the partial derivatives of the utility function.’ 


1Imagine the utility function as a surface in three-dimensional space. Then the 
total differential (2-3) is the equation of the tangent plane to this surface at some 
point. This justifies the use of the word approximate in the above argument (see 
Sec. A-3). 

2 The rate of commodity substitution is frequently referred to in the literature of 
economics as the marginal rate of substitution, although the term marginal is redun- 
dant. Cf. J. R. Hicks, Value and Capital (2d ed.; Oxford: Clarendon Press, 1946), 
part I. 
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The RCS at a point on an indifference curve is the same for movements 
in either direction. It is immaterial whether the verbal definition is in 
terms of substituting Q: for Q2 or vice versa. 

In a cardinal analysis the partial derivatives f: and fz are defined as 
the marginal utilities of the commodities Q, and Q2.{ This definition is 
retained in the present ordinal analysis. However, the partial derivative 
of an ordinal utility function cannot be given a cardinal interpretation. 
Therefore, the numerical magnitudes of individual marginal utilities are 
without meaning. The consumer is not assumed to be aware of the 
existence of marginal utilities, and only the economist need know that 
the consumer’s RCS equals the ratio of marginal utilities. The signs 
as well as the ratios of marginal utilities are meaningful in an ordinal 
analysis. A positive value for f; signifies that an increase in gq, will 
increase the consumer’s satisfaction level and move him to a higher 
indifference curve. 


2-2. The Maximization of Utility 


The rational consumer desires to purchase that combination of Q; and 
Q2 from which he derives the highest level of satisfaction. His problem 
is one of maximization. However, his income is limited, and he is not 
able to purchase unlimited amounts of the commodities. The consumer’s 
budget constraint can be written as 


y° = pig + Page (2-5) 


where y is his (fixed) income and p; and pz are the prices of Q, and Q, 
respectively. The amount he spends on the first commodity (191) plus 
the amount he spends on the second (p2g2) equals his income (y’). 

Method 1. In order to maximize the utility function subject to the 
budget constraint the consumer must find a combination of commodities 
that satisfies (2-5) and also maximizes the utility function (2-1). Trans- 
posing p19: to the left in (2-5) and dividing through by ps, the budget 
constraint becomes 


y — Didi 


Pe =e 


Substituting this value of g2 into @-1), the utility function becomes a 
function of q; alone: 


= (ESP) a 


f The marginal utility of a commodity is often loosely defined as the increase in 
utility resulting from a unit increase in its consumption. 
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Because of the fixed relationship between qi and ge via the budget con- 
straint, it is sufficient to maximize (2-6) with respect to qi. Sufficient 
conditions are satisfied if dU/dg, = 0 (first-order condition) and d?U/ 
dg? < 0 (second-order condition). 

Setting the first derivative of (2-6) equal to zero,f 


dU _ _ Pi) _ : 
Uo + he(-B)=0 (2-7) 


Transposing the second term of (2-7) to the right and dividing by f2 yields 


fi Pr 
fe Po, a 


The ratio of the marginal utilities must equal the ratio of prices for a 
maximum. Since f;/f2 is the RCS, the first-order condition for a maxi- 
mum is expressed by the equality of the RCS and the price ratio. Equa- 
tion (2-8) can be rewritten as 


Ak , (2-9) 
Pr Pe 
Marginal utility divided by price must be the same for all commodities. 
This ratio gives the rate at which satisfaction would increase if an addi- 
tional dollar were spent on a particular commodity. If more satisfaction 
could be gained by spending an additional dollar on Q, rather than Q2, 
the consumer would not be maximizing utility. He could increase his 
satisfaction by shifting some of his expenditure from Q2 to Q:. Equa- 
tion (2-9) is necessary for a maximum, but, it does not ensure that a 
maximum is actually reached. 
Denoting the second direct partial derivatives of (2-1) by fi: and fo2 
and the second cross partial derivatives by fi. and f21, the second-order 
condition for a maximum requires that 


a?U p ‘ 
oo = ju + Aha(- P) + fa(- pt) <0 
Multiplying by p,? (a positive number), 


fups? — 2fiepipe + feopi? < 0 (2-10) 


A maximum is obtained if (2-10) holds in addition to (2-8) and (2-9). 
By further differentiation of (2-4) the rate of change of the slope of 


_ ft The composite-function rule and the function of a function rule have been used 
(see Secs. A-2 and A-3). 
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the indifference curve ist 


d? 1 : 
Iga ~~ Fx Subst — Subst fof?) 11) 
Substituting f: = pif2/pe2 from (2-8) into (2-11), 
d? 1 
wa rae jope? (firP2? — 2f:2p1p2 + fa2p1") (2-12) 


Inequality (2-10) ensures that the bracketed term on the right-hand side 
of (2-12) is negative. Hence d*q2/dq:? is positive, and the indifference 
curves are convex from below. Equations (2-4) and (2-8) together imply 
that indifference curves are negatively sloped, since prices are positive. 
If maxima exist, indifference curves are of the general shape presented in 
Fig. 2-1. 

Assume that the utility function is U = qig2, that p: = 2 dollars, 
p2 = 5 dollars, and that the consumer’s income for the period is 100 
é dollars. The budget constraint is 
al| . 100 — 29 — 5q2 = ba 

Expressing g2 as afunction of gi from 





40 the budget constraint, 
— on — 2 
30 gz = 20 5 
20 Substituting intothe utility function, 
-2q2 

10 U = 20m — a 

| dia’ = dU _ 4q 

0 10 20 30 40 50 gq, ‘Therefore dae 20 — = 


FIGURE 2-3 : 
Setting dU/dq equal to zero and 


solving for gq: gives gq. = 25. Substituting this into the budget constraint 
gives gg = 10. The second derivative of the utility function is negative 
for these values of qi and qe, as the reader may verify by performing the 
necessary differentiation. The consumer maximizes utility by consum- 
ing this combination. 

Figure 2-3 contains a graphic presentation of this example. The price 
line AB is the geometric counterpart of the budget constraint and shows 
all possible combinations of Q; and Q.2 that the consumer can purchase. 
Its equation is 100 — 2g, — 5g2 = 0. The consumer can purchase 50 
units of Q, if he buys no Qe, 20 units of Q2 if he buys no Qu, etc. A 


t Note that (2-11) is obtained by taking the total derivative of the slope of the 
indifference curve instead of the partial derivative. 
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different price line corresponds to each possible level of income; if the 
consumer’s income were 60 dollars, the relevant price line would be CD. 
The indifference curves jn this example are a family of rectangular hyper- 
bolas.!_ The consumer desires to reach the highest indifference curve that 
has at least one point in common with AB. His equilibrium is at point 
E, at which AB is tangent to an indifference curve. Movements in 
either direction from point # result in a diminished level of utility. The 
constant slope of the price line, —p;/p2 or —2€ in the present example, 
must equal the slope of the indifference curve. Forming the ratio of the 


@ . @ 
val oO q, 
{a) (B) 
3 Fietre 2-4 


partial derivatives of the utility function, the slope of the indifference 
curves in the present example is —q2/qgi, and hence the RCS equals 
q2/q1 = 1% 5, which equals the ratio of prices 34 as required. The indif- 
ference curves are convex from below because d?q2/dqi? = 2q2/q:7 > 0. 
The first-order condition (2-8) or (2-9) is not necessary for a maximum 
in two special cases: (1) if the indifference curves are concave from below, 
and (2) if the indifference curves are convex from below but are every- 
where steeper (or less steep) than the price line. The consumer’s opti- 
mum position is given by a corner solution in both cases. In case (1) the 
first-order condition for a maximum is satisfied at the point of tangency 
between the price line and an indifference curve, but the second-order 
condition is not (see Fig. 2-4a). Therefore this point represents a situ- 
ation of minimum utility, and the consumer can increase his utility by 
moving from the point of tangency toward either axis. He consumes 
only one commodity at the optimum. If he spends all his income on 
one commodity, he can buy y°/p; units of Q: or y°/p2 units of Qe. There- 
fore he will buy only Q; or only Qe, depending upon whether f(y°/p1, 0) 2 


1 Hyperbolas the asymptotes of which coincide with the coordinate axes. 
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f(0, y°/p2). In case (2) tangency cannot be achieved (the first-order con- 
dition cannot be fulfilled) although the second-order condition could be 
satisfied (see Fig. 2-4b). The methods of calculus cannot be applied 
because of the restrictions g1 2 0, gz 20. As before, the consumer 
purchases only one commodity at the optimum. 

Method 2. The same conclusions can be obtained by using the tech- 
nique of Lagrange multipliers. From the utility function (2-1) and the 
budget constraint (2-5) form the function 


V = f(q1,92) + A(y° — prgi — ego) (2-13) 


where \ is the as yet undetermined Lagrange multiplier (see Sec. A-3). 
V is a function of qi, gz, and A. Moreover, V is identically equal to U 
for those values of gq; and g2 which satisfy the budget constraint, since 
then y° — pigi — poge = 0. To maximize V, calculate the partial deriva- 
tives of V with respect to the three variables and set them equal to zero: 


OV 

—=f;—-n, = 

0q1 fi Pi 

OV 

age = fe = APe2 = M4) 
OV 


ox YT Pid — P2g2 = 0 


The first-order condition (2-8) is immediately obtained from (2-14) by 
transposing the second terms in the first two equations of (2-14) to the 
right-hand side and dividing the first equation by the second. The 
second-order condition for a coustrained maximum is that the relevant 
bordered Hessian determinant be positive: 


fu fix pu 
fu fez —pe|>0 , (2-15) 
—pi —pe O 
Expanding (2-15), 
2fiepipe — feepi? — fip2? > 0 


which is the same as (2-10). 


2-3. The Choice of a Utility Index 


The numbers which the utility function assigns to the alternative 
commodity combinations need not have cardinal significance; they need 
only serve as an index of the consumer’s satisfaction. Imagine that one 
wishes to compare the satisfaction a consumer derives from one hat and 


¢ See Sec. A-1 on expanding a determinant and Sec. A-3 on constrained maxima. 
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two shirts and from two hats and five shirts. The consumer is known 
to prefer the latter to the former combination. The numbers that are 
assigned to these combinations for the purpose of showing the strength 
of his preferences are arbitrary in the sense that the difference between 
them has no meaning. Since the second batch is preferred to the first 
batch, the number 3 could be assigned to the first, and the number 4 
to the second. However, any other set of numbers would serve as well, 
as long as the number assigned to the second batch exceeded that assigned 
to the first. Thus 3 for the first batch and 400 for the second would 
provide.an equally satisfactory utility index. If a particular set of num- 
bers associated with various combinations of Q: and Q: is a utility index, 
any monotonic transformation of it is also a utility index. Assume that 
the original utility function is U = f(¢1,¢2). Now form a new utility 
index W = F(U) = F[f(q1,¢2)] by applying a monotonic transformation 
to the original utility index. The function F(U) is then a monotonic 

_ (increasing) function of U.t It can be demonstrated that maximizing W 
subject to the budget constraint is equivalent to maximizing U subject 
to the budget constraint. -Form the function - 


Z = Fl[f(q1,92)] + A(y® — Pigi — P2ge) 


and set the partial derivatives with respect to q, g2, and \ equal to zero: 


OZ 

LG 7 eee eae 

0g: fi o 

OZ = Ppf— aa 2 
5a: F'fo — \p2 = 0 (2-16) 
OZ 


ar — 9° — Pits — Pode = 0 


where F’ is the derivative of F with respect to its argument.? Trans- 
posing the second terms of the first two equations of (2-16) and dividing 
the first equation by the second, 

fr _ Dr 

ee 2-17 

fa pa ( ) 
This proves that the first-order conditions are invariant with respect to 
the particular choice of the utility index. The ratio of the marginal 
utilities must equa] the ratio of the corresponding prices, irrespective of 


1A function F(U) is a monotonic transformation of U if F(Ui) > F(Uo) whenever 
Ui > Us. 

¢ Examples are provided by the transformations W = aU + 6, provided that a is 
positive, and by W = U?, provided that all utility numbers are nonnegative. 

2 The arguments of a function are the variables of which it isa function. Note that 
the function of a function rule is applied (see Sec. A-2). 

3 The assumption that F is a monotonic transformation guarantees that F’ + 0. 
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the choice of a utility index. The marginal utilities for different indices 
may be quite different, but they are not important for the maximization 
of utility; the ratio of the marginal utilities is the same, irrespective of 
the utility index. 
The second-order partial derivatives of Z are 
2 
~ = FUG? ++ Ff 
PZ 
aqe? 
aZ 
On? 
eZ 
0q1 9q2 
PZ 
092 ON 
PZ 
TO) Cn te 
PL 
yor) a te 


= F’'f 22 + F’ foo 
=0 


oo F’'fife + F’ fie 





= FU if. + Ff 


The second-order condition for a maximum states that 


F’fP + Pfu P’ffet Pf —p 
A =|F"fife + F’fer Ff? + Ff —pe| > 0 (2-18) 
—P1 —Ppe 0 


This determinant can be shown to be the same as (2-15). Thevalueof a 
determinant does not change if a multiple of one row is added to some 
other row or if a multiple of a column is added to some other column. 
Multiplying a row or a column of the array by a given number is equiva- 
lent to multiplying the value of the determinant by that number (see 
Sec. A-1). From the first two equations of (2-16) 





F’fy 
P= x 

_ Ph 

P2 = eS 


Substituting these values of pi and p» into (2-18), 


P'pe + Pha F’fifet Fhe —F'f| 
A =| F’fifo + F’fer PF fo? + F’foo —F'f2/d| > 0 (2-19) 
—F'f,/r —F'fo/r 0 
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Multiplying the last row and the last column of (2-19) by \/F’, 


pr? |Pfe + Pfau Pfft Pha —fr| 
A= () F'fifo+ Ff F’f2+ Fife —fre|>0 
—fy “—fe 0 


Now add F’’f, times the last row to the first row and F’’fe times the 
last row to the second row. This leaves A unchanged: 


\2|F fu F’fi fi 
©) 


x F’fex F’for —f2| > 9 


fy Hse 0 


Substitute —\p,/F’ for —f; and —)p2/F’ for —fz from the first two 
equations of (2-16) and then multiply the last row and the last column 
by F’/X: 
F’fi, F’fizg —py 
A= F’fox F’ foo —p2|> 0 
—p:1 —pe O | 
Now multiply the last column by F’ and divide the first two rows by F’: 


fi fr —Pi 
A=| fa fo —pe2|(F’)>0 (2-20) 
—Pi —P2 0 
F is a monotonic transformation by hypothesis; hence F’ is positive, and 
the sign of A is the same as the sign of the determinant on the xight- 
hand side of (2-20). However, the determinant on the right-hand side of 
(2-20) is identical with that given by (2-15). This proves that the 
second-order condition is invariant with respect to the choice of the 
utility index. It follows from the invariance of the first- and second- 
order conditions that if the utility index U is maximized, so will be the 
utility index W. It can be concluded that if the consumer maximizes 
his utility subject to the budget constraint for one given utility index, 
he will behave in identical fashion irrespective of the utility index chosen, 
as long as the index selected is a monotonic transformation of the original 
one. If a utility function is maximized by a particular batch of com- 
modities, the same batch will maximize all other utility functions that 
are monotonic transformations of it. The consumer’s utility function is 
unique except for a monotonic transformation.! 
Choose the utility index U* = q,?g2?, which is a monotonic transfor- 


1 This proposition can be proved intuitively as follows. Any single-valued func- 
tion U can serve as a utility function if it is order-preserving, ie., U(A) > U(B) if 
and only if A is preferred to B. If F(U) isa monotonic transformation, F[U(A)] > 
F(U(B)], and the function F(U) is itself order-preserving. 


20 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


mation of U = qig2.f Form the function 
* = gi?go? + A(y® — 2g: — 5q2) 


and set its partial derivatives equal to zero: 











* 
an = 291927 — 2X = 0 
-_ 
ae = 994s = SN = 0 
aV* 
EN = y° — 2q1 — 5g2 = 0 


Substituting y® = 100 and solving for qi and qe, the same values are 
obtained as before: g; = 25 and q2 = 10. 


2-4. Demand Curves 


The consumer’s demand curve for a commodity gives the quantity 
he will buy as a function of its price. Demand curves can be derived 
from the analysis of utility maximization. The first-order conditions for 
maximization (2-14) consist of three equations in the three unknowns: 
qi, Q@z, and A.{[ The demand curves are obtained by solving this system 
for theunknowns. The solutions for q: and q2 are in terms of the parame- 
ters pi, P2, and y®°. The quantity of Q: (or Q2) that the consumer pur- 
chases in the general case depends upon the prices of all commodities and 
his income. 

As above, assume that the utility function is U = qig2 and the budget 
constraint y° — pigi — pog2 = 0.. Form the expression 


V = qige + A(y® — igi — P2G2) 


and set its partial derivatives equal to zero: 


Oqi 
oV 
a eS 
aV 


t The new utility function is obtained by squaring the original one. Squaring is 
not a monotonic transformation if negative numbers are admissible. However,’ 
squaring is proper for the present purposes, since the possibility of negative purchases 
by the consumer is not admitted. 

} Assume that the second-order conditions are fulfilled. 
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Solving for g; and g2 gives the demand functions:? 
sane ee 
n= de 3 Da 
The demand functions derived in this fashion are contingent on continued 
optimizing behavior by the consumer. Given the consumer’s income 
and prices of commodities, the quantities demanded by him can be deter- 
mined from his demand functions. Of course, these quantities are the 
same as those obtained directly from the utility function. Substituting 
y = 100, p: = 2, p2 = 5 in the demand functions gives gq, = 25 and 

= 10, as in Sec. 2-2. 

Two important properties of demand functions can be deduced: (1) the 
demand for any commodity is a single-valued function of prices and 
income, and (2) demand functions are homogeneous of zeroth degree in 
prices and income; i.e., if all prices and income change in the same pro- 
portion, the quantity demanded remains unchanged. 

The first property follows from the convexity of the indifference curves: 
a single maximum, and therefore a single commodity combination, corre- 
spouds to a given set of prices ard income. To prove the second property 
assume that all prices and income change in the same proportion. The 
budget constraint becomes 


ky? — kpigir — kpeqe = O 
where k is the factor of proportionality. Expression (2-13) becomes 
V = f(qg2) + AChy® — kpign — kp2gs) 
and the first-order conditions are 
fi — Akpi = 0 
fa — Akp2 = 0 (2-21) 
ky® — kpiqi — kpoge = 0 
The last equation of (2-21) is the partial derivative of V with respect to 
the Lagrange multiplier and can be written as 
k(y® — pig: — pog2) = 0 
Since k + 0, 
y° — D191 — Doge = 
Eliminating k from the first two equations of (2-21) by moving the 
second terms to the right-hand side and dividing the first equation by 
the second, 
fir _ Pa 
f 2 P2 
1 Notice that these demand curves are a special case in which the demand for each 
commodity depends only upon its own price and income. 


22 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


The last two equations are the same as (2-5) and (2-8). Therefore the 
demand curve for the price-income set (kpi,kp2,ky®) is derived from the 
same equations as for the price-income set (p1,p2,y°). It is equally easy 
to demonstrate that the second-order conditions are unaffected. This 
proves that the demand functions are homogeneous of degree zero in 
prices and income. [If all prices and the consumer’s income are increased 
in the same proportion, the quantities demanded by the consumer do not 
change. This implies a relevant and empirically testable restriction upon 
the consumer’s behavior; it means that he will not behave as if he were 
richer (or poorer) in terms of real income if his income and prices rise 
in the same proportion. A rise in money income is desirable for the 
consumer, ceteris paribus, but its benefits are illusory if prices change 
proportionately. If such proportionate changes leave his behavior 
unaltered, there is an absence of ‘‘ money illusion.’ 

In general, the consumer’s demend curve for commodity Q, is written as 


1 = $(01,p2,y") (2-22) 
or, assuming that p2 and y are given parameters, { 
qi = D(p) (2-23) 


The shape of the demand function depends upon the properties of the 
consumer’s utility function. It is generally assumed that demand curves 
are negatively sloped: the lower the price, the greater the quantity 
demanded. In exceptional cases the opposite relationship may hold. 
An example is provided by ostentatious consumption: if the consume} 
derives utility from a high price, the demand function may have a positive 
slope. The nature of price-induced changes in the quantity demandec 
is analyzed in detail in Sec. 2-6. Elsewhere in this volume it is assumec 
that the demand function is negatively sloped. 


1 If the consumer possesses a hoard of cash, he may feel richer in spite of a propor 
tional fall in commodity prices and income, since the purchasing power of his hoar 
increases. He may consequently increase his demand for commodities. This i 
the Pigou effect. 

¢ In general, the demand curve can also be written as p: = ¥(qi). If the price is p§ 
and the consumer purchases g; units, his total expenditure on the commodity is p% 
dollars. It has been argued that the area under the demand curve up to the poin 
gi = Q} represents the sum of money that the consumer would be willing to pay for « 
units rather than not have the commodity at all. The difference between what h 


e 
would be willing to pay and what he actually pays, i, <5 ¥(q1) dg: — pig, is the “cor 


sumer surplus,” i.e., a measure of the net benefit he derives from buying Q:. Ther 
are several alternative definitions of consumer surplus, and the concept has bee 
refined considerably, but it has failed to result in notable advances, since it depenc 
upon the assumption of cardinality. 
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2-5. Income and Leisure 


If the consumer’s income is payment for work performed by him, the 
optimum amount of work that he performs can be derived from the analy- 
sis of utility maximization. One can also derive the consumer’s demand 
curve for income from this analysis. Assume that the consumer’s satis- 
faction depends on income and leisure. His utility function is 


U = g(L,y) (2-24) 


where L denotes leisure. Both income and leisure are desirable. In the 
preceding sections it is assumed that the consumer derives utility from 
the commodities he purchases with his income. In the construction of 
(2-24) it is assumed that he buys the various commodities in fixed pro- 
portions at constant prices, and income is thereby treated as generalized 
purchasing power. 

The rate of substitution of income for leisure is 


Denote the amount of work performed by the consumer by W and the 
wage rate by r. By definition, 


L=T-—W (2-25) 
where T is the total amount of available time.1 The budget constraint is 
y=rW (2-26) 

Substituting (2-25) and (2-26) into (2-24), 
U = 9(T — W,rW) (2-27) 


To maximize utility set the derivative of (2-27) with respect to W equal 
to zero:? 


dU 
_ dy ne 
and therefore _ 7 er (2-28) 


which states that the rate of substitution of income for leisure equals the 
wage rate. The second-order condition states 


d?U 
aw? ~ 91 — 2gur + gor? < 0 


1 For example, if the period for which the utility function is defined is one day, 
T = 24 hours. 
2 The composite-function rule is employed. 
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Equation (2-28) is a relation in terms of W and r and is based on the indi- 
vidual consumer’s optimizing behavior. It is therefore the consumer’s 
offer curve for work and states how much he will work at various wage 
rates. Since the offer of work is equivalent to the demand for income, 
(2-28) indirectly provides the consumer’s demand curve for income. 

Assume that the utility function is of the same form as in previous 
sections: U = Ly. Then 


U = (T — W)Wr 
and setting the derivative equal to zero, 
dU 


aw = Tr — 2Wr =0 
Therefore W= es 
and substituting this in (2-26), 
me 5 
i 2 


One can infer that the consumer will work 12 hours per day irrespective 
of the wage level. The second-order condition is fulfilled: 


d2U 
aw? —2r <0 


An alternative example is provided by the utility function 


U = Ly — 0.1L? — 0.1y? = (TP — W)Wr — 0.1(T — Wy? — 0.1W%? 
Then a = —Wr+ (T —W)r + 0.2(T — W) — 0.2Wr? = 0 
_ T(r + 0.2) 
and W = x01 47 +017) 


The amount of work performed now depends upon the wage rate. If 
r = 1 dollar, the individual will work 12 hours per day. The second- 
order condition is fulfilled: 
aU 
aw? = —2(0.1 + r + 0.17?) <0 


2-6. Substitution and Income Effects 


The Slutsky Equation. The quantities purchased by a rational con- 
sumer will always satisfy Eqs. (2-14). Changes in prices and income 
will normally alter his expenditure pattern, but the new quantities (and 
prices and income) will still satisfy (2-14). In order to find the magni- 
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tude of the effect of price and income changes on the consumer’s pur- 
chases, allow all variables to vary simultaneously. This is accomplished 
by total differentiation of Eqs. (2-14): 


fur dq: + fie dgz — pi dX = d dp 
far dqi + for dg2 — po dA = dA dpe (2-29) 
—pidgi — Podge —dy + qi dpi + q: dpe 


In order to solve this system of three equations for the three unknowns, 
dqi, dq2, and dX, the terms on the right must be regarded as constants. 
The array of coefficients formed by (2-29) contains the same elements 
as the bordered Hessian determinant (2-15). Denoting this determinant 
by D and the cofactor of the element in the first row and the first column 
by Du, the cofactor of the element in the first row and second column by 
Di, etc., the solution of (2-29) by Cramer’s rule (see Sec. A-1) is 


ae ADs @p1 + ADai dpe + a + dp + 92 apo) (2-30) 


digg Uae Dal yee ee 8) 


Dividing both sides of (2-30) by dp; and assuming that p2 and y do not 
change (dp. = dy = 0), 
0q1 = Did 


O91 _ Da 
Op1 D 


D 





+H (2-32) 
The partial derivative on the left-hand side of (2-32) is the rate of change 
of the consumer’s purchases of Q, with respect to changesin py, all other 
things being equal. Ceteris paribus, the rate of change with respect to 
income is 

0”q1 a ty Da ; 

ia D (2-33) 
Changes in commodity prices change the consumer’s level of satisfaction, 
_ since a new equilibrium is established which lies on a different indifference 
curve. Imagine now that a price change is accompanied by an income 
change that. compensates for the effect of the price change such that the 
consumer remains neither better off nor worse off. He is thereby forced 
to stay on the same indifference curve. A decrease in the price of 9 com- 
modity is accompanied by a corresponding decrease in his income such 
that dU = 0 and fidg: + fedqg = 0 by (2-3). Since fi/fe = pi/pe, it 
is also true that p; dg: + po dgz = 0. Hence, from the last equation of 
(2-29), —dy + qi dp: + q2dp2 = 0, and 


0g1 Dir 
a = 2-34 
(22 a D ( ) 





26 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


Equation (2-32) can now be rewritten as 


Ogi (2) (@ 
ee ‘Sewn a ae 5 
Opi Op1 Ue=const "1 oy prices=const fo ) 


Equation (2-35) is known as the Slutsky equation. 

Substitution and Income Effects. The first term on the right-hand 
side of (2-35) is the substitution effect, or the rate at which the consumer 
substitutes Q; for other commodities when the price of Q, changes and 
he moves along a given indifference curve.! The second term on the 
right is the income effect, which states 
the consumer’s reaction with respect 
to purchases of Q, to changes in his 
income, prices remaining constant. 
The sum of the two terms gives the 
total effect on the consumer’s pur- 
chases of Qi as pi changes. Imag- 
ine that the price of Q, falls. The 
consumer may wish to substitute Qi 
for Qe because (1) Q; has become 
cheaper and (2) the fall in the price 
of Q: is equivalent to an increase in 

O B E Cc gq, theconsumer’sincome. The substi- 
Fiaons 25 tution effect describes the realloca- 
tion that will take place among the 
consumer’s purchases if a price change is compensated by a simultaneous 
income change which forces him to remain on the same indifference 
curve. The discrepancy between this point and the final point of equi- 
librium is accounted for by the income effect. These concepts are illus- 
trated in Fig. 2-5. The original price line is AB, and the correspond- 
ing point of equilibrium is at R. After the change in 7, the price line 
is represented by AC, and the final equilibrium is at T. ‘The movement 
from R to T can be decomposed into the steps from R to S and from 
S to T. The point S is the tangency point between the original indif- 
ference curve and a price line DE which has the same slope (and therefore 
represents the same price ratio) as AC. The movement from F& toS is 
accounted for by the substitution and the movement from S to T by the 
income effect.” 





1Slutsky called this the residual variability of the commodity in question. 

2 Figure 2-5 is not an exact representation of the foregoing mathematical discussion. 
The Slutsky equation involves rates of change which cannot be represented directly 
in an indifference-curve diagram. In Fig. 2-5 the sum of two discrete changes (rather 
than of two rates) is the total discrete change (rather than the total rate of change). 
These two discrete changes correspond zo (rather than are) the substitution effect and 
the income effect. , 
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The extra utility gained by consuming an additional unit of any com- 
modity divided by its price equals \. The utility gained from the last 
dollar spent is the marginal utility of income. Alternatively, the mar- 
ginal utility of income can be determined from (2-13). Since dV/dy =X, 
the Lagrange multiplier \ is the marginal utility of income which is 
positive. The direction of the substitution effect is then easily ascer- 
- tained. By (2-34) the substitution effect is D,,A/D. Expanding the 
determinant D, 


D= 2fiepipe — Pr fir — pr fee 
which is known to be positive by (2-10). Expanding Di, 
Diu = —p,? 


which is clearly negative. This proves that the sign of the substitution 
effect is always negative. If the price of Q, rises and the consumer’s 
income is so adjusted that his final equilibrium point is on the same 
indifference curve, his purchases of Q, will decrease. 

A change in real income may cause a reallocation of the consumer’s 
resources even if prices do not change or if they change in the same pro- 
portion. The income effect is —¢1(0q1/0Y) pricesconst 2nd may be of either 
sign. The final effect ofa price change on the purchases of the com- 
modity is thus unknown. However, an important conclusion can still be 
derived: the smaller the quantity of Q:, the less significant is the income 
effect. If the income effect is positive and its absolute value is large 
enough to make 0q,/0p, positive, Q; is said to be an inferior good.!' This 
means that as the price of Q, falls, the consumer’s purchases of Q, will 
also fall. This may occur if a consumer is sufficiently poor so that a 
considerable portion of his income is spent on a commodity such as 
potatoes which he needs for his subsistence. Assume now that the price 
of potatoes falls. The consumer who is not very fond of potatoes may 
suddenly discover that his real income has increased as a result of the 
price fall. He will then buy fewer potatoes and purchase a more pal- 
atable diet with the remainder of his income. 

The Slutsky equation can be derived for the specific utility function 
assumed in the previous examples. State the budget constraint in the 
general form y — pigi — p2g2 = O, and form the function 


V = qg2 + Ay — pig: — P2G2) 


1 An alternative definition of inferior goods may be given by the following state- 
ment: a commodity Q; is an inferior good if 3¢,/dy is negative, i.e., if the consumer’s 
purchases of Q; decrease when his income rises. This is a weaker definition in the 
sense that it does not imply the definition given in the text above, whereas the defini- 
tion in the text does imply this one. 
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Setting the partial derivatives equal to zero, 


g2 — pi = 0 
gi — \p2 = O 
y — Pigi — P2Ge = O 
The total differentials of these equations are 
dqz — pi dX = d dp 


dq: — po dX = d dpe 
— pi dq, — po dq2 = —dy + q1 dpi + qe dpe 


Denote the determinant of the coefficients of these equations by D and 
the cofactor of the element in the 7th row and jth column by D,;. Simple 
calculations show that 2 


D = 2pipe2 
Diu = —p?? 
Dai = Pipe 
Dai = —pr 


Solving for dq; by Cramer’s rule gives 
dg, = — p2*d dpi + Piped dpe — po(—dy + qidpit ge dp) 


2p1p2 
Assuming that only the price of the first commodity varies, 
On _ PAL 
Opi 2p1  2pr 


‘The value of \ can be obtained by substituting the values of q: and g2 
from the first two equations of (2-14) into the third one and solving for 
d in terms of the parameters pi, Po, and y. ThusdA = y/2p,p.. Substi- 
tuting this value into the above equation and then introducing into it 
the values of the parameters (y = 100, p1 = 2, pe = 5) and also the equi- 
librium value of q; (25), a numerical answer is obtained: 


Oq1 
am = —12.5 
Opi 


The meaning of this answer is the following: if, starting from the initial | 
equilibrium situation, p, were to change, ceteris paribus, the consumer’s 
purchases would change at the rate of 12.5 units of Q, per dollar of 
change in the price of Q,; furthermore the direction of the change in the 
consumer’s purchases is opposite to the direction of the price change. 
The expression —p2\/2p, is the substitution effect, and its value in the 
present example is —254. The expression —q,/2p; is the income effect, 
also with a value of — 254. 
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Cross Effects. The analysis can be extended to account for the change 
in the demand for one commodity resulting from a change in the price 
of some other commodity. From Eqs. (2-30) and (2-31) 


ag, _ Dad, | Das 








Og2 _ Did Dze : 


Since D is a symmetric determinant,t Diy = Do. The first terms on 
the right-hand sides of (2-36) and (2-37) are the substitution effects for 
each commodity with respect to a change in the price of the other. 
The sign of the substitution effect is unknown in the present case. 
Denote the substitution effect when the quantity of the 7th commodity 
is adjusted as a result of a variation in the jth price by S;;._ It follows 
from the symmetry of D that the substitution effect on the 7th com- 
modity resulting from a change in the jth price is the same as the substi- 
tution effect on the jth commodity resulting from a change in the zth 
price: Si; = Sy- 

This is a remarkable conclusion. Imagine that the consumer’s demand 
for tea increases at the rate of 2 cups of tea per 1-cent increase in the 
price of coffee. One can infer from this that his purchases of coffee 
_ would increase at the rate of 2 cups of coffee per 1-cent increase in the 
price of tea. 

Substitutes and Complements. Two commodities are substitutes if 
both can satisfy the same need of the consumer; they are complements 
‘if they are consumed jointly in order to satisfy some particular need. 
These are loose definitions, but everyday experience may suggest some 
plausible examples. Coffee and tea are most likely substitutes, whereas 
coffee and sugar are cumplements. A more rigorous definition of substi- 
tutability and complementarity is provided by the substitution term of 
the Slutsky equations (2-36) and (2-37). Accordingly, Q: and Q2 are 
substitutes if the substitution effect D2i\/D is positive; they are comple- 
ments if it is negative. If Q,; and Qe are substitutes (in the everyday 
sense) and if compensating variations in income keep the consumer on 
the same indifference curve, an increase in the price of Q: will induce the 


consumer to substitute Q2 for Q,;. Then (22) >0. For analo- 
are 1/ U==const 


gous reasons, (22) < 0 in the case of complements.? 
Op: Useconst 
t A determinant is symmetric if its array is symmetric around the principal diagonal. 
” 1 This provides a rationale for the definitions. When (22 = 0, Q: and Q: 
; 971) Umconst 


are independent. 
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All commodities cannot be complements for each other. Hence only 
substitutability can occur in the present two-variable case. This theorem 
is easily proved. Multiply (2-32) by pi, (2-33) by y, and (2-36) by pe 
and add: 


Dud D 
> Pit az a+ >" 


= 5 Dia Dr . Dad p2 — Daily — pigs — 7292)] 


Duk Dai 


pat DB > pes ay 


1 | 
=D [Did pi + Dad po — Dai(0)] = 0 (2-38) 
The expression (2-38) equals zero since it is an expansion of the determi- 
nant of (2-31) in terms of alien cofactors; i.e., the cofactors of the ele- 
ments in the first column are multiplied by the elements in the last 
column. Substituting Di, = D2: and S;; = D,;A/D, 


Supi + Sipe = 0 (2-39) 


Equation (2-39) can be verified for the utility function used in the previ- 
ous examples. Substituting the values of D, Di, and D2; obtained by 
assuming the utility function U = q92, 


_ Pip2*h | Pipe2"r 
file’ 2-40 
2r1p2 | 2PiPe ° ( ) 


Since the left-hand side of (2-40) equals zero, Eq. (2-39) has been 
verified. But Si, the substitution effect for Q: resulting from changes 
in pi, is known to be negative. Hence (2-39) implies that S:2 must be 
positive, and in terms of the definitions of substitutability and comple- 
mentarity this means that Q, and Q, are necessarily substitutes. ; 





2-7. Generalization to n Variables 


The foregoing analysis of the consumer is now generalized to the case 
of nm commodities. The generalization is not carried out in detail, but 
the first few steps are indicated. If there are n commodities, the utility 
function is 


U = F(Q1,92, s 8 14) (2-41) 


and the budget constraint is given by 


n 
= > Pig = 0 (2-42) 
j=l 
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Forming the function as above, 


x n 
V= F(q1,92; oie. 8 Qn) +A (y 7 > pas) (2-43) 
i=1 
Setting the partial derivatives equal to zero, 
oV , 
aq, ~ Ft — = @=1,...,n) (2-44) 


Conditions (2-44) can be modified to state the equality for all commodi- 
ties of marginal utility divided by price. The partial derivative of V 
with respect to is again the budget constraint. There are a total of 
(n + 1) equations in (n + 1) variables (n gs and). The demand curves 
for the » commodities can be obtained by solving for the gs. Conditions 
(2-44) can be stated alternatively as 


Og: _ Bi o 

Og; Di aa) 
for all 7 and J; i.e., the rate of commodity substitution of commodity 7 for 
commodity j must equal the price ratio p;/p;. Second-order conditions 
must be fulfilled in order to ensure that a batch of commodities that 
satisfies (2-44) is optimal. The bordered Hessian determinants must 
alternate in sign: 


fu fe —D1 fu fie fis D1 
fu fe —p2| > 0, fa fa fea —Ppe < 0, 
a ofan faa, — Ps 


ae Pe —P1 —p2 TPs 0 
fu fir fin D1 
fo foo fon —Ppe2 
; (—1)” etki aeceecmpae ae Gk Ber sak Ser ae Meenieirtel oh) ten Sk fe > 0 
faut fre ak ioe —Pr 
—P1 —po *** —Dn 0 


Other theorems can also be generalized in straightforward fashion. For 
example, the Slutsky equation becomes 


aq: (22) (322) : 
Ode _ (2% Bey (4 -46 
OD; Op; Uesconst 4 oy prices==const ( ) 


The generalization of (2-39) is 


| y Sup; = 0 (2-47) 


j=l 
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It still follows that all commodities cannot be complements for each’ other. 


2-8. The Theory of Revealed Preference. 


It was assumed in the previous sections that the consumer possesses a 
utility function. If his behavior conforms to certain simple axioms, the | 
existence and nature of his indifference map can be inferred from his 
actions. 

Assume chat there are n commodities. A particular set of prices pf, 
ps, . . . , p? is denoted by [p°], and the corresponding quantities bought 
by the consumer by [g°]. The consumer’s total expenditures are given 
by 2p°g°. 

Consider an alternative batch of commodities [g'] that could have been 
purchased by the consumer but was not. _ The total cost of the batch [2'l, 
at prices [p°], must be no greater than the total cost of [q°]: 


Zp'q' S =p (2-48) 


Since [q°] is at least as expensive a combination of commodities as [q1], and 
since the consumer refused to choose combination [g'], [9°] is ‘‘ revealed” 
to be preferred to [q']. 

Axiom 1. If [g°] is revealed to be preferred to [q'], the latter must 
never be revealed to be preferred to [q°]. 

The only way in which [g!] can be revealed to be preferred to (ali is to 
have the consumer purchase the combination [q’] in some price situation 
in which he could also afford to.buy [g°]. In other words. [a’] is revealed 
to be preferred if 

Zp? S Zpq} r (2-49) 


The axiom states that (2-49) can never hold if (2-48) does. Conse- 
quently (2-48) implies the opposite of (2-49) or 
Zpq' < Dp? implies Zp'g® > Zpiq} 

Axiom 2. If [g°] is revealed to be preferred to [q'], which is revealed 
to be preferred to [g’%], . . . , which is revealed to be preferred to [q*], 
[q”] must never be revealed to be preferred to [q°].{ This axiom erisures 
the transitivity of revealed preferences, but is stronger than the usual 
transitivity condition. 

At the beginning of this chapter the cardinal approach to utility theory 
was rejected on the grounds that there is no reason to assume that the 
consumer possesses a cardinal measure of utility. By the same token 
one could questidn whether he even possesses an indifference map. It 


+ The two axioms can be collapsed into a single one, but have been kept separate 
for the sake of clarity. 
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can fortunately be proved that a consumer who always conforms to the 
above axioms must possess an indifference map. His indifference map 
could be reconstructed with a high degree of accuracy (the “true” indif- 
ference map could be approximated as closely as is desired) by confronting 
him with various appropriately chosen price sets and observing his pur- 
chases.!_ If the consumer does not conform to the axioms, he is irrational 
by the definition of the earlier sections. If he is irrational and acts incon- 
sistently, he does not possess an indifference map, and the shape of his 
utility function cannot be determined by observing his behavior. 

The Substitution Effect. It can be proved from revealed-preference 
theory that the substitution effect is negative.2, Assume that the con- 
sumer is forced to move along a given indifference curve. When prices 
are given by [p°], he purchases the batch [g°] rather than the batch [g'] 
which lies on the same indifference hypersurface. Since he is indifferent 
between [g°] and [q1] and yet purchases [9°], the latter combination must 
not be more expensive than the former: 


Zp'¢ S Zp¢q! (2-51) 


| _The combination [q}] is purchased at prices [p']. This implies that the 
combination [g°] must not be cheaper at the [p'] prices than [g']: 


Zp'g! < pq (2-52) 
_ Moving the right-hand terms in (2-51) and (2-52) to the left, 


Zpq? — Zpq! = Zp(q — gt) = A—p%)qi'—g) SO (2-53) 
Zp'q' — Zpg? = Zp(¢ — g°) S0 (2-54) 

Adding together (2-53) and (2-54), 
2(—p°)(g — 9°) + Zp(qi — 9°) = B(p! — p%)(gi — g*) SO (2-55) 
This inequality asserts that the sum of all quantity changes multipiied 
by the corresponding price changes is nonpositive if the consumer moves 
along a given indifference curve. Assume now that only the price of 
the first commodity changes, all other prices remaining constant. Then 
(2-55) reduces to 

| (pit — pi)(qit — gi) <0 (2-56) 

1The proof of this theorem is somewhat difficult and is not reproduced here. See 
H. 8S. Houthakker, ‘‘Revealed Preference and the Utility Function,’’ Economica, n.s., 
‘Vol. 17 (May, 1950), pp. 159-174. 

3 This is only one of several theorems that can be deduced from the theory. Others 
are (1) the homogeneity of the demand functions of zeroth degree in prices and incomes 
(Bec. 2-4), and (2) the equality of the cross-substitution effects (Sec. 2-6). See P. A. 
Samuelson, Foundations of Economic Analysis (Cambridge, Mass.: Harvard Univer- 


sity Press, 1948), pp. 111-112; and J. R. Hicks, A Revision of Demand Theory (Oxford: 
‘Clarendon Press, 1956), p. 127. 
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The strict inequality must hold in (2-56) by the assumption that the 
price change is nonzero and that qi! and gq are distinct, i.e., that demand 
is a single-valued function of price. If the price increases, the quantity 
bought must decrease and vice versa. This again proves that the substi- 
tution effect is negative. 


2~9. The Problem of Choice in Situations Involving Risk 


The traditional theory of consumer behavior does not include an analy- 
sis of uncertain situations. Von Neumann and Morgenstern showed that 
under certain circumstances it is possible to construct a set of numbers 
for a particular consumer that can be used to predict his choices in uncer- 
tain situations. Great controversy has centered around the question of 
whether the resulting utility index is ordinal or cardinal. It will be 
shown that von Neumann—Mergenstern utilities possess at least some 
cardinal properties. 

The previous analysis is unrealistic in the sense that it assumes that: 
particular actions on the part of the consumer are followed by particular, 
determinate consequences which are knowable in advance. All auto- 
mobiles of the same model and produced in the same factory do not 
always have the same performance characteristics. As a result of ran- 
dom accidents in the production process some substandard automobiles 
are occasionally produced and sold. The consumer has no way of know- 
ing ahead of time whether the particular automobile which he purchases 
is of standard quality or net. Let A represent the situation in which 
the consumer possesses a satisfactory automobile, B a situation in which 
he possesses no automobile, and C one in which he possesses a substandard 
automobile. Assume that the consumer prefers A to B and B to C.f 
Present him with a choice between two alternatives: (1) He can main- 
tain the siatus quo and have no car at all. This is a choice with certain 
outcome, i.e., the probability of the outcome equals unity. (2) He can 
obtain a lottery ticket with a chance of winning either a satisfactory 
automobile (alternative A) or an unsatisfactory one (alternative C). 
The consumer may prefer to retain his income (or money) with certainty, 
or he may prefer the lottery ticket with dubious outcome, or he may be 
indifferent between them. His decision will depend upon the chances 
of winning or losing in this particular lottery. If the probability of a 
loss is very high, he might prefer to retain his money with certainty; 
if the probability of a win is very high, he might prefer the lottery ticket. 

The Axioms. It is possible tomakean ordinal utility index which can 
also be used to predict choice in uncertain situations if the consumer con- 
forms to five axioms: 


t Not having a car is assumed preferable to owning a substandard one because of 
the nuisance and expense involved in its upkeep. 
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_Complete-ordering axiom. For the two alternatives A and B one of 
the following must be true: the consumer prefers A to B, he prefers B 
‘to A, or he is indifferent between them. The consumer’s evaluation of 
alternatives is transitive: if he prefers A to B and B to OC, he prefers 
A to C. 

Continuity axiom. Assume that A is preferred to Band BtoC. The 
axiom asserts that there exists some probability P, 0 < P < 1, such that 
the consumer is indifferent between outcome B with certainty and a 
lottery ticket offering the outcomes A and C with probabilities P and 
1 — P respectively. 

Independence axiom. Assume that the consumer is indifferent between 
A and B and that C is any outcome whatever. If one lottery ticket 
offers outcomes A and C with probabilities P and 1 — P respectively 
and another the outcomes B and C with the same probabilities P and 
1 — P, the consumer is indifferent between the two lottery tickets. 

Unequal-probability axiom. Assume that the consumer prefers A to B. 
If two lottery tickets, L; and L., both offer the same outcomes, A and B, 
the consumer prefers the lottery ticket Le if and only if the probability 
of winning A is greater for Le than for Li. 

Axiom of complexity. Assume that a person engages in the following 
game of chance: he throws a die, and if a one or two comes up, his oppo- 
nent pays him 9 doilars. He pays his opponent 3 dollars in every other 
case. The probability of a win is 4, and the probability of a loss 2. 
The player can expect to win, on the average, 


‘(144)(9) + (38)(—3) = 1 dollar per game 


If A and B are the money values of two outcomes with probabilities P 
and 1 — P, the mathematical expectation of the game, or the expected 
win, is PA + (1 — P)B. Assume now that the consumer is offered a 
choice between two lottery tickets. The first one, Li, offers the out- 
comes A and B with given probabilities. The other, Le, is a complex 
one in the sense that the prizes themselves are lottery tickets: if the con- 
sumer chooses Lz and wins, he gets a lottery ticket Ls (offering A and B 
with some given probabilities); if he loses he is given another lottery 
ticket Ly, (also offering A and B with some given probabilities). Assume 
finally that the probabilities of winning on each ticket happen to be such 
that the consumer’s expectation of winning (as defined above) is the same 
whether he chooses Li or Le The axiom asserts that the consumer is 
then indifferent between Li and Le. 

These axioms are very general, and it may be difficult to object to 
them on the grounds that they place unreasonable restrictions upon the 
consumer’s behavior. However, they rule out some types of plausible 
behavior. Consider a person who derives satisfaction from the sheer act 
of gambling. It is conceivable that there exists no P other than P = 1 
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or P = 0 for such a person, so that he is indifferent between outcome B 
with certainty and the uncertain prospect consisting of A and C: he will 
always prefer the gamble. If he has a fear of gambling, he may always 
prefer the ‘‘sure thing’’ to the dubious prospect. This type of behavior 
is ruled out by the continuity axiom and the axiom of complexity. 

Construction of the Utility Numbers. Imagine that the consumer 
derives the satisfaction U, from outcome A and Ug from outcome C. 
Given that these outcomes have the probabilities P and 1 — P, the con- 
sumer’s expected utility is PU, — (1— P)Ug¢. It can be proved that 
a consumer who conforms to the axioms will maximize expected utility. 
If he faces a set of uncertain prospects (i.e., he has to decide which lottery 
ticket to select), he will choose the one with the highest expected utility. 
The consumer’s prospects can be arranged in order of decreasing expected 
utility or desirability. In the special case in which a prospect has a 
certain (rather than uncertain or dubious) outcome, the expected utility 
of the prospect equals the utility number associated with the (single) 
outcome. Thus the utility numbers associated with various outcomes 
are an ordinal utility index and provide a correct ranking. 

Consider the earlier example in which the outcomes A, B, and Crepre- 
sented the possession of a satisfactory automobile, no automobile, or a 
substandard one. The consumer prefers A to B and B to C. In order 
to derive a utility index, an origin and a unit have to be chosen. This 
cun be accomplished..by assigning numbers to represent the utilities of 
any two outcomes. These numbers are completely arbitrary, except for 
the fact that a higher number must be assigned to the preferred outcome. 
The utility index U, = 100 and Uc = 10 can be used, since A is pre- 
ferred to C. The continuity axiom ensures that there exists some prob- 
ability P for which the consumer is indifferent between B and a chance 
between A and C. Since the consumer is an expected-utility maximizer, 
the utility of B with certainty must equal, for some value of P, the 
expected utility of the prospect (or lottery ticket) involving A and C, or 


Us = PU, + (1 — P)Ue (2-57) 


He could be asked to reveal the value of P for which he is indifferent 
between B with certainty and a chance between A and C. Assume that 
this value is P = 0.1. Then 


Us = (0.1)(100) + (0.9)(10) = 19 (2-58) 
Proceeding in this fashion one can find utility numbers U4, Uz, Uc, 
Up, . . . , ete., for all possible quantities and combinations of all com- 


modities; hence a complete utility index can be derived by taking two 
arbitrary starting points and successively confronting the consumer with 
various choice situations involving probabilities or risk. For example, 


f 
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if the consumer is indifferent between a satisfactory automobile with 
certainty and a 0.8 chance of winning a yacht (outcome D) or a 0.2 
chance of winning a substandard car, the application of the previous 
technique gives 122.5 as the utility of a yacht. The consumer’s choice 
between more complicated alternatives can be predicted on the basis of 
these utility numbers. The rational consumer would prefer a 40:60 
chance of D and B to a 50:50 chance of A and C, since 


- (0.5)(100) + (0.5)(10) < (0.4)(122.5) + (0.6)(19) 


The Uniqueness of the Utility Index. Imagine that a set of utility 
numbers satisfying the above axioms has been found for a particular con- 
sumer. Ordinal utility functions have been demonstrated to be unique 
except for a monotonic transformation. The results obtained from the 
present (cardinal) utility index might change under some monotonic 
transformations. This can be illustrated with reference to the example 
used above. As hefore, 


Us — 100 Us 
Uc = 10 Up 


19 
122.5 


The consumer prefers a 40:60 chance of D and B to a 50:50 chance of 
A and C. Perform a monotonic transformation on these numbers such 
that they become! 


U., = 120 Us 
Ue = 18 Up 


20 
125 


The consumer will now prefer the 50:50 chance of A and C. It is no 
longer true that any monotonic transformation of a utility index in the 
present sense can also serve as a utility index. However, monotonic 
linear transformations of utility functions are also utility functions.? 
Up = PU, + (1 — P)Uc for some P. Transform the utility function 
so that U* = aU +b,a>0. Then U = (U* — b)/aor U =cU* +d 
(where c = 1/aand d = —b/a), and 


cUS +d = P(cUt + d) + (1 — P)(cU$ + d) 

= PcUZ + (1 — P)cUZ+d 
Hence cU% = PcUZ + c(l — P)US 
and therefore U3 = PU4 +0 — PUG 


This proves that a monotonic linear transformation of the original utility 
function is itself a utility function giving the same results. 
1 The exact form of the transformation is not indicated. The reader may check 


that the transformation is monotonic. 
2 Y is a monotonic linear transformation of X if Y = aX + banda > 0. 
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The utilities in the von Neumann—Morgenstern analysis are cardinal 
in arestricted sense. They are derived from the consumer’s risk behavior _ 
and are valid for predicting his choices as long as he maximizes expected 
utility. They are derived by presenting him with mutually exclusive 
choices; therefore, it is meaningless to attempt to infer from the utility 
of event A and the utility of event B the utility of the joint event A and B. 
Von Neumann—Morgenstern utilities possess some, but not all, the proper- 
ties of cardinal measures. Let the utilities of three alternatives be 
Us = 10, Uz = 30, and Ue = 70. It is not meaningful to assert that 
the consumer prefers C ‘‘seven times as much” as A, since the choice 
of the origin is arbitrary: the same preferences are described by Uy, = 1, 
Uz = 21,and Uc = 61. Utility numbers differ from measures of weight, 
distance, or volume. It can be meaningfully asserted that one object 
weighs seven times as much as another. However, differences between 
utility numbers are meaningful. This follows from the fact that the 
relative magnitudes of differences between utility numbers are invariant 
with respect to linear transformations. In the above example 


Ue — Us > Us — Ua 


Choose a linear transformation U = cU* + d, c > 0, and substitute in 
the above inequality: 


cUé + d — cU% —d > cU$+d— cUX%—d 
and Ug — UR > UZ — UZ 


In contrast to the traditional theory of the consumer, the sign of the rate 
of change of marginal utility (the second derivative of the utility function) 
is relevant, since it is invariant with respect to linear transformations. 
Such comparisons do not imply, however, that the consumer would prefer 
to have C over B to B over A, since the chosen alternative must have the 
highest utility number. 

Interpersonal comparisons of utility are still impossible. However, 
the construction of von Neumann—Morgenstern utilities does permit 
(1) the complete ranking of alternatives in situations characterized by 
certainty, (2) the comparison of utility differences by virtue of the above 
cardinal property, and (3) the calculation of expected utilities, thus mak-~ 
ing it possible to deal with the consumer’s behavior under conditions of 
uncertainty. 


2-10. Summary 


Nineteenth-century economic theorists explained the consumer’s 
behavior on the assumption that utility is measurable. This restrictive 
assumption was abandoned around the turn of the last century, and the 
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consumer was assumed to be capable only of ranking commodity combi- 
nations consistently in order of preference. This ranking is described 
mathematically by the consumer’s ordinal utility function, which always 
assigns a higher number to a more desirable combination of commodities. 
The basic postulate of the theory of consumer behavior is that the con- 
sumer maximizes utility. Since his income is limited, he maximizes the 
utility function subject to the budget constraint, which expresses the 
income limitation in mathematical form. The ratio of the marginal 
utilities must equal the price ratio for a maximum. In diagrammatic 
terms, the optimum commodity combination is given by the point at 
which the price line is tangent to an indifference curve. The second- 
order condition for a maximum requires the indifference curves to be 
convex from below. 

The consumer’s utility function is not unique. If a particular function 
describes appropriately the consumer’s preferences, so does any other 
which is a monotonic transformation of the first. Other kinds of trans- 
formations do not preserve the correct ranking, and the utility function is 
unique up to a monotonic transformation. 

The consumer’s demand curve for a commodity can be derived from 
his first-order conditions for utility maximization. A demand curve 
states the quantity demanded as a function of all prices and the con- 
sumer’s income. Demand curves are single-valued and homogeneous of 
degree zero in prices and income: a proportionate change in all prices 
and the consumer’s income leaves the quantity demanded unchanged. 

In general, the amount of labor performed by a consumer affects his 
level of utility. The amount of labor performed by the consumer can be 
determined on the basis of the rational-decision criterion of utility maxi- 
mization. The equilibrium conditions are similar to those which hold 
for the selection of an optimal commodity combination. 

The consumer’s reaction to price and income changes can be analyzed 
in terms of substitution and income effects. The effect of a given price 
change can be analytically decomposed into a substitution effect, which 
measures the rate at which he would substitute commodities for each 
other by moving along the same indifference curve, and an income effect 
as a residual category. If the price of a commodity changes, the quantity 
demanded changes in the opposite direction if the consumer is forced to 
move along the same indifference curve: the substitution effect is negative. 
If the income effect is positive and exceeds the substitution effect in abso- 
lute value, the commodity is an inferior good. Substitutes and comple- 
ments are defined in terms of the sign of the substitution effect for one 
commodity when the price of another changes: a positive cross-substi- 
tution effect means substitutability, and a negative one, complementarity. 

The theory can be generalized to an arbitrary number of commodities. 
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It can also be restated in terms of the theory of revealed preference, 
which makes no use of differential calculus and arrives at essentially the 
same conclusions as the preceding analysis. The results are obtained by 
presenting the consumer with hypothetical price-income situations and 
observing his choices. His indifference curves can be derived, and future 
choices can be predicted on the basis of past choices if his behavior sat- 
isfies the fundamental axioms of revealed preference. 

The approach of von Neumann and Morgenstern is concerned with 
the consumer’s behavior in situations characterized by uncertainty. If 
the consumer’s behavior satisfies certain crucial axioms, his utility func- 
tion can be derived by presenting him with a series of choices between a 
certain outcome on the one hand and a probabilistic combination of two 
uncertain outcomes on the other. The utility function thus derived is 
unique up to a linear transformation and provides a ranking of alterna~ 
tives in situations that do not involve risk. Consumers maximize 
expected utility, and von Neumann—Morgenstern utilities are cardinal 
in the sense that they can be combined to calculate expected utilities 
and can be used to compare differences in utilities. The expected utility 
calculation can be used to determine the consumer’s choices in situations 
involving risk. 
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CHAPTER 3 


THE THEORY OF THE FIRM 


A firm is a technical unit in which commodities are produced. Its 
entrepreneur (owner and manager) decides how much of and how one or 
more commodities will be produced, and gains the profit or bears the loss 
which results from his decision. An entrepreneur transforms inputs into 
outputs, subject to the technical rules specified by his production func- 
tion. The difference between his revenue from the sale of outputs and 
the cost of his inputs is his profit, if positive, or his loss, if negative. 

The enitrepreneur’s production function gives mathematical expression 
to the relationship between the quantities of inputs he employs.and the 
quantity of output he produces. The concept is perfcctly general. A 
specific production function may be given by a single point, a single 
continuous or discontinuous function, or a system of equations. The 
first six sections of this chapter are limited to production functions given 
by a single continuous function with continuous first- and second-order 
partial derivatives. The analysis is first developed for the relatively 
simple case in which two inputs are combined for the production of a 
single output, and then extended to more general cases. The seventh 
section is devoted to the case in which the production function is given 
by a system of linear equations. 

An input is any good or service which contributes to the production 
of an output. An entrepreneur will usually use many different inputs 
for the production of a single output. Generally, some of his inputs are 
the outputs of other firms. For example, steel is an input for an auto- 
mobile producer and an output for a steel producer. Other inputs— 
such as laber, land, and mineral resources—-are not produced. For a 
given period of production, inputs are classified as either fixed or variable. 
A fixed input is necessary for production, but its quantity is invariant 
with respect to the quantity of output produced. Its costs are incurred 
by the entrepreneur regardless of his short-run maximizing decisions. 
The necessary quantity of a variable input depends upon the quantity 
of output produced. The distinction between fixed and variable inputs 
is temporal. Inputs which are fixed for one period of time are variable 
for a longer period. The entrepreneur of a machine shop may require a 
period of three months in order to buy new machinery or dispose of 

42 


THE THEORY OF THE FIRM 43 


existing machinery. He will consider machinery as a fixed input in 
planning production for a one-month period, and as a variable input in 
planning production for a one-year period. All inputs are variable, 
given a sufficiently long period of time. 

The formal analysis of the firm is similar to the formal analysis of the 
consumer in a number of respects. The consumer purchases commodities 
with which he ‘‘ produces”’ satisfaction; the entrepreneur purchases inputs 
with which he produces commodities. ‘The consumer possesses a utility 
function; the firm, a production function. The consumer’s budget equa- 
tion is a linear function of the amounts of commodities he purchases; 
the competitive firm’s cost equation is a linear function of the amounts 
of inputs it purchases. The postulate of rational maximizing behavior 
also has a counterpart in the theory of the firm. The rational consumer 
desires to maximize the utility he obtains from the consumption of com- 
modities; the rational entrepreneur desires to maximize the profit he 
obtains from the production and sale of commodities. 

The differences between the analyses of the consumer and firm are not 
quite as obvious as the similarities. A utility function is subjective, and 
utility does not possess an unambiguous cardinal measure; a production 
function is objective, and the output of a firm is easily measured. A 
single firm may produce more than one output. The maximization 
process of the entrepreneur usually goes one step beyond that of the 
consumer. The rational consumer maximizes utility for a given income. 
The analogous action for the entrepreneur is to maximize the quantity 
of his output for a given cost level, but generally his cost is variable, 
and he desires to maximize his profit. 

The problems of an entrepreneur who uses two inputs for the pro- 
duction of a single output are discussed in the first two sections of: this 
chapter. The first covers the nature of his production function and the 
derivation of productivity curves and isoquants, and the second covers 
alternative modes of optimizing behavior. In Sec. 3-3 cost functions 
are derived from the production relations. Returns to scale and the 
special case of homogeneous production functions are considered in Sec. 
3-4. The problems of an entrepreneur who uses one input for the pro- 
duction of two outputs are covered in Sec. 3-5, and the analysis is gener- 
alized for arbitrary numbers of inputs and outputs in Sec. 3-6. The 
entrepreneur’s optimization problem is considered within the linear- 
programming framework in Sec. 3-7. 


3-1. Basic Concepts 


The Production Function. Consider a simple production process in 
which an entrepreneur utilizes two variable inputs (X, and X,) and one 
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or more fixed inputs in order to produce a single output (Q). His pro- 
duction function states the quantity of his output (gq) as a function of 
the quantities of his variable inputs (x; and 22): 


q = f(a1,22) (3-1) 


where (3-1) is assumed to be a single-valued continuous function with 
continuous first- and second-order partial derivatives. The production 
function is defined only for nonnegative values of the input and output 
levels. Negative values are meaningless within the present context. 
The production function is constructed with the assumption that the 
quantities of the fixed inputs are at predetermined levels which the entre- 
preneur is unable to alter during the time period under consideration. 

The entrepreneur is able to use many different combinations of X1 
and X, for the production of a given level of output. In fact, since (3-1) 
is continuous, the number of possible combinationsisinfinite. The entre- 
preneur’s technology is all the technical information about the combi-~- 
nation of inputs necessary for the production of his output. It includes 
all physical possibilities. The technology may state that a single combi- 
nation of X, and X,2 can be utilized in a number of different ways and 
therefore can yield a number of different output levels. The production 
function differs from the technology in that it presupposes technical 
efficiency and states the maximum output obtainable from every possible 
input combination. The best utilization of any particular input combi- 
nation is a technical, not an economic, problem. The selection of the 
best input combination for the production of a particular output level 
depends upon input and output prices and is the subject of economic 
analysis. 

Input and output levels are rates of flow per unit of time. The period 
of time for which these flows, and hence the short-run production func- 
tion, are defined is subject to three general restrictions: it must be (1) 
sufficiently short so that the entrepreneur is unable to alter the levels of 
his fixed inputs, (2) sufficiently short so that the shape of the production 
function is not altered through technological improvements, and (3) suf- 
ficiently long to allow the completion of the necessary technical processes. 
The selection of a particular time period within the specified limits is 
arbitrary. The analysis can be shifted to a long-run basis by relaxing 
condition (1) and defining the production function for a period long 
enough to allow variation of the heretofore fixed inputs. The major 
difference between a short-run and long-run analysis is the number of 
variable inputs. Nearly all the results for a short-run period will follow 
in a slightly altered form for a long-run period. 

Productivity Curves. The total productivity of X, in the production 
of Q is defined as the quantity of Q that can be secured from the input 
of X, if Xz is assigned the fixed value x}: 
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The input level x} is treated as a parameter, and g becomes a function of 
zi alone. The relation between g and 2; may be altered by changing z?. 
A representative family of total productivity curves is presented in Fig. 
3-1. Each curve gives the relationship between g and 2: for a different 
value of z?. Normally, an increase of x3 will result in a reduction of the 
quantity of X1 necessary to produce each output level within the feasible 


q MP, 

AP 

J x$ 
2 
x) AP 
MP 
oO *1 O *4 
FicureE 3-1 FIGURE 3-2 


range. If one total productivity curve lies to the left of another, it corre- 
sponds to a higher value for 29: 2{? > 2 > 2{®, 

Average and marginal productivities for X1 are defined in an analo- 
gous manner for particular values of x$. The average productivity (AP) 
of X1 is its total productivity divided by its quantity: 


0 
ap= 1 = Heute (3-3) 


The marginal productivity (MP) of X1 is the rate of change of its total 
productivity with respect to variations of its quantity, i.e., the partial 
derivative of (3-1) with respect to 21: 


fs) 
MP = im = fi(x,29) (3-4) 


Families of AP and MP curves can be constructed by assigning different 
values to x$. 

The AP and MP curves corresponding to one of the total productivity 
curves in Fig. 3-1 are presented in Fig. 3-2, Both AP and MP increase 
and then decline as the application of X; is expanded. The MP curve 
reaches a maximum at a lower input level than the AP curve and inter- 
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sects the AP curve at its maximum point.!. The input level at which 
MP equals zero is the same as the input level at which the corresponding 
total productivity curve is at a maximum, i.e., the point at which the 
slope of its tangent equals zero. The input level at which MP reaches a 
maximum is the same as the input level at the point of inflection on the 
corresponding total productivity curve, i.e., the point at which the slope 
of its tangent is at a maximum (see point: H on curve 2,” in Fig. 3-1). 
The input level at which the AP curve reaches a maximum is the same 
as the input level at which the slope of a vector drawn from the origin 
to the total productivity curve reaches a maximum (see point J on curve 
x) in Fig. 3-1). 

The productivity curves given in Figs. 3-1 and 3-2 satisfy the almost 
universal law of diminishing marginal productivity: The MP of X, will 
eventually decline as 2; is increased with x} remaining unchanged.? This 
law does not rule out the initial phase of increasing MP exhibited in the 
present example. Consider a production process in which labor and land 
are combined for the production of wheat and compute the quantity of 
wheat produced as more and more labor is applied to a fixed amount of 
land. Initially an increase in the number of laborers employed may 
allow specialization and result in an increasing MP of labor. However, 
after these initial economies have been realized, increasing applications 
of labor will result in smaller and smaller increases in the output of wheat. 
The quantity of labor becomes greater and greater relative to the fixed 
quantity of land. The law of diminishing marginal productivity con- 
cerns the relative quantities of the inputs and is not applicable if both 
inputs are inereased. The entire productivity analysis may be applied 
to variations of x2 with x, as the parameter. 

For a specific example, consider the production function given by the 
sixth-degree equation 

gq = Axy2,? — Buyrx.® | (3-5) 
1To determine the maximum value of AP, set its partial derivative with respect to 
2%1 equal to zero: 
dAP — xf s(11,22) — f(aiv4) 
“8a, a x1? 
Tf a fraction equals zero, its numerator must equal zero: 
tifi(a1,02) — f(x1,22) = 0 
Moving the second term to the right, and dividing through by x, 
f(ar,29) 


vy 


=0 


filzsx3) = 


MP and AP are equal at the point of maximum AP if such a point exists. 

2 This law has been stated in a number of alternative forms. See K. Menger, “The 
Laws of Return,” O. Morgenstern (ed.), Economic Activity Analysis (New York: 
Wiley, 1954), pp. 419-482. 
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where A,B >0. The corresponding productivity curves are depicted in 
Figs. 3-1 and 3-2.{ Letting Ax,? = k, and Bz,’ = ko, the family of total 
productivity curves for X, is given by the cubic equation 


q= ky21? = ker 3 


where k, and k, depend upon the fixed value assigned to x2. The AP and 
MP curves are given by the quadratic equations 


AP = kv, = kox;? MP = 2khiv = skort? 


AP reaches a maximum at 2 = k/2k2, and MP reaches a maximum at 
2 = ki/3ke Since 2, ki, ke > 0, MP reaches its maximum at a 
smaller input of X; than AP. The reader may verify that AP = MP at 
v= ky/ Qh. 

Isoquants. An isoquant is the firm’s counterpart of the consumer’s 
indifference curve. It is the locus of all combinations of x; and zz which 
yield a specified output level. For 
_@ given output level, (3-1) becomes 


gq? = f(X1,22) (3-6) 


where qg® is a parameter. The locus 
of all the combinations of z; and x2 
which satisfy (3-6) forms an isoquant. 
Since the production function is con- 
tinuous, an infinite number of input 
combinations lie on each isoquant. 
Three curves from a family of iso- 
quants are shown in Fig. 3-3. All 
the input combinations which lie on 
an isoquant will result in the output Fraure 3-3 
indicated for that curve. Within _ 
the relevant range of operation an increase of both inputs will result 
in an increased output. The further an isoquant lies from the origin, 
the greater the output level which it represents: g® > g® > gq. 
The slope of the tangent to a point on an isoquant is the rate at which 
X1 must be substituted for X2 (or X2 for X;) in order to maintain the 
corresponding output level. The negative of the slope is defined as the 
rate of technical substitution (RTS): 





| aentreemeennnime 


*1 


dx2 ; 
RTS = de (3-7) 
The RTS for the firm is analogous to the RCS for the consumer. The 
RTS at any point is the same for movements in either direction. 
t The values A = 0.09 and B = 0.0001 were used for the construction of the curves 
in Figs, 3-1 and 3-2. 
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The total differential of the production function is 
dq = frida: + fodze (3-8) 


where jf; and fe are the partial derivatives of g with respect to x, and 22 
(the MPs of X, and X2). Since dg = 0 for movements along an isoquant, 


O = fidx; + fe dx. 
and RTS = —-73—- =F (3-9) 


The RTS at a point equals the ratio of the MP of X, to the MP of X2 
at that point. 

Isoquants of the shape presented in Fig. 3-3 (rectangular hyperbolas 
which are negatively sloped throughout) can be derived for the production 
function given by (3-5). Let 2 = 2122, and rewrite (3-5) as 


q° = Az? — Bz? 
Form the cubic equation 


Bz — Az? +q° =0 


which can be solved for z. Treat the smallest positive real root as the 
' solution for z. The value of z depends upon the parameter q°: 


z= ¥(9°) or = %y%2 = ¥(Q°) 


which defines the isoquants as a family of rectangular hyperbolas, since 
¥(q°) is constant for any fixed value 
of q°. 

The MP of X, may become nega- 
tive if the application of Xi is suf- 
ficiently large. One can imagine a 
situation in which the quantity of 
labor employed relative to the quan- 
tities of the other inputs is so large 
that an increase of labor would result 
in congestion and inefficiency. The 
definition of the production function 
as giving the maximum output for 
Oo z, every possible input combination 
does not rule out this possibility. If 
the MP of X, is negative and the 
MP of X2 positive,! the RTS is negative, as at point A in Fig. 3-4. 
A movement along the isoquant from A to B would result in a reduc- 
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1 This situation will never srise for the production function given by (8-5). If the 
MP of one of its inputs is negative, the MP of the other must also be negative. 
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tion of both x; and 2 Clearly, point B is preferable to A if the entre- 
preneur must pay positive prices forthe inputs. A rational entrepreneur 
will never operate on a positively sloped section of an isoquant; i.e., he 
will never use a factor combination which results in a negative MP for 
one of the inputs. The ridge lines OC and OD enclose the area of 
rational operation. 


3-2. Optimizing Behavior 


The present analysis is limited to the case in which the entrepreneur 
purchases X, and X,2 in perfectly competitive markets at constant unit 
prices. His total cost of production (C) is given by the linear equation 


C = 14121 + TX + b (3-10) 


where 7; and re are the respective prices of X; and X., and b is the cost 
of the fixed inputs. An isocost line is defined as the locus of input 
combinations that may be purchased for a specified total cost: 


cs = 1101 + Tete + 6 (3-11) 
where C° is a parameter. 
Solving (3-11) for 2, 


t= 





The slopes of the isocost lines equal the negative of the input price ratio. 
The intercept of an isocost line on 
the a, axis [(C°—b)/n]j is the “le 
. amount of X; that could be pur- 
chased if the entire outlay, exclusive 
of the cost of the fixed inputs, were 
expended upon Xi, and the inter- 
cept on the #2 axis [(C® — b)/r,] is 
the amount of X:2 that could be pur- 
chased if this amount were expended 
upon X2. Three of a family of iso- 
cost lines are given in Fig. 3-5. 
The greater the total outlay to 
which an isocost line corresponds, 
the greater the intercepts on the 2; Fiauan 35 
and x2 axes, and therefore the further 
it lies from the origin: C® > C® > C®, The family of isocost lines 
completely fills the positive quadrant of the 2172 plane. 

Constrained Output Maximization. The consumer maximizes utility 
subject to his budget constraint. The analogous problem for the firm is 
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the maximization of output (3-1) subject to a cost constraint (3-11). The 
entrepreneur would desire to obtain the greatest possible output for a 
given cost outlay. Form the function 


V= f (41,02) + n(C° — 71X%1 — Tele — b) (3-12) 


where » + 0 is an undetermined Lagrange multiplier, and set the partial 
derivatives of V with respect to 2, x2, and » equal to zero: 


OV 

az; = 

OV _ _ 

remem pr, = 0 

o = 08 121 — Tet2 ~b = 0 


Moving the price terms to the right of the first two equations and dividing 
- the first by the second, 


f: 1 v1 
-~=— 3-13 
es (3-13) 
First-order conditions state that the ratio of the MPs of X; and X2 must 
be equated with the ratio of their prices. 
The first-order conditions may be stated in a number of equivalent 
forms. Solving the first two equations for yz, 


ee iaeme f 
a (3-14) 
The contribution to output of the last dollar expended upon each input 
must equal ». The Lagrange multiplier » is the total derivative of out- 


put with respect to cost.! 
Finally, substituting RTS = f:/fe from (3-9) into (3-13), 


yr 
RTS = (3-15) 
Te 
2 Assuming that cost is variable, the total differential of the cost equation (8-10) is 
dC = 11 du; + rz da | 
Substituting r1 = f:/n and rz = f2/pz from the first-order conditions, 


dC = : (fide, + fades) 


Dividing this expression into the total differential of the production function (3-8), 
the total derivative of output with respect to cost is 


ag _ fide + fades _ 
dC Siday + fy daz es 
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The first-order conditions may also be expressed as the equality of the 
RTS and the input priceratio. The three formulations of the first-order 
conditions given by (3-13), (3-14), and (3-15) are equivalent alternatives. 
If one is satisfied, all three are satisfied. 

The formulation given by (3-15) has a clear geometric interpretation. 
The optimum input combination is given by the point of tangency 
between an isoquant and the relevant isocost line. If C (see Fig. 3-5) 
is the predetermined level of cost, the maximum output is gq‘. The out- 
puts corresponding to all other isoquants which have points in common 
with the given isocost line, such as g® and qg®), are less than g, 

Second-order conditions require that the relevant bordered Hessian 
determinant be positive: 


fu fre TT; 
fa fe —fre| > 0 (3-16) 
—r1 —r2 0 


The second-order conditions may be utilized to demonstrate that the 
rate of change of the slope of the tangent to an isoquant must be positive 
(d?x/dx,2 > 0) at the point of tangency with an isocost line! This 
means that the isoquants must be convex from below as shown in Fig. 3-5. 

Constrained Cost Minimization. The entrepreneur may desire to 
minimize the cost of producing a prescribed level of output. In this case 
(3-10) is minimized subject to (3-2). Form the function 


Z = ryt + rote +b + Ma? — f(a1,29)] (3-17) 


and set the partial derivatives of Z with respect to 21, r2, and equal to 
zero: 


aZ 7 
az, = %y— Afi = 

0Z 

ax: = Te Afe = 0 

aZ 

Sx 7 0 ~ flenes) = 0 


Since r, and f; are both positive, \ is also positive. Moving the price 
terms of the first two equations to the right, and iidivading the first by the 
second, 


fe re AN 1 Te Te 


i The formal derivation is identical with that used to demonstrate that the rate of 
change of the slope of the indifference curve must be positive at the point of maximum 
utility (see Sec. 2-2). 
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The first-order conditions for the minimization of cost subject to an 
output constraint are similar to those for the maximization of output 
subject to a cost constraint. The multiplier is the reciprocal of the 
multiplier 4, or the total derivative of cost with respect to output (defined 
as marginal cost in Sec. 3-3). In the present case, the entrepreneur finds 
the lowest isocost line which has:at least one point in common with a 
selected isoquant. He could produce g (see Fig. 3-5) at a cost of C® 
or C®), but C'@ is lower than either of these. His minimum cost is given 
by the isocost line which is tangent to the selected isoquant. 

Second-order conditions require that the relevant bordered Hessian 
determinant be negative: 


—Afu —Afie —hi 
—Afor —Afe. —fe| <0 
aT —f2 0 


Substituting —f; = —7r:i/A and —f, = —r2/d, multiplying the first two 
columns of the array by —1/a, and then multiplying the third row by 
—? and the third column by 4,7} 








—Afu —Afie > fi fiz -3 
—Afar — oe -2 =)? for fre -2 
T1 Te Us| Te 
~ x » 9 
1 fu fie 11 
= x for foe —T2| <0 
—T) —T2 0 
Since A > 0, 
fir fe nr 
fa fon —?2|> 0 
—r; —7r. 0 


The second-order conditions are the same as those given by (3-16). 

If the second-order conditions are satisfied, every point of tangency 
between an isoquant and an isocost line is the solution of both a con- 
strained-maximum and a constrained-minimum problem. If g™ (see 
Fig. 3-5) is the maximum output which can be obtained from an outlay 
of C® dollars, C™ dollars is the minimum cost for which the output g™ 


{ The multiplication of the first column by —1/A increases the value of the determi- 
nant by the same multiple. The multiplication of both the first and second columns 
by —1/) increases the value of determinant by 1/i%. Its value is left unchanged if 
the entire array is now multiplied by 4* (see Sec. A-1). 
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can be produced. The locus of tangency points (OE in Fig. 3-5) gives 
the expansion path of the firm. The rational entrepreneur will select 
only input combinations which lie on his expansion path. Formally, 
the expansion path is an implicit function of 21 and 22: 


g(x1,%2) = 0 (3-18) 


for which the first- and second-order conditions for constrained maxima 
and minima are fulfilled. 

If the isoquants are convex from below, the second-order conditions 
will always be satisfied, and the expansion path can be derived from the 
first-order conditions. Consider the production function given by (3-5) 
as an example. Compute the ratio of the MPs of Xi and Xz: 


Putting this first-order condition in the form of an implicit function, the 
expansion path is given by the linear equation 


7121 — Pete = 0 


This corresponds to the expansion path OE in Fig. 3-5. 

Profit Maximization. The entrepreneur is usually free to vary the 
levels of both cost and output, and his ultimate aim is the maximization 
of profit rather than the solution of constrained maximum and minimum 
problems. The total revenue of an entrepreneur who sells his output in 
a perfectly competitive market is given by the number of units he sells 
multiplied by the fixed unit price (p) he receives. His profit (a) is the 
difference between his total revenue and his total cost: 


r= pq—C 


or substituting g = f(%1,72) from (3-1) and C = riz; + rete + b from 
(3-10), 


T= pf (1,22) — 1101 — Tete — b (3-19) 


Profit is a function of x; and ze and is maximized with respect to these 
variables. 

Setting the partial derivatives of (3-19) with respect to 21 and 22 equal 
to zero, 


Or On 
a az, — Pe — 72 = 0 (3-20) 
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Moving the input-price terms to the right, 
Mh=n1 Pfr=rs (8-21) ° 


The partial derivatives of the production function with respect to the 
inputs are the MPs of the inputs. The value of the MP of X: (pf;) is 
the rate at which the entrepreneur’s revenue would increase with further 
application of X,. The first-order conditions for profit maximization 
(3-21) require that each input be utilized up to a point at which the 
value of its MP equals its price. The entrepreneur can incréase his 
profit as long as the addition to his revenue from the employment of 
an additional unit of X; exceeds its cost. The maximum profit-input 
combination lies on the expansion path, since (3-21) is a special case of 
(8-13). 

Second-order conditions require that the principal minors of the 
relevant Hessian determinant alternate in sign: | 


O°r Or 
a°r | Oa? da 0x2 
ort 0; or OF >0 (3-22) 
0%2 0%, O22" 
Expanding the second determinant of (3-22), 
Ox o'r ae \ 
(= zs) = (2 =) a a) 
since 0°7/8x) v2 = 8°x/dx29x,. Since d°7/dx,? < Nand (d%r/dx, 0x2)? > 0, 
ax 
tae < 0 (3-24) 


and the numbering of the inputs is immaterial. Profit must be decreas- 
ing with respect to further applications of ether X, or X2. Condition 
(3-23) ensures that profit is decreasing with respect to further applications 
of both X, and X>. 

The second-order conditions require that the MPs of both inputs 
be decreasing. - Using the second-order partial derivatives of (3-20) to 
evaluate (3-22) and (3-24), 

<= fu <0 25 = in <0 
Since p > 0, ; 
fu<0O fa<O (3-25) 


If the MP of one of the inputs were increasing, a small movement from 
the point at which the first-order conditions are satisfied would result in 
an increase in the value of its MP. Since its price is constant, the entre- 
preneur could increase his profit by increasing its quantity. 


THE THEORY OF THE FIRM 55 


3-3. Cost Functions 


The economist frequently assumes that the problem of optimum input 
combinations has been solved and conducts his analysis of the firm in 
terms of its revenues and costs expressed as functions of output. The 
problem of the entrepreneur is then to select that output at which his 
profits are maximized. 

Short-run Cost Functions. Cost functions can be derived from the 
information contained in Secs. 3-1 and 3-2.t Consider the system of 
equations consisting of the production function (3-1), the cost equation 
(3-10), and the expansion path function (3-18): 


q = f(21,22) 
C = 742, + rote + BD 
0= g(x1,22) 


This system of three equations in four variables can be reduced to a 
single equation in which cost is stated as an explicit function of the level 
of output plus the cost of the fixed inputs: 


C = $(q) +b (3-26) 


The cost of the fixed inputs, the fixed cost, must be paid regardless of 
how much the firm produces, or whether it produces at all. The cost 
function gives the minimum cost of producing each output and is derived 
on the assumption that the entrepreneur acts rationally. A cost-output 
combination for (3-26) can be obtained as follows: (1) select a point on 
the expansion path, (2) substitute the corresponding values of the input 
levels into the production function to obtain the corresponding output 
level, (3) multiply the input levels by the fixed input prices to obtain the 
total variable cost for this output level, and (4) add the fixed cost. _ 

A number of special cost relations which are also functions of the level 
of output can be derived from (3-26). Average total (ATC), average 
variable (AVC), and average fixed (AFC) costs are defined as the respec- 
tive total, variable, and fixed costs divided by the level of output: 


q 
arc =2 
q 


ATC is the sum of AVC and AFC. Marginal cost (MC) is the deriva- 


_ {The term cost function is used to denote cost expressed as a function of output. 
The term’ cost equation is used to denote cost expressed in terms of input levels and 
input prices, 
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tive of total cost with respect to output: 


_@_ 
MC 7 (9) 
The derivatives of total and total variable cost are identical since the 
fixed-cost term vanishes upon differentiation. 
Specific cost functions may assume many different shapes. One possi- 
bility which exhibits the properties usually assumed by economists is 
depicted in Figs. 3-6 and 3-7. Total cost is a cubic function of output. 


Cc $ 
MC 
C= 
lq) ATC 
AVC 
AFC 
Oo q oO qa 
FiaureE 3-6 Fi1aurkE 3-7 


ATC, AVC, and MC are all second-degree curves which first decline and 
then increase as output is expanded. MC reaches its minimum before 
ATC and AVC, and AVC reaches its minimum before ATC. The reader - 
may verify that the MC curve passes through the minimum points of 
both the AVC and ATC curves.1. The AFC curve is a rectangular hyper- 
bola regardless of the shapes of the other cost curves; the fixed cost is 
spread over a larger number of units as output is expanded, and therefore 
declines monotonically. The vertical distance between the ATC and 
‘AVC curves equals AFC, and hence decreases as output is increased. 

The revenue of an entrepreneur who sells his output at a fixed price 
is also a function of the level of his output. Therefore, his profit is a 
function of the level of his output: 


r= pq — $(q) — 6 (3-27) 


To maximize profit, set the derivative of (3-27) with respect to g equal to 
zero: 

dr _ pee a 

Goes (q) = 0 


1 Set the derivative of ATC (or AVC) equal to zero, and put the equation in a form 
which states the equality between ATC (or AVC) and MC (see Sec. A-2). 
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Moving the MC to the right, 
p= $9) (3-28) 


The entrepreneur must equate his MC with the constant selling price 
of his output. He can increase his profit by expanding his output if the 
addition to his revenue (p) of selling another unit exceeds the addition 
to his cost (MC). ; 
The second-order condition for profit maximization requires that 
2 


or multiplying by —1 and reversing the inequality, 


MC must be increasing at the profit-maximizing output. If MC were 
decreasing, the equality of price and MC would give a point of minimum 
profit. 

The level of the entrepreneur’s fixed cost (0) generally has no effect 
upon his optimizing decisions during a short-run period. It must be 
paid regardless of the level of his output and merely adds a constant term 
to his profit equation. The fixed-cost term vanishes upon differentiation, 
and MC is independent of its level. Since the first- and second-order 
conditions for profit maximization are expressed in terms of MC, the 
equilibrium output level is unaffected by the level of fixed cost. The 
mathematical analyses of optimization in the present section and in Sec. 
3-2 can generally be carried out on the basis of variable cost alone. 

The level of fixed cost has significance for the analysis of short-run 
profit maximization in one special case. The entrepreneur has an option 
not recognized by the calculus. He can discontinue production and 
accept a loss equal to his fixed cost. This option is optimal if his maxi- 
mum profit from the production of a positive output level is a negative 
amount (a loss) with a greater absolute value than the level of his fixed 
cost. The entrepreneur need never lose more than the amount of his 
fixed cost. He will produce at a loss in the short run if his loss is less 
than the amount of his fixed cost, i.e., if revenue exceeds total variable 
cost, and he is able to recover a portion of his outlay on the fixed inputs. 

A geometric description of profit maximization is contained in Fig. 3-8. 
The optimum output (g°) is given by the intersection of a horizontal line 
drawn at the level of the going price (p°) and the rising portion of the 
MC curve. The entrepreneur’s revenue is given by the area of the rec- 
tangle Op’Bq®, total cost by OA Dg’, and profit by Ap*BD. 

As an example consider the cubic total-cost function 


C = 0.04g? — 0.99? + 109 + 5 (3-29) 
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Assume that the price of q is 4 dollars per unit. Equating MC and price, 
0.12g? — 1.8¢ +10 = 4 

which yields the quadratic equation 
g — 15g + 50 = 0 


the roots of which are g = 5 and q = 10. Two different outputs satisfy 
the first-order condition for profit maximization, and the rate of change 
of MC must be calculated for both. 
The rate of change of MC: 
2 

an = 0.24¢ — 1.8 
is negative for gq = 5 and positive 
for g = 10. An output of 10 units 
yields a maximum profit, and an 
output of 5 a minimum. Profit at 
10 units, however, is negative: 


aw = 4g — (0.04g? — 0.99? + 10g + 5) 
= 40 — 55 = -—15 





The entrepreneur’s ATC curve lies 
above-the price line for every output, 
and his maximum profit is a loss of 15 dollars. He should discontinue 
production, since his fixed cost (5 dollars) is less than the smallest loss 
which he can incur from a positive output level. 

Long-run Cost Functions. Let the levels of the entrepreneur’s fixed 
inputs be represented by a parameter k, which gives the “size of his 
plant’’—the greater the value of k, the greater the size of his plant. The 
entrepreneur’s short-run problems concern the optimal utilization of a 
plant of given size. In the long run he is free to vary k and select 4 
plant of optimum size. The shapes of the entrepreneur’s production and 
cost functions depend upon his plant size. These are uniquely deter- 
mined in the short run. In the long run he can choose between cost and 
production functions with different shapes. The number of his alterna- 
tives equals the number of different values which k may assume. Once 
he has selected the shapes of these functions, i.e., selected a value for k, 
he is faced with the conventional short-run optimization problems. 

As an illustration, consider the case of an entrepreneur operating a 
grocery store. The ‘‘size of his plant” is given by the number of square 
feet of selling space which he possesses. Assume that the only possible 
alternatives are 5,000, 10,000, and 20,000 square feet and that he cur- 
rently possesses 10,000. His present plant size is the result of a long- 


FIGURE 3-8 
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run decision made in the past. When the time comes for the replacement 
of his store, he will be able to select his plant size anew. If conditions 
have not changed since his last decision, he will again select 10,000 square 
feet. If the store has been crowded and he anticipates a long-run 
increase in sales, he will build 20,000 square feet. Under other con- 
ditions he may build a store with 5,000 square feet. Once he has built 
a new store, his problems concern the optimal utilization of a selling area 
of given size. 

Assume that k is continuously variable and introduce it explicitly into 
the production function, cost equation, and expansion path function: 


q= F(x1,22,k) 
C = riati + rete + W(k) 
O = 9(X1,%2,k) 


Fixed cost is an increasing function of plant size: ¥’(k) > 0. The shapes 
of the families of isoquants and iso- 
cost lines and the shape of the expan- 
sion path depend upon the value as- 
signed to theparameterk. Generally, 
two of the above relations may be 
utilized to eliminate x, and 2%, and 
total cost may be expressed as a func- 
tion of output level and plant size: 


C = $(g,k) + ¥(k) (3-80) 


which describes a family of total cost 
curves generated by assigning differ- 
ent values to the parameter k. As 
soon as plant size is assigned a par- Fictre 3-9 

ticular value k = k®, (8-30) is equiva- a 

lent to the particular total cost function given by (3-26), and the short- 
run analysis is applicable. 

The entrepreneur’s long-run total cost function gives the minimum 
cost of producing each output level if he is free to vary the size of his 
plant. For a given output level he computes the total cost for each 
possible plant size and selects the plant size for which total cost is a 
minimum. Figure 3-9 contains the total cost curves corresponding to 
three different plant sizes. The entrepreneur can produce the output 
OR in any of the plants. His total cost would be RS for plant size k‘™, 
RT for k™, and RU for k®, The plant size k™ gives the minimum 
production cost for the output OR. Therefore, the point S lies on the 
long-run total cost curve. This process is repeated for every output 
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level, and the long-run total cost curve is defined as the locus of the 
minimum-cost points. 

The long-run cost curve is the envelope of the short-run curves; it 
touches each and intersects none. Write the equation for the family of 
short-run cost functions (3-30) in implicit form: 


C — 9(9,k) — Wk) = G(C,g,k) = 0 (3-31) 
and set the partial derivative of (3-31) with respect to k equal to zero: 
GAC,¢,k) = 0 (3-32) 


The equation of the envelope curve (the long-run cost curve) is obtained 
by eliminating k from (3-31) and (3-32) and solving for C as a function of 
q (see Sec. A-3): 


C = &q) (3-33) 


Long-run total cost is a function of output level, given the condition that 
each output level is produced in a plant of optimum size. The long-run 
cost curve is not something apart from the short-run cost curves. It is 
constructed from points on the short-run curves. Since k is assumed 
continuously variable, the long-run cost curve (see Fig. 3-9) has one and 
only one point in common with each of the infinite number of short-run 
cost curves. 

Since AC equals total cost divided by output level, the minimum AC of 
producing a particular output level is attained at the same plant size as 
the minimum total cost of producing that output level. The long-run 
AC curve can be derived by dividing long-run total cost by output level, 
or by constructing the envelope of the short-run ACU curves. The two 
constructions are equivalent. 

The long-run MC curve can be constructed by plotting the derivative 
of long-run total cost with respect to output level, or can be derived from 
the short-run MC curves. However, the long-run MC curve is not the 
envelope of the short-run MC curves. Shourt-run MC equals the rate of 
change of short-run variable cost with respect to output level; long-run 
MC is the rate of change of total cost assuming that all costs are variable. 
Therefore, portions of short-run MC curves may lie below the long-run 
MC curve. The long-run MC curve may be defined as the locus of those 
points on the short-run MC curves which correspond to the optimum 
plant size for each output.! The equivalence of the two methods of 
deriving the long-run MC curve is obvious in Fig. 3-9. The long-run 
total cost curve is tangent to each short-run curve at the output for which 

1Tt ts not correct to construct the long-run MC curve by selecting the points on the 


short-run MC curves which correspond to the optimum output (i.e., point of minimum 
AC) for each plant size. 
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the short-run curve in question represents optimum plant size. Since 
the MCs are defined as the slopes of the tangents of these curves, the long- 
run and short-run MCs are equal at such points. 

Assume that the entrepreneur desires to construct a plant for use during 
a number of short-run periods and that he expects to receive the same 
price for his product during each of the short-run periods. Since con- 
ditions remain unchanged from one period to the next, he will produce the 
same level of output in each period. His profit during one of the periods 
is the difference between his revenue and cost with plant size variable: 


7 = pq — 29) (3-34) 
Set the derivative of + equal to zero: 
dr px 
aq? ®'(q) = 
or p = #(q) (3-35) 


Profits are maximized by equating long-run MC to price, if long-run MC 
is increasing (second-order condition). Once the optimum output is 
determined, the optimum value for k can be determined from (3-31) and 
(3-32). 
Consider the family of short-run cost curves generated by 
C = 0.04q? — 0.99? + (11 — k)g + 5k? (3-36) 


For the plant size k = 1, the short-run cost curve is the one given by 
(3-29}. Setting the partial derivative of the implicit form of (3-36) with 
respect to k equal to zero, 


G:(C,g,k) = —q+ 10k =0 


which has the solution k = 0.lg. Substituting into (3-36) gives the long- 
run cost function: 


C = 0.04g? — 0.99? + (11 — 0.19)g + 5(0-19)? 
= 0.04g? — 0.95¢? + 11g 


Long-run fixed cost equals zero. 
Let the price of the entrepreneur’s product be 4 dollars, as in the exam- 
ple for a short-run cost function. Setting price equal to long-run MC, 


4 = 0.12¢? — 1.99 + 11 
which yields the quadratic equation 
0.12¢? —1.9¢9+7=0 


with the roots g = 5.83 and g = 10. Profit is maximized at an output 
of 10 units. Utilizing the relation k = 0.1g, the optimum-size plant is 
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given by k = 1. The entrepreneur’s profit per short-run period is 
x = pg — (0.049? — 0.95g? + 1lg) = 40 — 55 = —15 


As in the last example, the maximum operating profit is a loss of 15 dol- 
lars. In the long run the entrepreneur is unable to earn a positive profit 
and will not construct a plant of any size. 

The situation is quite different if price is increased to 6 dollars. Setting 
long-run MC equal to price yields the quadratic equation 


0.12g? — 1.99 +5 =0 


with the roots g = 3.3 and gq = 12.5. Profit is maximized at an output of 
12.5 units. Profit is positive for this plant size: 


w = 75 — 67.1875 = 7.8125 


and the entrepreneur will construct a plant of the optimum size (k = 1.25). 


3-4. Homogeneous Production Furctions 


“Returns to scale’’ describes the output response to a proportionate 
increase of all inputs. If output increases by the same proportion, 
returns to scale are constant for the range of input combinations under 
consideration. They are increasing if output increases by a greater pro- 
portion and decreasing if it increases by a smaller proportion. A single 
production function may exhibit all three types of returns. Some 
economists assume that production functions exhibit increasing returns 
for smal] amounts of the inputs, then pass through a stage of constant 
returns, and finally exhibit decreasing returns to scale as the quantities 
of the inputs become greater and greater. 

Properties. Returns to scale are easily defined for homogeneous pro- 
duction functions. A production function is homogeneous of degree k if 


f(txr,tae) = Uf (a1,22) (3-37) 


where k is a constant and ¢ is any positive real number. If both inputs 
are increased by the factor ¢, output is increased by the factor ¢*. Returns 
to scale are increasing if k > 1, constant if k = 1, and decreasing if 
k <1. Degrees of homogeneity other than one are seldom assumed for 
production functions. 

The partial derivatives of a function homogeneous of degree *& are 
homogeneous of degree (kK — 1). Differentiate (3-37) partially with 
respect to 2 using the function of a function rule (see Sec. A-2) on the left: 


1 A function which is homogeneous of degree one is said to be linearly homogeneous. 
This, of course, does not imply that the production function is linear. 
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ifr(ter,tae) = tfs(e1,2) 
Dividing through by ?, 
filtai,ta2) = -Yfi(e1,22) 


which is the definition of homogeneity of degree kK — 1. If a production 
function is homogeneous of degree one, the marginal productivities of 
X1 and Xz are homogeneous of degree zero, i.e., they remain unchanged 
for proportionate changes of both inputs: 


f1(@1,%2) = fi(tz1,t22) 
Vee) = deren) (3-38) 


The MPs depend only upon the proportion in which X: and X_ are used. 

A straight line from the origin in the isoquant plane is defined by (0,0) 
and any arbitrary point (x{,73). Such a line is the locus of all points 
(tx$,tz2) fort = 0. The RTS at any arbitrarily selected point on the line 
equals the ratio of the marginal productivities for the input combination 
corresponding to that point: 


The RTS at (é$,tz3) equals the RTS at (2x?,23). The expansion path 
which is the locus of points with RTS equal to the fixed-input-price ratio 
is a straight line if the production function is homogeneous of any degree. 
A straight-line expansion path, however, does not necessarily imply a 
homogeneous production function. The production function given by 
(3-5) possesses a straight-line expansion path, but it is not homogeneous. 

One of the most widely used homogeneous production functions is the 
Cobb-Douglas function for the economy as a whole: 


g = Axx, * (3-39) 


where q is an index of aggregate output, 71 and 2 are the aggregate inputs 
of labor and capital respectively, and 0 < a <1. Increasing the levels 
of both labor and capital by the factor ¢, 


f(tai,tz2) = A(tri)*(txe)-* = tAx2x2!-* 


The Cobb-Douglas function is homogeneous of degree one. The MPs of 
labor and capital are homogeneous of degree zero: 


f:1(21,22) = a(Ax2—14,!-*) 

Fo(X1,22) = (1 — a)(Axi*22™) 
fi(tx1,tz2) = a(Ate—1y9-lf{!-2g,1-2) = a(Az,2—12,!-*) 
fo(tx1,tx2) = (1 — a)(At*x1%t-*x2-*) = (1 _ a) (Ax1%22~*) 


The expansion path generated by the Cobb-Douglas function is linear. 
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The first-order conditions for a constrained optimum require that 


Ti fi a (A 41% 14 g'*) AL 


re fo (L—a)(Anem) (1 — ajay 
Therefore, the expansion path is given by the implicit function 
(1 — a)rit, — arete = 0 


which describes a straight line emanating from the origin in the isoquant 
plane. 

Euler’s Theorem and Distribution. Euler’s theorem states that the 
following condition is satisfied by a homogeneous function:! 


Lifi SS Lofe = kf (21,22) (3-40) 


Assuming that the production function is homogeneous of degree one, and 
substituting g = f(21,22). 
tif, + ofe = q (3-41) 


Total output equals the MP of X, multiplied by its quantity plus the MP 
of X2 multiplied by its quantity. If the firm were to pay the suppliers of 
an input its marginal physical product, total output would be just 
exhausted. Total output would exceed payments if the degree of homo- 
geneity were greater than one and would be less than payments if it were 
less than one. 

Euler’s theorem played a major role in the development of the mar- 
ginal-productivity theory of distribution. The basic postulates of this 
theory are: (1) each input is paid the value of its marginal product, and 
(2) total output is just exhausted. Since these conditions are satisfied 
by production functions homogeneous of degree one, it was generally 
assumed that all production functions are of this type. 

The Cobb-Douglas function was utilized to attempt an empirical veri- 
fication of the marginal-productivity theory of distribution. It satisfies 
Euler’s theorem: 


gq = 21(aAxi=4y!-*) + xf (1 — ) Ax*2,~4] 
= aAzita-* + (1 — a) Axitr,!~# 
Substituting from (3-39), 
q=ag + (1 — alg 
If each factor is paid its marginal product, total output is distributed 


1 Differentiating (3-37) partially with respect to ¢ using the composite-function rule 
on the left, 
aif \(tx1,te2) + xof o(tx1,t¢2) = kt®f (27,002) 


Equation (3-40) is obtained by substituting ¢ = 1, 
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between labor and capital in the respective proportions @ and (1 — a). 
Paul Douglas estimated a from aggregate time-series data and compared 
his estimates with labor’s share of total output.! 

The condition of product exhaustion is equivalent to the condition tha 
maximum long-run profit equal zero. Multiplying (3-41) through by 
the price of the product 

t1(phi) + x2(pfe) = 


Substituting r1 = pf; and r.2 = pfe from the first-order conditions for 


profit maximization, 
7101 + Tote = pq (8-42) 


Long-run total outlay equals long-run total revenue. Following the 
assumptions of the marginal-productivity theory, Eq. (3-42) leads to 
the startling conclusion that long-run profit equals zero regardless of the 
level of the product price. 

The analysis of the marginal-productivity theory of distribution is 
misleading, if not erroneous. The conventional analysis of profit maxi- 
mization breaks down if the entrepreneur sells his output at a constant 
price and possesses a production function which is homogeneous of degree 
one. The reader can verify that in this case his profit function is also 
homogeneous of degree one: 


tr = pf (tx, tr) — TX = rolXLo. 


Three outcomes are possible. If the prices are such that some factor 
combination yields a positive profit, profit can be increased to any level 
by selecting a sufficiently large value for ¢. In this case the profit func- 
tion has no finite mawaszmum. If the prices are such that every factor 
combination yields a negative profit, the entrepreneur will go out of 
business. 

The third possibility, to which the marginal-productivity theorists 
generally limited their analysis, is the most interesting. In this case 
there is no factor combination which will yield a positive profit, but the 
combination (z$,x$) yields a zero profit. From the homogeneity of the 
profit function it follows that the factor combination (éz%,tz$) will also 
yield a zero profit. Maximum long-run profit equals zero, but the size 
of the firm is indeterminate. If the entrepreneur can earn a zero profit 
for a particular factor combination, his profit remains unchanged if he 
doubles or halves his scale of operations. If an arbitrary scale of opera- 
tions is imposed upon the entrepreneur, Euler’s theorem holds, and his 
product is just exhausted. 

The assumption of a homogeneous production function is not necessary 
for the fulfillment of the postulates of the marginal-productivity theory. 

1 See the references listed at the end of this chapter. 
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The postulates are fulfilled if (1) the production function is not homo- 
geneous, (2) the first- and second-order conditions for profit maximization 
are fulfilled, and (3) the entrepreneur’s maximum profit equals zero. 
Conditions (1) and (2) have been assumed throughout the development 
of the theory of the firm in Secs. 3-1 and 3-2. In Chapter 4 it will be 
demonstrated that the free entry and exit of competing firms will result 
in the satisfaction of condition (3). Condition (3) requires that 


w= PY — 1% — Tot. = 0 


Substituting 7: = pfiand re = pfs (the first-order conditions), and solving 
for q, 


gq = Xfi + Zhe 


Here the result of (3-41) is attained without the use of Euler’s theorem. 
Furthermore, since the production function is not homogeneous, the 
entrepreneur’s optimum factor combination is generally determinate. 

Long-run Cost Functions. A production function homogeneous of 
' degree one generates a linear long-run total cost function. Let (z‘,78) be 
the optimum input combination for the production of 1 unit of Q. The 
corresponding production cost is rizi + r.rf. Since the production 
function is homogeneous and the expansion path linear, (qgz’,gzz) is the 
optimum input combination for the production of g units of @. The cor- 
responding production cost is 


C = ag 


where a = 72° + rox}. Marginal and average cost are both equal to the 
constant a. 

The total cost function for the Cobb-Douglas production function can 
be derived more easily in the conventional manner. Writing out the 
production function, cost equation, and expansion path function, 


qd = A2X1°2_!—4 
C = 7321 + ToXo 
(1 — a)rizi — arete, = 0 


Solving the second and third equations for z, and 22, 


na! aaa 
T1 Te 


and substituting these values into the production function, 


7) eras 
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Solving for C in terms of g and the parameters, the total cost function is 


C = ag 
where 
ay le 
a 11°72 
Aa*(1 — a)O-# 


The breakdown of the profit-maximization analysis for homogeneous 
production functions can be illustrated with the aid of cost and revenue 
functions. Expressing profit as a function of output 


x = pg — aq 
and setting its derivative equal to zero 
p—a=0 


The first-order condition requires that the entrepreneur equate two ccn- 
stants. This is an impossible task unless price and marginal cost happen 
to be equal by chance. Heis unable to affect either price or marginal cost 
through variations of his output. If price exceeds marginal cost, the 
entrepreneur will expand his output without limit; if p = a, the level of 
his output is indeterminate; and if p < a, he will go out of business. 


3-5. Joint Products 


Some production processes will yield more than one output. Sheep 
raising is the classic example of such a process. Two outputs, wocl and 
mutton, can be produced in varying proportions by a single production 
process.!. The case of joint products is distinguished on technical rather 
than organizational grounds and exists whenever the quantities of two or 
more outputs are technically interdependent. Cases in which a single 
firm produces two or more technically independent products are excluded 
by this definition. 

Basic Concepts. Consider the simplest case in which an entrepreneur 
uses a single input (X) for the production of two outputs (Q: and Q2). 
In implicit form his production function is 


H(q1,92,2) = 0 (3-43) 
where qi, g2, and x are the respective quantities of Qi, Qo, and X. Assume 


1The production of joint products does not require an extended analysis unless 
they can be produced in varying proportions. If two products are always produced 
in a fixed proportion: 9:/g2 = k where & is a constant, the analysis for a single output 
can be applied. Define a compound unit of output as & units of Q: and 1 unit of Q2 
with a price of (kp, + pe) and treat it as a single output. 
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that (3-43) can be solved explicitly for x: 
r= h(qu,2) (3-44) 


The cost of production in terms of X is a function of the quantities of the 
two outputs. 

A product transformation curve is defined as the locus of output com- 
i binations that can be secured from 
2\ R®) a given input of X: 


x° = h(gs,92) (3-45) 


Three of a family of product trans- 
formation curves are presented in 
E Fig. 3-10. The further a curve lies 


from the origin, the greater the input 
of X to which it corresponds: 

\ 238 > 72) > yD 

we : The slope of the tangent to a point 


O ~~ q, on a product transformation curve 

Ficure 3-10 is the rate at which Q, must be sacri- 

ficed to obtain more Q; (or Q: sacri- 

ficed to obtain more Q2) without varying the input of X. The negative of 
the slope is defined as the rate of product transformation (RPT): 


RPT = — 42 (3-46) 
1 . 
Taking the total differential of (3-44), 
dx = hi dqi ae he dqe 


Since dx = 0 for movements along a product transformation curve, 
i 


: daz hy 
RPT = —- == ~47 
dq. he . en). 


The RPT at a point on a product transformation curve equals the ratio 
of the marginal cost of Q: in terms of X to the marginal cost of Q2 in 
terms of X at that point. * 

Alternatively, the RPT can be expressed in terms of the MPs. The 
inverse-function rule applies: 


(3-48) 
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Substituting (3-48) into (3-47), 





(3-49) 


The RPT equals the ratio of the MP of X in the production of Q2 to the 
MP of X in the production of Q;. If both MPs are positive, as rational 
operation requires, the slopes of the product transformation curves are 
negative, and the RPT positive. 

The system of product transformation curves in Fig. 3-10 is generated 
by the implicit production function 


gq’? + qm? —-z =0 
The product transformation curves are concentric circles: 
x = qi? + g?? 


with RPT = qi/g2. Since qi, gz > 0, the slopes of the product transfor- 

mation curves are negative, and the RPT positive throughout. 
Constrained Revenue Maximization. If the entrepreneur sells his 

outputs at fixed prices, his revenue is given by the linear equation 


R= pigi + P2ge (3-50) 


where 7; and 7p» are the prices of Q; and Q. respectively. An isorevenue 
line is the revenue counterpart of an isocost line and is defined as the locus 
of output combinations that will earn a specified revenue. Three of a 
system of isorevenue lines are presented in Fig. 3-10. They are parallel 
straight lines with slopes equal to the negative of the ratio of the output 
prices (—p./p2). 

To solve the constrained-maximization problem of an entrepreneur 
who desires to maximize revenue for a specified input of X, form the 
function 


W = pigi + page + wlz® — h(q1,92)] (3-51) 


where » is an undetermined parents: multiplier, and set its partial 
‘derivatives equal to zero: 


ow 

Pe tee —_ = 0 
qn pi — why 

aw 

3g2 = Pe phe = 0 
ow 


—=— = ao — h(qi,g2) = 0 
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Moving the second terms of the first two equations to the right and divid- 
ing the first by the second, 


Pin Tac. P 5 
oe Sa T (3-52) 
or substituting from (3-48), 
Pi _ Oq2/dx = 
ms a aq,/3z ~ RPT (3-53) 


The RPT must be equated with the fixed price ratio. In geometric 
terms, the specified product transformation curve must be tangent to an 
isorevenue line. 

The first-order conditions may also be stated as 


vo PE Ps 
ane Same * 
or substituting from (3-48), 
091 O92 


The value of the MP of X in the production of each output must equal pz, 
the total-derivative of R with respect to x.} 

The second-order condition requires that the relevant bordered Hessian 
determinant be positive: 


—~phiu —phis —hy 
—phe —phee —h2| > 0 
—hy —~he 0 
Expanding, 
H(hishe? — 2hishihe + hooks) > 0 
Since zp > 0, 
(Rithe? — 2hiehthe + heh?) > O (3-54) 


¢ The total differential of (3-50) is 
dk = pi dqi + p2dqz 
or substituting p, = wh; and pe = pho, . 
dR = why dgi + he dge) 


Dividing this by the total differential of (3-44), the total derivative of & with respect 
to vis 

ak _ u(hi dgi + he dge) = 

dz hi dqi + he dqe 


and is called the marginal-revenue productivity of X. 
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Taking the total derivative of the negative of (3-47), the rate of change of 
the slope of a product transformation curve is 


OM = 22 (hh? —Dhahthe th 
dqx? hi 1he 12htihe 22hy (3-55) 
If condition (3-54) is satisfied, the bracketed term of (3-55) is positive. 
Since hi > 0, the rate of change of the slope of the product transforma- 
tion curve (3-55) must be negative. If constrained maxima exist, the 
product transformation curves are concave from below as shown in Fig. 
3-10. 

An entrepreneur might desire to minimize the amount of X necessary 
to obtain a specified revenue. In this case he would minimize (3-44) 
> subject to a revenue constraint. Geometrically, he desires to reach the 
lowest product transformation curve that has a common point with a 
specified isorevenue line. For a coustrained revenue maximization he 
desires to reach the highest isorevenue line possessing a common point 
with a specified product transformation curve. If the product transfor- 
mation curves are concave from below, every point of tangency between 
an isorevenue line and a product transformation curve represents the 
solution of both a constrained-revenue-meximization and a cOnstrained- 
input-minimization problem. The locus of all points of tangency (see 
OE in Fig. 3-10) is an output expansion path similar in interpretation to 
the input expansion path of the single-product firm. 

Profit Maximization. Express profit as a function of qi and q,: 


st = Digi + prge — rh(qu,ge) (3-56) 
and set its partial derivatives equal to zero: 


Or 


Sr ee 
Or 
i 


Moving the price terms to the right and dividing by the marginal costs 
in terms of X, 


_ Pi _ Ps 
= hi he (3-57) 
or substituting from (3-48), 
— pn 91 _ , 992 
PD a Pia (3-58) 


The value of the MP of X for the production of each output must be 
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equated to the price of X.{ The entrepreneur could increase his profit 
by increasing his employment of X if its return in the production of either 
product exceeded its cost. 

Second-order conditions require that 


—rhiy —rhie 


—rhu <0 She Lhe 


>0 








Expanding the second determinant, 
r2(Aishee — (hiz)?] > 0 
Since r > 0, the second-order conditions can be stated as 
hi > 0 hither: — (Aiz2)? > O (3-59) 


Both together imply that he. > 0. The marginal cost of each output in 
terms of X must be increasing. 

Consider profit maximization by an entrepreneur whose product trans- 
formation curves are given by a system of concentric circles. His profit is 


w= Digi + pode — r(m? + 2") 


Setting the partial derivatives equal to zero 


The first-order conditions can be stated as 


Pi _ Pe 


a 291 2q2 


Second-order conditions (3-59) are satisfied : 


2>0 4~0=4>0 


8-6. Generalization to m Variables 


The analysis of the firm is easily generalized to cover a production 
process with n inputs and s outputs. The production function is stated 
in implicit form as : 
H(qi, - - + 5Qa%1, . . » tn) = 0 (3-60a) 


where (3-60a) is assumed to possess continuous first- and second-order 
partial derivatives which are different from zero for all its solutions. To 


t Following the derivations of (3-53) and note 1, p. 50, it is not surprising to learn 
that profit maximization requires that r = dR/dz. Therate at which the application 
of an additional unit of X would increase the entrepreneur’s revenue must equal its 
price. 
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simplify notation, let g,,; = —2z;(j = 1, . . . , n), and rewrite (3-60a) as 
F(n, “se Ym) = 0 (3-60b) 


where m = (n+ 8s). Input and output levels are distinguished by sign. 
Input levels are negative, and output levels positive. 

Profit Maximization. Profit is the difference between the total revenue 
from the sale of all outputs and the expenditure upon all inputs: 


= d DiGi (3-61) 


where 7.43 = 7 (7 =1,... , ), outputs contribute positive terms to 
(3-61), and inputs contribute negative terms. The entrepreneur desires 
to maximize profit subject to the technical rules given by his production 
function. Form the function 


I=) part Pay. - am) (3-62) 
t=1 
and set each of its (m + 1) partial derivatives equal to zero: 
OE @@=1,...,m) 
0g: 
(3-63) 

Mm F( ) = 0 
On q1; ee ere Ym 


where F; is the partial derivative of (3-60) with respect to q;. 
Select any two of the first m equations of (3-63), move the second terms 
to the right, and divide one by the other:! 


De Fe 8g G,k=1,.+ +, m) (3-64) 
If both variables are outputs, (3-64) states the RPT for every pair of out- 
puts—holding the levels of all other outputs and all inputs constant-— 
must equal the ratio of their prices. Assume that the jth variable is an 





input and the kth an output. Substituting p; = 7;_, and dg,;/dz;, = —1 
into (3-64), 

Tins _ 99k — 8¢% (he 8) 

Pr OXj— er is Pe OXj—« Gj =s+ 1, aay m) 


The values of the marginal productivities of an input with respect to 
every output must be equated to its price. Finally, assume that both 


1 The implicit-function rule F;/F; = —dq,/dq; is utilized in (3-64) (see Sec. A-3). 
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variables are inputs. The first-order conditions become 


Ti~s sa ob S, OLn—s - k = 1 
a aa, s+1,...,m) 








The RTS for every pair of inputs—holding the levels of all outputs and all 
other inputs constant—must equal the ratio of their prices. 

The second-order conditions for the maximization of profit require that 
the relevant bordered Hessian determinants alternate in sign: 


Wyott NFin Fi 








Mig Rae: Fc. lo ee te ae 
pas te A > 0s. 4% 3 - Mai °° * Xam Fm > 0 
: FP, . Fa 0 
(3-65) 


Multiplying the first two columns of the first array and the first m of the 
last by 1/, and multiplying the last row of both arrays by. \, 














Pu Pa Pi ee: evens 
r o o if 2 Oe tae LA Bog. abet hae ihe >0 
a 3 FP, ey, Fa 0 
Since A < 0 from (3-63), the second-order conditions require that 
Fy Fr Fy - 5 eee te ee : a 
For Fo Fe} <0;... 3; ee FP <0 (3-66) 

Fy F. 0 ml mm ™m 
FP, ee FS Fa 0 


Substitution Effects. The profit-maximizing entrepreneur will respond 
to changes in his input and output prices by varying his input and output 
levels in order to continue to satisfy the first-order conditions (3-63). 
By total differentation of (3-63) 


APiu dg, +--+ + +AFindgm + Fidy\ = — dpi 


ee ee a a Se oY 


Fat dqi + ieee + AP im €dm + Fm ar = — dpm 
Fi dq: spe ee + Fr adm + 0 = 


Assume that the price changes are given and treat (3-67) as a system of 
(m + 1) equations in (m+ 1) variables: dg; (7 = 1, .. . , m) and dy. 
Using Cramer’s rule (see Sec. A-1) to solve (3-67) for dgq;, 


_ Du dp + Daj dps + * +” + Dnj dpm 
D 


(3-67) 


| 
° 


G = 1, a 6 »m) 
(3-68) 


dq; = 
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where D is the determinant of the coefficients of (3-67) and D,; is the 
cofactor of the element in the 7th row and jth column of the array. The 
determinant D is the same as the highest-order determinant of (3-65). 

The rate of change of g; with respect to p, is determined by dividing 
both sides of (3-68) by dp, and letting dp; = O forz ¥k: 


993 _ _ Des Pe ae 
es (j,k =1,...,m) (3-69) 


Since D is asymmetric determinant, the partial derivatives (3-69) are also 
symmetric: 


.,™m) 


There is no counterpart of the consumer’s nonsymmetric income effect 
in the theory of the firm. The total effect for the firm is a symmetric 
substitution effect. 


3-7. Linear Programming 


Linear programming, as well as the calculus, is applicable to problems 
that require the determination of maxima and minima. The caiculus 
encompasses problems in which the quantity to be maximized (or mini- 
mized) is stated as a continuous function of the independent variables 
with continuous -first-.and second-order partial derivatives. Linear 
programming encompasses problems in which the quantity to be maxi- 
mized (or minimized) is stated as a linear function of the independent 
variables and is subject to a system of linear inequalities stated in terms of 
these variables. Both sets of mathematical tools have found wide 
applicability for the problems of the firm. A complete description of 
linear programming would require mathematics beyond the limits of the 
present volume. The present description merely outlines the general 
nature of linear programming with respect to applications for the firm. 

Applications for the Firm. Linear programming replaces the continu- 
ous production function with a collection of n independent linear activi- 
ties. In the present context an activity can be regarded as a particular 
way of combining inputs for the production of an output. The jth 
activity level (q;), then, is the quantity of output that is produced using 
the jth activity. Activities are linear in the sense that the quantity of 
the zth input required to support the jth activity (2;;) is a linear function 
of the level of the jth activity: 


@=1,...,m) 


on ne oe) 


Tig = AyQy 
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The coefficient a,; is the quantity of X; required to produce 1 unit of Q,. 
The jth activity is completely described by its coefficients for the m 
inputs: (@1;,@2;, . . . ,@mj). The definition of an activity may vary from 
one problem to another. The various activities may represent different 
methods for the production of a single commodity, the production of 
distinct commodities, or some combination of the two. The assumption 
of distinct commodities is used here. The alternative definitions follow 
easily from this assumption. 

The concept of the marginal productivity of an input is meaningless 
within the linear-programming framework. It is not possible to increase 
an activity level by increasing the quantity of a single input. All inputs 
must be increased proportionately. 

Consider the problem of an entrepreneur who possesses fixed quantities 
of the m inputs which he desires to allocate among the 7 activities in such 
a way as to maximize his revenue. An example might be provided by a 
farmer who possesses fixed quantities of land, managerial labor, and tractor 
hours and desires to determine optimal plantings of a number of alterna- 
tive crops. The entrepreneur’s revenue (#) is a linear function of his 
activity (output) levels: 


R = prqgi + page 1- + + * + Dan (3-71) 


where 7; is the fixed price that he receives for a unit of Q;.| The entre- 
preneur will select particular activity levels such that R is as large as 
possible. He is not entirely free in his selection of activity levels. The 
sum of the amounts of the 7th input that he uses to support the n activities 
cannot exceed his fixed endowment (x2): 


Q191 + Qing2 + °° * + ainda S Th 
2191 + QooQ2 + °° > + A2nQn S x (3-72) 


es © &© © © 8 ew we ee ee ee ee el 


Qmigi + Am2g2 + * + * + OmaQn S ty 


The constraints are expressed as weak inequalities, since the entrepreneur 
is free to use less than his endowments. Furthermore, the activity 
levels must be nonnegative: 


q; 2 0 gG=1,...,m) (3-73) 


+ The analysis is easily extended to the case in which the entrepreneur uses (¢ — m) 
variable inputs which he purchases in the open market. Define the net revenue from 
the production of a unit of Q; as 

8 


aj = Pi — » Oiirs 
f=m+1 
where r; is the market price of the 7th variable input. Now redefine & as the net 
revenue attributable to the fixed inputs and replace p; with 2; in (3-71). 
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Some, or all, may be zero, A negative activity level is mathematically 
possible, but meaningless in the economic context. The entrepreneur’s 
linear-programming problem is to maximize (3-71) subject to the con- 
straints given by (3-72) and (3-738). 

A Method of Solution. Define m new variables u; (¢ = 1, . . . , m) 
which give the quantities of the m inputs not used for productive activi- 
ties. The definition of these variables allows the transformation of 
(3-72) to a system of m equations in (n + m) variables: 


Q1ugi + aisge + °° + Ginga + 1 == xf 
Q2igi1 + Googe + + - * + AonQn + Ue = 20 (3-74) 
mig + Am2g2 + + * * + GnnGn + tim = 2°, 


The nonuse of an input is interpreted as an activity. Its coefficients are 
+1 for the relevant input and zero for all others. The levels of these 
activities are also restricted to nonnegative values. If u; = 0, the equal- 
ity of the 7th relation of (8-72) holds. If u; > 0, the inequality holds. 
The act of not using an input is assumed costless. Therefore, (3-71) is 
unaffected. 

A set of nonnegative values for the activity levels that satisfies (3-74) is 
a feasible solution for the programming problem, There are an infinite 
number of feasible solutions for this system of m equations in (m + n) 
variables, The system can be reduced to m equations in m variables by 
setting n of the activity levels equal to zero. The reduced system can 
generally be solved and forms a basic feasible solution for the program- 
ming problem if the values of all its variables are nonnegative. For- 
mally, a basic feasible solution for (8-74) is a feasible solution with not 
more than m positive activity levels. Less than m may be positive since 
the solution value for one or more of the m included variables may equal 
zero. A basic theorem of linear programming states that for every 
feasible solution there exists a basic feasible solution that yields at least 
as great a value for R. The programming problem can be solved by 
finding a basic feasible solution for (3-74) that maximizes R. The 
importance of this theorem is indicated by the fact that the number of 
basic feasible solutions is finite. 

One method of solving the programming problem is to find all the 
basic feasible solutions and select the one (it may not be unique) that 
yields the highest value for R. However, a much easier method is avail- 
able. Begin by selecting any basic feasible solution. It is not difficult to 


find one. One possibility is to let gj = 0 (j =1,...,n7)andu, = 2? 
(¢ =1,..., m). Renumber the activity levels 4, @ =1,..., 
m +n) where the subscripts (1, . . . ,m) denote the activities included 


in the initial basic feasible solution and the subscripts (m+ 1,..., 
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m +n) denote the activities excluded from the solution with levels set 
equal to zero. Renumber the j indices of the a; coefficients in the same 
manner. Using Cramer’s rule (see Sec. A-1), the solution values for the 
included variables can be expressed as linear functions of the m input 
endowments: . 


™ 
=) Beat Cen are ( 3-75) 


where D is the determinant of the array of the coefficients of the included 
activities and D,; is the cofactor of a;; Total revenue can be written as 


R= > Di; (3-76) 


gal 


where the prices have been renumbered in the same manner as the other 
variables, and p; = 0 if v; is the level of a nonuse activity. 

The next step is to determine the changes in the levels of the included 
activities and the corresponding change of total revenue that would result 
from the diversion of inputs to one of the excluded activities. Let 
Um41 = 1 and deduct the necessary innut requirements from the fixed 
factor endowments. The altered levels of the included activities are 
given by e 


™m 
D.; ; 
t= SBE Gt ~ ine) Gs eam) 
i=l 


Some activity levels will be reduced. Others may be increased. The 
value of total revenue for the altered solution is 


R* = ) pot + Poet 
j=l 
The change of total revenue with respect to the introduction of the 
(m + 1)th activity at the unit level is 


ARna = R* — R= > ilu — %) + Pmta 
g=1 , 


The change of total revenue with respect to the introduction of each of 
the other excluded activities is computed in a similar manner. 

If AR, = 0 for all of the excluded activities, the programming problem 
_ issolved. If AR, > 0 for at least one, the value of total revenue can be 
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increased. Select one of the excluded activities for which AR, > 0. 
The increase of total revenue from the introduction of the kth excluded 
activity is AR,v,. The maximum increase is obtained by making »% as 
large as possible. The value of », is restricted by the requirement that 
all activity levels be nonnegative. The levels of the included activities 
for which (v* — v;) < 0 are reduced with the introduction of the Ath 
excluded activity. For each of these compute the value of v, at which 
v; becomes zero: 

= i 

(v7 — j) 

The smallest of these is the maximum permissible value for %. The 
level of one of the included activities is reduced to zero, and the levels of 
the others remain positive. 

A new basic feasible solution is formed by including the kth activity 
and excluding the one that becomes zero as a result of its introduction. 
The values of the activity levels for this solution can be expressed in the 
form of (3-75), and revenue changes computed for the introduction of each 
of the variables excluded from it. If AR, > 0 for at least one of the 
excluded activities, a third basic feasible solution is formed by the intro- 
duction of an excluded activity. The computational process is repeated 
until a basic feasible solution is reached with AR, S 0 for all of the 
excluded activities. The optimum solution will be reached with a finite 
number of iterations. 

As an example, consider the problem of an entrepreneur who can use 
two inputs for the production of three distinct commodities. He desires 
to maximize 


Vv, = 


R = 291 + 32 + 5¢s 
subject to 
1g: + 29¢2 + 493 +.1u1 + Owe = 22 
4q, + 292 + 293 + Ow: + lue = 16 


and 41, 92, 92, %1,%2 20. Let ge, g3 and w2 equal zero, and begin with a 
basic feasible solution containing g; and %;. The relevant determinant is 


alt. Ps 
Balt tens 
and gi = 0(22) + 0.25(16) = 4 
u, = 1(22) — 0.25(16) = 18 
R = 2(4) + 3(0) + 5(0) = 8 


Now let g2 = 1: 
qk = 0(22 — 2) + 0.25(16 — 2) = 3.5 


uk = 1(22 — 2) — 0.25(16 — 2) = 16.5 
* = 2(3.5) + 3(1) + 5(0) = 10 
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The introduction of a unit of Q2 will increase total revenue by 2 dollars. 
The introduction of a unit of Qe reduces qi by 0.5, and u; by 1.5 units. 
The activity level g: becomes zero at gz = 8 (4/0.5), and wu; becomes zero 
at g2 = 12 (18/1.5). The maximum permissible value for g2 is 8 units, 
and q; is dropped from the basic feasible solution. 

The second basic feasible solution contains gz and u. The relevant 
determinant is 


2 1 
D= E af = 2 
and gz = 0(22) + 0.5(16) = 8 


U, = 1(22) — 1(16) = 6 

R = 2(0) + 3(8) + 5(0) = 
Now let gq; = 1: 
0(22 — 4) + 0.5(16 — 2) =7 
ux = 1(22 — 4) — 1(16 — 2) = 4 
2(0) + 3(7) + 5(1) = 26 


The introduction of a unit of Q; increases total revenue by 2 dollars. The 
activity level gz becomes zero at gz = 8 (8/1), and we becomes zero at 
gs = 3 (6/2). The maximum permissible value for qs is 3 units, and uz is 
dropped from the basic feasible solution. 

The third basic feasible solution contains g2 and qs. The relevant 
determinant is 


and gz = —0.5(22) + 1(16) = 5 
—- gs = 0.5(22) — 0.5(16) = 3 
FR = 2(0) + 3(5) + 5(8) = 30 


Total revenue would be reduced by 1 if qi or uw: were set equal to 1, and 
by 0.5 if we. were set equal to 1. The third basic feasible solution is the 
optimal solution. The entrepreneur will produce 5 units of Q2 and 3 
units of Q; and will earn a maximum total revenue of 30 dollars. 

The Dual Problem. Linear-programming problems always come in 
pairs. The original problem is to find a nonnegative set of values for 
a (j =1,..., 7) that maximizes 


R = pig: + poge + ++ * + DnQn 
subject to 
Q1ngi1 + Quge +++ +amga S x 
Q21q1 + Q22G2 + +°* + AonGn s x (3-77) 
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AmiQi + Gmog2 + ++ * + Omngn S Ty 
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The associated, or dual, problem is to find a nonnegative set of values for 


r,(¢=1,... , m) that minimizes 
Z=rree trap ter > +rmre 
subject to 
Qiui71 + Gare + °° * + Omtm = Pi 
Qret1 + Aare + °° * + Omrtm 2 Po (3-78) 
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GanT 1 + Gone °° * Oman S Dm 


The original problem contains n variables and m relations; the dual 
problem contains m variables and 7 relations. Both systems of relations 
contain the same coefficients, though the columns and rows are inter- 
changed in the dual problem. 

A basic duality theorem states that if a finite maximum exists for R, 
a finite minimum exists for Z, and 


max R = min Z 


If the original problem is meaningful, the dual problem always exists, 
but its interpretation varies from one application to another. In the 
present example the variables of the dual problem are interpreted as the 
imputed prices of the minputs. The value Z is the imputed value of the 
entrepreneur’s input endowment, and the relations of the dual system 
state that the input costs of producing each output cannot be less than its 
price. The dual problem does not have an independently meaningful 
interpretation for the present example. The optimvm values of its 
variables, however, are of interest. 

The optimum solution for the dual problem follows easily from the 
optimum solution of the original problem. Each relation of the dual 
problem is associated with a variable of the original problem. A basic 
duality theorem states that the equality holds for the jth relation of the 
dual system if the jth variable of the original system is included in the 
maximum solution, and the inequality holds if it is excluded. The maxi- 
mum basic feasible solution of the original system contains (m — s) 
production activities and s nonuse activities. Assume that the relations 
of the dual system are numbered so that the first (m — s) correspond to 
the productive activities included in the maximum basic feasible solution 
and are therefore equations: 


Gusti + Qare + °° * + OniTm = D1 
Qier1 + Gare + ++ + + Amrm = D2 (3-79) 
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O1,m—2P 1 “+ Q2,m—sl2 + == + Onm—m = Dm—s 


This is a system of (m — s) equations in m variables. The number of 
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variables can be reduced with the use of another duality theorem, which 
states that the 7th variable in the dual problem vanishes if the inequality 
holds for the 7th relation in the original system. Since the maximum 
basic feasible solution includes s nonuse activities, the inequality holds 
for s of the relations of (3-77). Therefore, s of the variables of (3-79) 
equal zero. The system of (m — s) equations can be solved for the 
remaining (m — s) variables. 
The relevant equations for the example are 


271 + 27. = 3 
2r, + 472 = 5 


with the solution 7; = 1 and rz = 0.5. The minimum value of Z: 
Z = 1(22) + 0.5(16) = 30 


equals the maximum value of R. 


3-8. Summary 


The production function for the one-output-two-variable-inputs case 
gives the maximum output level that can be secured from each possible 
input combination. Productivity curves are obtained by treating the 
quantity of one of the variable inputs as a parameter and expressing out- 
put: as a function of the quantity of the other. An isoquant is the locus 
of all input combinations that yield a specified output level. 

The entrepreneur may desire to maximize his output level for a given 
cost, or he may desire to minimize the cost ef producing a given output 
level. The first-order conditions for both problems require that the rate 
of technical substitution between the inputs be equated to their price 
ratio. In diagrammatic terms, both require tangency between an iso- 
quant and an isocost line. The locus of such tangency points is the 
expansion path of the firm. The entrepreneur may allow both output 
level and cost to vary and maximize his profit. First-order conditions 
require that the value of the marginal physical productivity of each input 
be equated to its price. Second-order conditions require that the 
marginal productivities of both inputs be decreasing. 

Given the entrepreneur’s production function, cost equation, and 
expansion path function, his total cost can be expressed as a function of 
his output level. In the short run, the cost of his fixed inputs must be 
paid, regardless of his output level. The first-order condition for profit 
maximization requires the entrepreneur to equate his marginal cost to 
the selling price of his output. The second-order condition requires that 
marginal cost be increasing. The entrepreneur is able to vary the levels 
of his fixed inputs in the long run and therefore is able to select a particular 
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short-run cost function. His long-run total cost function is the envelope 
of his alternative short-run total cost functions. Long-run profit maxi- 
mization requires that long-run marginal cost be equated to selling price 
and that long-run marginal cost be increasing. 

A number of interesting results arise if the entrepreneur’s production 
function is homogeneous of degree one. A proportionate variation of all 
input levels results in a proportionate change of output level and leaves 
the marginal productivities of the inputs unchanged. LEuler’s theorem - 
has been utilized to demonstrate that total output is just exhausted if 
each input is paid its marginal physical productivity. However, the 
assumptions of competitive profit maximization break down if the entre- 
preneur’s long-run production function is homogeneous of degree one. 

Two or more outputs are often produced jointly in a single production 
process. In the simplest case the quantities of two outputs can be 
expressed as a function of the quantity of a single input. A product 
transformation curve is the locus of all output combinations that can be 
secured from a given input level. The entrepreneur may desire to 
maximize the revenue he obtains from a given input level. First-order 
conditions require that he equate the rate of product transformation to 
the ratio of his output prices. In diagrammatic terms he will operate at a 
point at which an isorevenue line is tangent to a particular product trans- 
formation curve. If he desires to maximize profit, he must equate.the 
value of the marginal productivity of the input with respect to each out- 
put to its price. 

In the general case n inputs are used for the production of s outputs, 
and the production function is stated in implicit form. The first-order 
conditions for profit maximization require that: (1) the rate of product 
transformation between every pair of outputs equal their price ratio, 
(2) the value of the marginal productivity of each input with respect to 
each output equal the input price, and (3) the rate of technical substitu- 
tion between every pair of inputs equal their price ratio. Substitution 
effects with respect to price variations can be computed, but there is no 
counterpart of the consumer’s nonsymmetric income effect. 

Linear programming encompasses problems in which a linear function is 
maximized (or minimized) subject to a system of linear inequalities. 
Many production problems may be placed within this format. An exam- 
ple is provided by the entrepreneur who possesses fixed endowments of 
inputs and desires to maximize revenue. His production possibilities are 
described by a number of independent linear activities. The inequality 
restraints state that he cannot use more than his endowment of any input 
and that his output levels must be nonnegative. An iterative solution 
method allows the determination of optimum output levels in a finite 
number of steps. A dual problem exists for every meaningful linear- 
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programming problem. In the present example the optimum values for 
the variables of the dual are the imputed prices of the entrepreneur’s 
inputs. 


SELECTED REFERENCES 


Allen, R. G. D., Mathematical Economics (London: Macmillan, 1956). Chapter 18 
contains a mathematical statement of the theory of the firm. The necessary 
algebra is developed in the text. 

Bronfenbrenner, M., and Paul H. Douglas, ‘“‘Cross-Section Studies in the Cobb- 
Douglas Function,” Journal of Political Economy, vol. 47 (December, 1939), 
pp. 761-785. A general discussion of the Cobb-Douglas production function. 

Carlson, Sune, A Study on the Theory of Production (New York: Kelley & Millman, 
1956). An exposition of the theory of the firm in terms of simple mathematics, 

Dorfman, Robert, Application of Linear Programming to the Theory of the Firm (Berke- 
ley, Calif.: University of California Press, 1951). The optimization problems of 
the firm are placed within the linear-programming format. A knowledge of 
matrix algebra is required. 

Douglas, Paul H., The Theory of Wages (New York: Macmillan, 1934). Includes 
empirical applications of the Cobb-Douglas production function. 

Hicks, J. R., Value and Capital (2d ed.; Oxford: Clarendon Press, 1946). The theory 
of the firm is develoned in chaps. VI-VII. The mathematical analysis is con- 
tained in an appendix. 

Koopmans, Tjalling C. (ed.), Activity Analysis of Production and Allocation (New 
York: Wiley, 1951). A series of essays covering advanced mathematical aspects 
of linear programming and input-output analysis. 

Menger, K., “The Laws of Return,’’? in O. Morgenstern (ed.), Economic Activity 
_ Analysis (New York: Wiley, 1954), pp. 419-482. A mathematical study of 
alternative formulations of the law of diminishing returns. 

Samuelson, Paul A., Foundations of Economic Analysis (Cambridge, Mass.: Harvard 
University Press, 1948). Chapter 4 contains a mathematical statement of the 
theory of the firm, ° 


CHAPTER 4 


MARKET EQUILIBRIUM 


The behavior of consumers and entrepreneurs has been analyzed on 
the assumption that they are unable to affect the prices at which they 
buy and sell. The isolated consumer is confronted with given prices, 
and he purchases the commodity combination that maximizes his utility. 
The entrepreneur faces given output and input prices and decides to 
produce the output level for which his profit is maximized. Each must 
solve a maximum problem. The individual actions of all consumers and 
entrepreneurs together determine the prices which are considered param- 
eters by each one alone. Prices are determined in the market where 
consumers and entrepreneurs meet and exchange commodities. The 
consumer is the buyer and the entrepreneur the seller in the market for a 
final good. Their roles are reversed in a market for a primary input such 
as labor. Some inputs are outputs of other firms. Wheat is an input for 
the milling industry, but an output of agriculture. Both buyers and 
sellers are entrepreneurs in the markets for such intermediate goods. 
The analysis of market equilibrium seeks to describe the determination of 
the market price and the quantity bought and sold. The present chapter 
is limited to behavior in a single market. 

The basic assumptions and characteristics of a perfectly competitive 
market are outlined in Sec. 4-1. Aggregate demand functions are derived 
in Sec. 4-2. Aggregate supply functions are derived for the very short, 
short-run, and long-run periods in Sec. 4-3. This section also contains 
a discussion of external economies and diseconomies. Demand and 
supply functions are used for the determination of product-market 
equilibria in Sec. 4-4. The analysis is applied to the case of spatially 
separated firms and a problem in taxation in Sec. 4-5. The static market 
equilibrium analysis is extended to factor markets in Sec. 4-6. The static 
and dynamic stability of equilibrium is considered in Sec. 4-7, and finally, 
the properties of equilibrium in markets with lagged supply reactions are 
discussed in Sec. 4-8. Throughout this chapter it is assumed that the 
market under consideration is perfectly Sompeniive and that prices remain 
unchanged in all other markets. 
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4-1. The Assumptions of Perfect Competition 


A perfectly competitive commodity market satisfies the following 
conditions: (1) firms produce a homogeneous commodity, and consumers 
are identical from the sellers’ point of view, in that there are. no advan- 
tages or disadvantages associated with selling to a particular consumer; 
(2) both firms and consumers are numerous, and the sales or purchases of 
each individual unit are small in relation to the aggregate volume of trans- 
actions; (3) both firms and consumers possess perfect information about 
the prevailing price and current bids, and they take advantage of every 
opportunity to increase profits and utility respectively; (4) entry into 
and exit from the market is free for both firms and consumers. 

Condition (1) ensures the anonymity of firms and consumers. With 
regard to the firm, it is equivalent to the statement that the product of 
the firm is indistinguishable from products of others: trade-marks, 
patents, special brand labels, etc., do not exist. Consumers have no 
reason to prefer the product of one firm to that of another. The uni- 
formity of consumers ensures that an entrepreneur will sell to the highest 
bidder. Custom and other institutional rules of the thumb (such as the 
‘‘first-come-first-served’’ rule) for distributing output among consumers 
are nonexistent. 

Condition (2) ensures that many sellers face many buyers. If firms 
are numerous, an individual entrepreneur can increase or reduce his out- 
put level without noticeably altering the market price. An individual 
consumer’s demand for the commodity may rise or fall without any per- 
ceptible influence on the price. The individual buyer or seller acts as if 
he had no influence on price and merely adjusts to what he considers a 
given market situation. _ 

Condition (3) guarantees perfect information on both sides of the 
market. Buyers and sellers possess complete information with respect to 
the quality and nature of the product and the prevailing price. Since 
there are no uninformed buyers, entrepreneurs cannot attempt to charge 
more than the prevailing price. Consumers cannot buy from some entre- 
preneurs at less than the prevailing price fur analogous reasons. Since 
the product is homogeneous and everybody possesses perfect information, 
a single price must prevail in a perfectly competitive market. This can 
be proved by assuming on the contrary that the commodity is sold at two 
different prices. By hypothesis, consumers are aware of the facts that 
(1) the commodity can be bought at two different prices, (2) one unit of 
the commodity is exactly the same as any other. Since consumers are . 
utility maximizers, they will not buy the commodity at the higher price. 
Therefore a single price must prevail. 

The last condition ensures the unimpeded flow of resources between 
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alternative occupations in the long run. It assumes that resources are 
mobile and always move into occupations from which they derive the 
greatest advantage. Firms move into markets in which they can make 
profits and leave those in which they incur losses. Resources such as 
labor tend to be attracted to industries the products of which are in great 
demand. Inefficient firms are eliminated from the market and are 
replaced by efficient ones. 

Perfect competition among sellers prevails if an individual seller has 
only an imperceptible influence on the market price and on the actions of 
others. Each seller acts as if he had noinfluence. Analogous conditions 
must hold for perfect competition among buyers. <A market is perfectly 
competitive if perfect competition prevails on both the sellers’ and the 
buyers’ sides of the market. The market price which was considered a 
parameter in previous chapters is now a variable, and its magnitude is 
determined jointly by the actions of buyers and sellers. 


4-2. Demand Functions 


In general, the 7th consumer’s demand for Q; depends upon the price 
of Q;, the prices of all other commodities, and his income: 


Diz = Di(pi,P2, . - - ;Pmys) (4-1) 


His demand for Q; may vary as a result of a change in p; (k = 7), even 
though p; remains unchanged, or in response to changes in his income, all 
prices remaining constant. All other prices and the consumer’s income 
are assumed constant in order to isolate behavior in the jth market: His 
demand for Q; is then a iunction of p; alone: 


Diz = Ds(p;) (4-2) 
The quantity demanded still depends upon the prices of other com- 


modities and the consumer’s income, but these variables are now treated 
as parameters. Omitting the commodity subscript j in (4-2), 


D; = Dip} (4 = 4, 2, eee , i) (4-3) 


The aggregate demand for Q at any price is the sum of the quantities 
demanded by the n individual consumers at that price: 


D= Dy Dip) = D(p) (4-4) 


where D is the aggregate demand. The form of (4-4) is the result of the 
assumptions that all other prices and the incomes of all n consumers are 
constant. Since the demand functions of the individual consumers are 
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monotonically decreasing, the aggregate demand function is also mono- 
tonically decreasing (see Sec. 2-4). The shape and position of the aggre- 
gate demand curve may change with the distribution of income, without 
any variation in aggregate income. If one consumer’s income is reduced ° 
and another’s increased by exactly the same amount, the corresponding 
individual demand curves are likely to shift, and the aggregate demand 
curve will be affected unless the shifts compensate each other. 

In terms of the conventional diagrams the aggregate demand curve is 
the horizontal sum of the individual demand curves. Parts (a) and 
(b) of Fig. 4-1 represent the demand curves of the only two consumers in a 
hypothetical market. Part (c) is their aggregate demand curve which is 
constructed by letting the distance OL equal the sum of the distances OM 
and ON. 


Pp P 





q, O M qd 
{a) {b) 
FieurE 4-1 





The aggregate or market demand function confronts the aggregate of 
all sellers. The individual entrepreneur considers himself incapable of 
influencing market price. A change in his output results in an imper- 
ceptible movement along the market demand curve, and he believes that 
he can sell any quantity that he is able to produce at the prevailing price. 
The demand curve for the output of anindividual entrepreneur appears to 
him as a horizontal line given by 


p = constant (4-5) 


The market demand curve is not the horizontal sum of the demand curves 
faced by individual firms, 
The firm’s total revenue is 
R = pq 
Marginal revenue is the rate at which total revenue increases as a result 
of a small increase in sales. In mathematical terms, 
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since p is a constant. The marginal revenue curve faced by the indi- 
vidual firm is identical with its demand curve. 


4-3. The Derivation of Supply Functions 


The cost functions of individual firms can be defined for (1) a very short 
period during which output level cannot vary, (2) a short run during 
which output level can be varied but plant size cannot, and (8) a long run 
in which all factors are variable. 

The Very Short Period. Assume that the entrepreneur decides every 
morning how much to produce that day. His output decision is instantly 
implemented, and he spends the rest of the day trying to sell his output at 
the highest possible price. He cannot increase his output during the day 
and sells a given stock of the commodity. Since an output q°® has 
already been produced, the marginal cost of any output less than q° is 
zero. Output cannot be increased beyond this point in the very short 
period, and the marginal cost of higher outputs may be considered infinite. 
The marginal cost curve is represented by s vertical line at this point. 

The firm maximizes profit by selling a quantity for which MC = p. 
Since the MC of any output less than q° is zero and the MC of any output 
greater than q° is infinite, the equality MC = p cannot be satisfied, and 
the firm will expand sales to the point at which price ceases to exceed MC. 
Therefore, it will sell its entire output (i.e., its entire stock of the com- 
modity) at the prevailing price.2 This maximizes profit, because the 
prevailing price is the highest price at which the output can be sold. 
Quantity sold does not respond to price changes. In general, the 
aggregate supply function states the quantity that will be supplied by all 
' producers as a function of the price. Since the output of each firm is 
fixed, the aggregate supply of the commodity is also given and does not 
depend upon the price. The supply curve is a vertical line, and its 
distance from the price axis is equal to the sum of the outputs of the 
individual firms. , 

The Short Run. The supply function of a perfectly competitive firm 
states the quantity that it will produce as a function of market price 
and can be derived from the first-order condition for profit maximization. 
The horizontal coordinate of a point on the rising portion of the MC curve 
corresponding to a given price measures the quantity that the firm would 

1The present analysis is simplified by assuming that production and all other 
adjustments occur instantaneously. It may be more realistic to assume that output 
is produced as a continuous and steady stream. If production is a time-consuming 
process, a change in the level of output cannot be realized immediately. The very 
short period is then any length of time shorter than the period which elapses between 


the change in the level of inputs and the corresponding change in the output level. 
2 Since the present analysis is static, the costs of holding inventories are neglected. 
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supply at that price. The firm’s short-run supply curve is identical with 

that portion of the short-run MC curve which lies above the AVC curve. 

p Its supply function is not defined for 

outputs less than the abscissa of the 

intersection of the MC and AVC 

MC curves. Quantitysupplied would be 

zero at all prices less than the ordi- 

nateof this point. Thefirm’ssupply 

AVG curve consists of the shaded seg- 
ments OA and BC in Fig. 4-2. 

A The zth firm’s short-run MC is a 

function of its output: 


MC; = &.(q:) (4-6) 


oO @ The supply function of the zth firm 

_ Figure 4-2 is obtained from its first-order con- 

dition for profit maximization by letting p = MC and solving (4-6) for 
i Si: . 

S; = S,(p) for p = minimum AVC 

S:=0 for p < minimum AVC 


Cc 


(4-7) 


The aggregate supply function for Q is obtained by summing the n 
individual supply functions. The aggregate supply is 


S= 2 Sp) = S(p) (4-8) 


The aggregate supply curve is the horizontal sum of the individual supply 
curves. 

The second-order condition for maximum profit requires the MC 
curve to ke rising. The firm’s supply function is therefcre monotonically 
increasing.! The horizontal sum of monotonically increasing functions is 
itself monotonically increasing, and the short-run aggregate supply 
function has a positive slope. 

Let the total cost curve be 


C; = 0.192 — 292 + 159: + 10 
Then MC; = 0.392 — 4g: + 15 


Setting MC; = p and solving for q:,T 

1The MC curves of individual firms may have negatively sloped portions in the 
relevant range where MC > AVC. The individual firm’s supply function will then 
be discontinuous. In exceptional cases the aggregate supply function need not be 
monotonically increasing. 

+ The mathematical solution (4-9) describes a curve with two branches correspond- 
ing to the + and — signs before the square root. The branch corresponding to the 
— sign has a negative slope and can be disregarded, since the second-order condition 
requires MC to be rising. 
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_ 44+ V12p —2 (4-9) 
0.6 


a= 8S; 


The individual supply function is relevant for all prices greater than, or 
equal to, minimum AVC. The AVC function is 


AVC; = 0.19; — 2q. + 15 


The minimum point on the AVC function is located by setting the deriva- 
tive with respect to g; equal to zero and solving for q;:T 


ee =0.2¢-2=0 g,=10 


Substituting g; = 10 in the AVC function gives the value 5. When the 
price is less than 5 dollars, the firm will find it most profitable to produce 
no output. The firm’s supply function is 


s, = itv ite =? fp z5 
S;=0 ifp <5 


Assuming that the industry consists of one hundred identical firms, the 
aggregate supply function is 


S = ifp <5 


At a price of 22.50 dollars the aggregate supply will be 1500 units. 

The Long Run. The firm’s long-run optimal output is determined by 
the equality of price and long-run MC. Zero output is produced at 
prices less than AC and the firm’s iong-run supply function consists of that 
portion of its long-run MC function for which MC exceeds AC. The 
mathematical derivation of the long-run aggregate supply function is 
similar to the derivation of the short-run supply function. The MC 
function of the 7th firm is 


MC; = &,{q,) @@=1,...,n (4-10) 
Setting » = MC; and solving for g; = S; 
S:=S(p) @=1,...,0) (4-11) 


The aggregate supply function is then obtained by adding the n indi- 
vidual supply functions in (4-11). The long-run supply function is 
Positively sloped for the same reason as the short-run supply function. 


} The reader may verify that the second-order condition for a minimum is satisfied. 
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External Economies and Diseconomies. The individual firm’s total 
costs have been assumed to be a function of only its output level. How- 
ever, the firm’s total costs may frequently depend upon the output levels 
of other firms as well. External economies are realized if an expansion 
of the jth firm’s output lowers the total cost curve of the 7th firm. 
External diseconomies are realized if an expansion of the jth firm’s 
output raises the total cost curve of the 7th firm.! External economies 
or diseconomies may be caused by many factors. An expansion of the 
industry’s output may lead to the discovery of new and cheaper sources 
of raw materials and to the diffusion of new technical knowledge. These 
phenomena will generally reduce the costs of the zth firm without any 
diminution of its own output. Conversely, an increase in the industry’s 
output as a whole may drive up the prices of raw materials and thus 
increase the total costs of the 7th firm. 

Assume in general that the long-run costs of the 7th firm depend upon 
the output levels of all n firms: 


C; = (91,92, SS 19n) (a = 1, 2, sa ey n) (4-12) 


where q; is the output of the 7th firm. Each entrepreneur maximizes 
profit with respect to his own output. The profit functions are 


m=R—-C @=12...,7) (4-13) 


where R; = pq; Differentiate +1 with respect to q: (considering all 
other variables constant), 72 with respect to ge, etc., and set the resulting 
partial derivatives equal to zero: 


om —_ 0®1(q1, a Qn) vars 0 
0q1 P 0q1 
Ore = = OP2(q1, oe Qn) =0 
Og2 Og2 (4-14) 
Orn 0®,,(91, Qn) _ 0 
8Gn OGn 
The second-order conditions require that 0°@,(qi, . . . ,@n)/dqi? > 0 for 
all(¢ = 1,2, ...,m). Solving the system of 7 equations given by (4-14) 
for qi, G2, - + +, Qn, and writing S; for qi, 
81 = Si(p) 
a (4.18) 
S. = S,(p) 


2 Alternative definitions could be stated in terms of the effect of an increase in 
aggregate output upon the 7th firm’s (1) marginal cost, its own output level remaining 
constant, or (2) output level, its use of inputs remaining constant. 
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Each entrepreneur bases his behavior on his own MC function. The 
first entrepreneur observes the outputs of all other firms (92,93, - . . ; 
g;) and selects that value of g: for his output for which 

_ 8?1(91,92, o 4 4 1%n) = 

Oq1 

is satisfied. The corresponding optimal value of gi may require the other 
entrepreneurs to adjust their outputs in accordance with their MC func- 
tions. This in turn will change the first entrepreneur’s optimal output. 


P 


Pp mc®) mc®) Pp mc® mc) 


1 
Mc > 


q Oo 





Figure 43 


The supply functions (4-15) state each firm’s optimal supply as a function 
of the price after all these adjustments have taken place. The aggregate 
supply function is obtained as before by adding the individual supply 
functions (4-15): 


i 
S= ) Sip) = S(@) (4-16) 
i=1 

The aggregate supply function may have positive or negative slope 
in the presence of external economies or diseconomies. The second-order 
conditions require that the individual MC curves be rising when the out- 
puts of other firms are assumed to be given parameters. However, an 
expansion of the industry’s output not only changes the total costs of 
individual firms, but may shift the individual MC functions as well. 
Whether firms in the industry realize external economies or diseconomies, 
the relevant (positively sloped) portions of their MC curves may shift up 
or down as a result of an expansion in the industry’s output. Figure 4-3 
represents the MC curves of two typical firms in the industry. If the 
price is p, the firms’ relevant MC functions are MC{” and MC, and 
their outputs are OAiand OB; Assume that the price rises to p®°. Firm 
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I (Fig. 4-3a) will want to produce OA: and firm II (Fig. 4-3b), OB. 
However, the rise of I’s output by A,Az2 units shifts II’s MC curve to 
MC, and the rise in II’s output shifts I’s MC curve to MC”. The 
two firms would seem to produce OAs and OB; respectively. The 
diminution of their outputs as compared to their initial output levels will 
tend to lower their MC curves. The shifting of the MC curves comes to 
a stop, and the industry’s equilibrium output is determined if MC{” is 
the relevant MC curve for I when II produces OB, units and if simul- 
taneously MC is II’s relevant MC curve for an output of OA, units by 
I. The final result shows a smaller aggregate output at a higher price. 
Therefore the aggregate supply curve is negatively sloped in this case. 

The fact that the firms are realizing external economies is not sufficient 
to allow the inference that the slope of the aggregate supply function is 
negative. Assume that the cost functions of the n firms are 


Cy = @irgi? + diego? + °° * + Ginn? 
Co = aoigi? + ao2g2? + °° * + BenGn? 
@ « . = -@ © @© @© @© © # @ © @ 8 @ 8 # # @ 8 @ 


Cn = Anigir? + Anog2? + > + + + GnnGn? 


and that the coefficients ai1, Qo, . . . , nn are all positive. If external 
economies prevail throughout the industry, all a;; (¢ + 7) must be nega- 
tive. Forming the profit functions (4-13) and setting the appropriate 
partial derivatives equal to zero, 








p — 201g; = 0 
p— 222092 =0 
Pp 20nnQn = 0 
Solving these equations for the gs and setting g; = S;, 
_ PF 
= 204; 
ae ae 
Se an 
p 
Sr Qdnn 


Therefore the aggregate supply function is 


7 =P(14,14...4 1 
s= 6-5 Ga tant +2) 


This function has a positive slope in spite of external economies. 
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4-4. The. Equilibrium of a Commodity Market 


Short-run Equilibrium. The market forces which determine the price 
and the quantity sold can be regarded as manifesting themselves through 
the aggregate demand and supply functions. The slope of the demand 
function [D’(p)] is always negative. The slope of the supply function 
[S’(p)] is always positive in the absence of external economies. S’(p) 
will be assumed to be positive, unless otherwise specified. 

Imagine that buyers and sellers arrive in the market without any 
foreknowledge as to what will become the going price. Since the com- 
modity is homogeneous, a single price must prevail. The quantity 
demanded must equal the quantity supplied at the equilibrium price: 


D(p) — S(p) = 0 (4-17) 


If the equality does not hold for some p = p®, buyers’ and sellers’ desires 
are inconsistent: either buyers want te purchase more than sellers are 
supplying, or sellers are supplying more than buyers wish to purchase. 
The equality in (4-17) ic necessary and sufficient for the buyers’ and 
sellers’ desires to be consistent. 

Assume that production is instantaneous and producers arrive in the 
market without any actual output. When the market is open for trad- 
ing, buyers and sellers begin to bid and attempt to enter into contracts 
that are favorable to them. Whenever a buyer and seller enter into a 
contract, they both reserve themselves the right to recontract with any 
person who makes a more favorable offer. It is thus permitted to break 
existing contracts. Assume that some consumer makes an initial bid 
and offers a price of p® dollars for the commodity. This price is recorded 
and made public by an auctioneer who is an impartial observer of the 
trading process. Imagine that the initial price is lower than the equi- 
librium price. Buyers and sellers will attempt to enter into contracts 
with each other at the price p®. Consumers who are willing to buy at 
this price find that the quantity offered is not sufficient to satisfy their 
desires, i.e., sellers are not willing to contract for as large a quantity as 
buyers desire. Some of the consumers who have not been able to satisfy 
their demand will be induced to raise their bids in the hope of tempting 
sellers away from other consumers. As soon as this higher price p is 
recorded and made public by the auctioneer, sellers break their old con- 
tracts and recontract at the higher price. As higher prices are offered, 
the quantity demanded declines, since marginal consumers are driven out 
of the market and each consumer demands less. Simultaneously the 
quantity offered by sellers increases. The process of recontracting con- 
tinues as long as the price announced by the auctioneer is below the 
equilibrium price, i.e., as long as -the quantity demanded exceeds the 
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quantity supplied. When the equilibrium price is reached, neither con- 
sumers nor producers have an incentive to recontract any further. 
Recontracting is discontinued, entrepreneurs instantaneously produce 
and deliver the output for which they have contracted, and the exchange 

is completed. If the arbitrary initial 


P price p® happens to exceed p* (equi- 
P P librium price), some producers will be 
unable tosell the quantity which is the 
4 optimal quantity for them at that 
price. They cannot find consumers 
3 who want to enter into contracts with 
them. In order to avoid such an out- 
2 come, the sellers who have been unable 
to find buyers at the initial price will 
D ; 
1 reduce the price. Consumers who 


have contracted at the higher price 

0 50100 450 200 250 will find it advantageous to recontract. 

Fiaure 4-4 The process of recontracting continues 

until the equilibrium price is reached. 

When p* is established, both buyers’ and sellers’ desires are satisfied, 
and no one can beneiit from further recontracting. 

The equilibrium price-quantity combination must satisfy both the 
demand and supply functions. This is the only price-quantity combina- 
tion for which the desires of buyers and sellers are consistent with each 
other. The equilibrium price is determined by solving the equilibrium 
condition (4-17) for p. The equilibrium quantity is determined by sub- 
stituting the equilibrium price in either the demand or the supply func- 
tion. Since the equilibrium price-quantity combination satisfies both 
tke demand curve and the supply curve, the above operation is equivalent 
to finding the coordinates of the intersection point of the demand and 
supply curves. 

Assume that the demand and supply curves are 


D = —50p + 250 S = 25p + 25 
Setting D— S = 0, 


—50p + 250 — 25p — 25 = 0 
and therefore p=3 D=S8S =100 


These functions are illustrated in Fig. 4-4. 

Long-run Equilibrium. If plant size is variable, the equilibrium of the 
existing firms in the market is given by the intersection of the long-run 
supply curve with the corresponding demand curve. The long-run 
cost and supply curves include ‘‘ normal profit,” i.e., the minimum remu- 
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neration necessary for the firm toremain in existence. Itis the profit that 
accrues to the entrepreneur as payment for managerial services, for pro- 
viding organization, for risk-bearing, etc. If the intersection of the 
demand curve and the long-run supply curve occurs at a price at which 
firms in the industry earn more than normal profit, new entrepreneurs 
will be induced to enter. The assumption of free entry guarantees that 
they are able to enter the industry, produce the same homogeneous prod- 
uct, and possess the same complete information as the old firms. The 
new producers will add their supplies to the already existing supply, 
and as a result the long-run supply curve will shift to the right. New 
producers will continue to enter as long as positive profits are made, and 
the supply curve will continue to shift to the right until its intersection 
with the demand curve determines a price for which profits are zero. 

The converse argument can be made for the case in which existing 
firms make losses. Some firms will withdraw from the industry, and the 
aggregate supply will diminish; the supply curve will shift to the left. 
Firms will continue to leave the industry until the intersection of the 
demand curve with the supply curve determines a price for which losses 
(and therefore profits) are zero. 

Demand must equal supply, and profits must equal zero for long-run 
equilibrium. The supply function of the ith firmis S; = S;(p). Let be 
the number of firmsin the industry. Assuming that all firms are identical 
with respect to their cost functions, the aggregate supply function is 


S = nSi(p) = S(p) (4-18) 
As before, the aggregate demand function is 
D = D(p) (4-19) 


In addition to the equality of demand and supply, long-run equilibrium 
requires that total profit equal zero: 


BBS Hes, (£) 0 (4-20) 


where (S/n) is the long-run total cost of the 7th firm for an output 
qi = S; = S/n. The equations (4-17) to (4-20) can generally be solved 
for the four variables (D, S, p, 2). In the long run the forces of perfect 
competition determine not only the price and the quantity, but the num- 
ber of firms within the industry as well. 

The argument is illustrated in Fig. 4-5. The left-hand side of the 
diagram shows the cost curves of a typical or ‘‘representative”’ firm. 
The right-hand side shows the market demand and supply curves with the 
horizontal scale compressed. The final equilibrium from the industry’s 
point of view is at the intersection of the demand and supply curves, 
provided that profits are zero. From the entrepreneur’s point of view, 
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equilibrium is attained when price equals MC and AC. Optimality is 
ensured by p = MC, and zero profits by p = AC. Every firm operates 
at the minimum point of its AC curve in long-run equilibrium, since 
MC = AC at the minimum point of the AC curve. 

The long-run supply curve S is defined to include the supplies offered 
by firms already in the market, but not the supplies of potential pro~ 
ducers. Firms are making positive profits in the situation characterized 
by the supply curve S (Fig. 4-5). New firms enter, and the supply curve 
shifts to S’. If the supply curve had been defined to include all supplies 
(by actual and potential producers, as in S*); the intersection of the 
demand and supply curves would have determined the final equilibrium 


Dp 





ta) {d) 
Figure 4-5 


without any shifting. The supply curve S is given for fixed n in (4-18). 
S* is obtained by solving (4-20) for n, substituting this value of n in 
(4-18), and then solving for S. It is horizontal in the present example, 
but may be upward sloping if firms do not possess identical cost functions. 
Since profits are zero for any point on S*, the ordinate of any point on 
S* (the price) is the average cost of producing the output to which it 
corresponds. S* is therefore the industry’s AC curve. 

_ Differential Cost Conditions and Rent. The symmetry assumption is 
convenient for purposes of exposition, but is not necessary for the attain- 
ment of equilibrium. Firms may choose their own technology, entre- 
preneurs may differ with respect to organizing ability, and they may have 
built plants of different size as a result of divergent price expectations. 
Some entrepreneurs may possess scarce factors such as fertile land that 
are not available to others. Under any of these conditions the cost func- 
tions of all firms will not be identical. . 
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Assume that there are two distinct type of firms. Their long-run 
AC and MC curves are shown in parts (a) and (b) of Fig. 4-6. Part (c) 
shows the industry supply curve and five hypothetical demand curves. 
The supply curve is based on the assumption that there are fifty firms in 
each category. Assume that the number of firms in each category can- 
not be increased. For example, the number of low-cost producers (cate- 
gory I) may be unalterably given by the quantity of some scarce resource 
such as fertile land. New firms are unable to enter category I even 
though the firms in this category are malang profits. 


Pp 


. 0 500 1000 1500 qd 
{e) 





FIaqure 4-6 


Consider the demand curve D; Each low-cost firm produces an out- 
put of 16 units, and each of the other firms produces an output of 10 units. 
The latter operate at the minimum pcint of their AC curves and earn 
normal profits. Each low-cost firm earns a unit profit of NM above 
normal. If the demand curve shifted to Dz, all high-cost firms (category 
II) would leave the industry, but each low-cost firm would still earn the 
same positive profit. They would earn positive profits even if the 
demand curve were D:. With D; some, but not all, of the high-cost firms 
would leave the industry. Those remaining would earn a normal profit. 
If the demand curve were Ds, all firms in the industry would earn profits 
in excess of normal, and a third group of firms (not shown in Fig. 4-6) 
might find it profitable to enter the industry. The low-cost firms would 
still be in the more favorable position. 

Assume that the total cost functions of representative firms in the two . 
categories are: - 


Cy; = 0.04¢q1,? — 0.891;? + 1093: Co: = 0.0423 — 0.8¢2,? + 20g2; 
The corresponding average and marginal cost functions are 


MCx = 0.12¢12 — 1.69 + 10  MCo; = 0.12¢22 — 1.692; + 20 
ACu: = 0.04q12 — 0.891 +10  ACay = 0.04922 — 0.892 + 20 
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The minimum points of the respective average cost curves are at the 
points qi; = 10, p = 6 and gx = 10, p = 16. The supply curve of an 
individual low-cost firm is derived by setting MCiu = p: 


P= 0.129;,? = 1.691; + 10 


Solving this quadratic equation for qu, 


_ 16 + 2.56 — 0.48(10 — p) 


qs 0.24 


The minus sign preceding the square root must be disregarded because it 
corresponds to the situation in which the individual firm’s second-order 
condition for maximization is not fulfilled. Substituting S,; for qu, the 
supply curve is 


Si = 0 ifp <6 
_ 1.6 + ~+/2.56 — 0.48(10 — p) . 
SS og ifp 26 


By analogous reasoning the supply curve of the representative high-cost 
firm is 


Sos = 0 ifp < 16 
1644/2556 —04820—p) 4 s 
Dai O24 —~—C— Pe tp 


Maintaining the assumption that there are fifty firms in each category, 
the aggregate supply function is described by the following set of three 
equations: : 


eae if0Sp <6 
8 = 50 tS VRE Ow ~ 2) if 6 <p < 16 


= 160 , 50. |. /556 — 04810 — p) 
S = 554 t ogg lV 256 — 0.48010 — 5p) 
+ +/2.56 — 0.48720 —p)] ifp = 16 
Assume that the relevant demand curve is D; which has the equation 
D = —100p + 2050 


The relevant segment of the supply curve is given by. 


. e — . = 
g = 59 LO V2.56 — 0.48(10 = 9) 


0.24 
Setting D =S and solving for p and S gives p = 13, S = 750.f If 


If it is not obvious by inspection which supply-curve segment is the relevant one, 
let D = S for each of the three supply-curve segments separately and solve for the 
price. Only one of the three prices calculated will be in the range that is appropriate 
for the particular supply-curve segment used. This segment is the relevant one, 
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p = 13, each low-cost firm will produce 15 units at an average cost of 7 
dollars. The high-cost firms produce nothing. The total quantity is, as 
determined by solving the demand and supply relations, (50)(15) = 750 
units. Each low-cost firm earns a 90-dollar profit. 

Low-cost firms can produce at a lower AC than the others because they 
possess some scarce factor, such as fertile land, which is not available to 
the latter. If the demand curve intersects the supply curve at a point 
at which some firms earn more than normal profit, a considerable profit 
advantage is enjoyed by those who possess the scarce resource. Some 
(potential) producers, seeing the large profits made by the low-cost firms, 
would want to persuade the owners of the fertile land (landlords) to hire 
it out to them rather than to the firms currently employing it. They 
would try to accomplish this by offering to pay more for the use of the 
land than existing firms are paying. The present users would match 
these offers until competition drove up the amount paid for the use of 
fertile land to the point where no differential profit advantage could be 
derived from employing it. The owners will thus be able to exact from 
the firms using the scarce resource their entire profit in excess of normal. 
The sums thus exacted are the rent paid by the entrepreneur for the use 
of the scarce resource. One may conclude that no advantage can be 
derived from being a more efficient (low-cost) producer: the differential 
profit advantage is wiped out by the extra rent that the low-cost pro- 
ducer must pay. In the present example, the scarce resources employed 
by each low-cost firm earn a rent of 90 dollars. If an entrepreneur 
happened to own the scarce resource himself, no actual payment would 
take place, and the rent would accrue to him. Otherwise the entre- 
preneur would have to pay 90 dollars for renting the land. Rent is thus 
defined to be that part of a person’s or firm’s income which is above the 
minimum amount necessary to keep that person or firm in its given occu- 
pation. Whether it is actually paid to the owner of the scarce resource is 
immaterial. Distributive shares are distinguished by function, and not 
by the individual to whom they accrue. 


4-5. Applications of the Analysis 


The theory of perfect competition can be applied to numerous special 
cases. Two examples are considered in the present section. The first 
is an extension of the analysis to the case of spatially distributed firms. 
The second contains an analysis of the effects of taxation on perfectly 
competitive output. 

Spatially Distributed Firms. Production and consumption are gener- 
ally assumed to take place at a single point in space. In reality there are 
many markets in which producers and consumers are spatially separated. 
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Geographic locations and transport costs are frequently factors of con- 
siderable importance. It is illustrated below how the theory of perfectly 
competitive markets can be extended to the case in which producers are 
spatially separated. 

Many central markets are supplied by a number of firms located at 
some distancefrom them. Examples 
are provided by city milk markets. 
Farmers from the surrounding area 
supply a central market at varying 
unit transport costs. If anentrepre- 
neur produces at any distance from 
his market, his total cost consists of 
production and transportation costs: 


C; = $(q) +5: + Ba: (4-21) 


where §; is the cost of transporting 
1 unit of his product to the central 
market. His profit is the difference 
between his total revenue and his 
total cost of production and transportation: 





q 


FiGure 4-7 


ws = py — (qi) — bs — Bagi (4-22) 
Setting the derivative of (4-22) equal to zero, 
. | an; =; 2 ws. = ee 
“qd Dp $:(G:) Bi = 0 
or p= Og) + & (4-23) 


The first-order condition for profit maximization requires that the entre- 
preneur equate his marginal cost of production plus his unit transport cost 
to the market price of his product. The second-order condition, as 
before, requires that his marginal cost of production be increasing. 

The entrepreneur’s MC and AVC curves are raised vertically by a 
distance equal to the amount of his unit transport cost (see Fig. 4-7). 
His output is determined by the intersection of the rising portion of his 
MC + £8; curve and the horizontal demand curve. Since the entre- 
preneur will not supply at prices less than AVC + 8;, his supply curve 
coincides with the rising portion of his MC + 8; curve which lies above 
his AVC + 8; curve. An entrepreneur who is not located at the market 
will supply less at every price (at which he supplies a nonzero amount) 
than one who is. 

The aggregate supply function for the central market is the horizontal 
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sum of the supply curves of the ” individual producers: 


a 
S = ¥ Sip) = S@) 
i=l 
where S,(p) is the supply function of the ith producer. Market equi- 
librium is attained when supply equals demand. 

Assume that fifty of the one hundred firms supplying commodity Q 
are at location I and the other fifty at location II. It costs 6 dollars to 
transport to the market a unit of Q from I and 10 dollars from II. All 
firms possess the same production cost functions, and the total costs of 
representative firms are 


C1 = 0.59: + 6q1 Cs = 0.5¢2? + 10q2 


where the subscripts 1 and 2 denote firms at locations I and II respec- 
tively. The first-order conditions for profit maximization are p = qi + 6 
andp = q2 + 10. Supply functions are obtained by substituting gq: = Si 
and g2 = S2 into the first-order conditions and invoking the condition 
that S; = 0 unless p = AVC + §£;: 


S:= 0 if0 <p < 10 oe) 


S=p—-10 ifl0<p 


An entrepreneur at I will supply no output if the market price is less 
than 6 dollars, and an entrepreneur at II will not supply if the market 
price is less than 10 dollars. The MC + §; curve for an entrepreneur 
at I is given by gi + 6, and his AVC + §; by 0.5¢: + 6. His supply 
curve coincides with his MC + #; curve for prices of 6 dollars or more. 

The aggregate supply for the central market is given by the following 
three equations: 


S=0 ifOsp<6 
S = 50(p — 6) = 50p — 300 if6sp<10 (4-25) 
S = 50(p — 6) + 50(p — 10) = 100p — 800 if 10 Sp 


Aggregate supply is zero if price is less than 6 dollars. The fifty entre- 
preneurs at I will supply-a positive amount if the price exceeds 6 dollars, 
and the fifty entrepreneurs at II will supply if it exceeds 10. 

Assume that the aggregate demand function is 


= —20p + 1600 
The appropriate segment of the supply function is given by the third 
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equation of (4-25). Setting D = S, 


—20p + 1600 = 100p — 800 
= 20 S = D = 1200 


From (4-24), each entrepreneur at I supplies 14 units and earns a 98- 
dollar profit, and each entrepreneur at I supplies 10 units and earns a 
50-dollar profit. In general, if all entrepreneurs produce under the same 
cost conditions, output and profit are inversely related to the level of unit 
transport cost. 

The existence of more favorable locations may give rise in the long run 
to rent payments if sites are scarce in the more favorable locations. 
Competition for the more favorable sites will enable the owners of these 
sites to charge entrepreneurs a rent which exceeds the rent in the less 
advantageous location by an amount equal to the profit difference 
between the two locations, i.e., by 48 dollars.f 

Taxation and Perfectly Competitive Output. A sales tax generally 
changes the individual entrepreneur’s optimum output level. It shifts 
the individual supply curve and therefore also the aggregate supply curve. 
This alters the equilibrium price-quantity combination. Sales taxes are 
either specific or ad valorem. A specific tax is stated in terms of the num- 
ber of dollars which the entrepreneur has to pay per unit sold. An ad 
valorem tax is stated in terms of a percentage of the sales price. 

Assume that the sales tax is a specific tax of ¢ dollars per unit. The 
total costs of the representative entrepreneur are 


C; = o(q:) +b: + tg: (4-26) 


The first-order condition for profit maximization requires him to produce 
the output level for which MC = p: 


$'(q) +i=p 
or $'(%) =p—t (4-27) 
‘he entrepreneur equates the marginal cost of production plus the unit 
tax to the price. The second-order condition requires that the MC curve 
be rising. The entrepreneur’s supply function is obtained by solving 
(4-27) for g: and setting g; = S; for all prices greater than, or equal to, 


minimum AYC: 
S; = Sip = t) (4-28) 


The aggregate supply function is obtained by summing the individual 


supply functions: 
n 


S=) 8-9 =Sp-9 (4-29) 
i= 
t The analysis can be easily extended to the case in which consumers are spatially 
distributed. 
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The aggregate supply is a function of the net price (p — ¢) received by 

sellers. If, in the absence of a sales tax, aggregate supply is S® units at 

the price of p® dollars, entrepreneurs will supply the same quantity S° 

with a sales tax of 1 dollar if the price paid by consumers is p® + 1 dollars. 

This is equivalent to a vertical upward shift of the supply curve by 

1 dollar. Entrepreneurs are willing to supply less than before at every 

price. In order to determine the equilibrium price-quantity combina- | 
tion, set demand equal to supply, 


D(p) — S(p — t) = 0 
and solve for p. 
Let the ad valorem tax rate be v per cent of the sales price. Total 


costs are 
Cs = 6(q:) + b + vpa; (4-30) 


Setting MC equal to price, 


¢’(q;) + vp = p 
or ¢'(9;) = p(1 — v) (4-31) 


Therefore the individual supply function is 
S: = S{p(1 — v)] 
and the aggregate supply function is 


S = ) Sip — »)] = Sl — »)) (4-32) 
i=1 


Aggregate supply is a function of the net price, and the sales tax involves 
an upward shift of the supply curve which is proportional to the height 
of the original supply curve above the quantity axis. The equilibrium 
price-quantity combination is again determined by setting demand equal 
to supply. 

Let the industry consist of 100 firms with identical cost functions 


C; = 0.1g? + 9; + 10 
Setting MC equal to price, solving for g;, and setting q; = S;, 


S;=0 ifp<1 
S; = 5p — 5 ifp21 


The aggregate supply function is 
S=0 ifp <1 
S = 500p — 500 ifp21 
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Assume that the demand function is 


D = —400p + 4,000 


Setting demand equal to supply, the equilibrium price-quantity com- 


bination is 
p=5 


D = S = 2,000 


Assume now that a specific tax of ¢ dollars is imposed. The repre- 
sentative total cost function becomes 


C; = 0.1¢? + 1 + q+ 10 


Setting MC equal to price and solving for g; = S;, 


S: = 0 


ifp<1+t 


S: = 5(p — t) — 5 ifp2=1+t 


Hence the aggregate supply function is 


S=0 


ifp<1+t 


S=500(p—t)-500 ifp=ir+t 


Setting demand equal to supply and solving for p, 


 p=54+ 5%t 


If the tax rate is 90 cents per unit of sales, the equilibrium price-quantity 


A} 
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tical distance betwen S and 8’. 


combination is 
p = 5.50 D = S = 1,800 


The price rises and the quantity 
sold diminishes as a result of the tax. 
The price rise is less than the amount 
of the unit tax. The 50-cent in- 
crease in the price represents that 
portion of the unit tax that is passed 
on to the consumer; the remainder - 
of 40 cents is the burden on the 
entrepreneur. The example is pic- 
tured in Fig. 4-8. The supply curve 
is S before and S’ after the tax is im- 
posed. The tax is 90 cents, the ver- 

The price paid rises from 5 dollars to 


5.50, and the price received by entrepreneurs falls to 4.60. The reader 
may verify that the proportion of the unit tax passed on to the consumer 
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is the greater, the smaller are the slopes (algebraically) of the demand and 
supply curves. Ceteris paribus, the price varies directly, and the quan- 
tity inversely with the tax rate.} 


4-6. Factor-market Equilibrium 


The foregoing sections are limited to perfectly competitive commodity 
markets. Analogous conclusions can be reached with respect to markets 
for inputs (factors of production). A factor market is perfectly com- 
petitive if (1) the input is homogeneous and the buyers are uniform from 
the sellers’ point of view, (2) buyers and sellers are numerous, (3) both 
buyers and sellers possess perfect information, (4) both buyers and sellers 
are free to enter or leave the market. Consumers purchase commodities 
because they derive satisfaction from them. Inputs are purchased for 
the sake of the contribution they make to production. The demand 
curves for final products are derived from the consumers’ utility functions 
on the assumption of utility maximization. The demand curves for 
inputs are derived from »roduction functions on the assumption of profit 
maximization. 

The Demand Function. A rational entrepreneur’s optimum input 
combination satisfies the condition that the price of each input equals the 
value of its marginal product. Assume that the zth firm’s production 
function is 

q = f(x1,22) (4-33) 
Its profit function is 


w = Pf(X1,T2) — Titi — Tete (4-34) 
Setting the partial derivatives of (4-34) equal to zero, 


Pfx(#1,%2) — 71 = 0 
pf2(21,22) — re = 0 (4-35) 


Solving system (4-35) for 4, and #2 and setting a, = D,, and x2 = D; 
gives the demand functions of the zth firm for the two inputs:? 


Dia = Di(ri,r2;P) 
Dz = Dy2(11,72;p) (4-36) 


The demand for an input generally depends upon its price, the prices of 


1 The analysis can be used to show the effects of subsidies by treating a subsidy as 
a negative tax. 

2A solution exists if the Jacobian of (4-35) is nonvanishing. The reader may verify 
that the Jacobian is nonzero if the second-order conditions for a maximum are fulfilled, 
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all other inputs, and the price of the output. The demand for an input is 
a derived demand, since it depends upon the price of the product and is 
thus derived indirectly from the demand for the product. Assuming that 
all other prices are constant, and neglecting the factor subscripts, the 7th 
firm’s demand function for a particular factor is 


D; = D3(r) ‘ (4-37) 


where r is the price of the factor. The aggregate demand function is 
obtained by summing the individual demand functions. If there are m 
firms demanding the input, 


D= 2 Dir) = D(r) (4-38) 


The Supply Function. Inputs are either primary or produced. Pro- 
duced inputs are the outputs of some other firms. The supply function 
of a produced input is the aggregate supply function of the firms which 
produce it. Such functions have been derived in Sec. 4-3. A different 
procedure is employed in the case of primary inputs such as labor. It 
was assumed ‘in Sec. 2-5 that utility is a function of leisure and income: 


U = 9(T — W,y) 


where T is the total amount of available time (the length of the period for 
which the utility function is defined) and W the amount of work per- 
formed in terms of hours. It was shown that the utility-maximizing 
individual allocates his time between work and leisure in such fashion 
that 


gi 
gl _ 4-39 
Ber (4-89) 


where r is the wage rate and g; is the partial derivative of the utility func- 
tion with respect to its7th argument. The g,’s depend upon income and 
the amount of work performed. Since y = rW, (4-39) contains only the 
variables r and W. Solving (4-39) for W and setting W = S,, the labor 
supply function of the zth individual is 


S; = S,(r) (4-40) 


The supply function states the amounts of work that the individual is 
willing to perform as a function of the wage rate. The aggregate supply 
function is obtained by summing the individual supply functions. If 
there are n individuals who are willing to supply labor at some wage rate, 
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the aggregate supply function is 


8 =) Sir) = 8) (4-41) 

i=] 
The supply function may have either negative or positive slope. If 
individuals value leisure highly and are more concerned with increasing 
their time for leisure than raising their incomes, the supply curve of labor 
may be negatively sloped: the higher the wage, the less work is performed. 

Market Equilibrium. Given the demand and supply functions for an 
input the equilibrium price-quantity combination is determined by invok- 
ing the equilibrium condition D = S. Market forces similar to those dis- 
cussed in Sec. 4-4 will change the existing situation whenever the actual 
price differs from the equilibrium price. Equilibrium is reached only 
when the quantity demanded equals the quantity supplied. As in prod- 
uct markets, no participant can improve his position by recontracting 
after equilibrium has been reached. 

Since the equilibrium price-quantity combination must lie on the 
demand curve, it must also satisfy zonditions (4-35) from which the 
demand curve is derived. The equilibrium price of an input is always 
equal to the value of its marginal product, i.e., the value of the marginal 
dollar spent cn inputs is the same in every use.!' This equality is a neces- 
sary condition for profit maximization, and every entrepreneur can reach 
his optimum point in a perfectly competitive market if his second-order 
conditions for maximization are fulfilled. 


4-7. The Stability of Equijibrium 


Equilibrium price and quantity are determined by the equality of 
demand and supply. Equilibrium is characterized by the acquiescence 
of buyers and sellers in the status quo: no participant in the market has an 
incentive to modify his behavior. However, the existence of an equi~ 
librium point does not guarantee that it will be attained. There is no 
guarantee that the equilibrium price will be established if the market is 
not in equilibrium when the contracting begins. There is also no reason 
to assume that the initial price will happen to be the equilibrium price. 
Moreover, changes in consumer preferences will generally shift the 
demand curve, and innovations will shift the supply curve. Both factors 
tend to disturb an established equilibrium situation. The change defines 

1 This has an analogue in the theory of consumer behavior. Recall that f: = Ap: is 
one of the equilibrium conditions for the consumer, where /; is the marginal utility 
of the first good and ) is the marginal utility of money. Then f:(1/A) = pi, or the | 
price of the commodity must equal its marginal utility multiplied by the additional 
amount of money that has to be paid per unit of additional utility (1/)). 
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a new equilibrium, but there is again no guarantee that it will be attained. 

In general, a disturbance denotes a situation in which the actual price is 
different from the equilibrium price. An equilibrium is stable if a dis- 
turbance results in a return to equilibrium and unstable if it does not.} 
It was implicitly assumed in the discussion of equilibrium in Sec. 4-4 
that the market equilibrium was stable. 

Static Stability. A disturbance usually creates an adjustment process 
in the market. For example, if the actual price is less than the equilib- 
rium price, the adjustment may consist of some buyers raising their bids 
for the commodity. Static analysis abstracts from the time path of the 
adjustment process and considers 
only the nature of the change, i.e., 
whether it is toward, or away from, 
equilibrium. 

Define 


E(p) = D(p) — S(p) (442) 


as the excess demand at price p. 
In Fig. 4-9 excess demand is posi- 
tive at’ the price p*, negative at 
the price p™. Stability conditions 
are derived fromassumptions about 
the market behavior of buyers 
Fiaure 4-9 and sellers. The Walrasian stability 
condition is based on the assump- 
tion that buyers tend to raise their bids if excess demand is positive and 
sellers tend to lower their prices if it is negative. If this behavior assump- 
tion is correct, a market is stable if a price rise diminishes excess 
demand, i.e., if 





dE 
ae = B'@) = Di) - 8) <0 (4-43) 

Writing pz for the price at which a given quantity is demanded, p, for 
the price at which that same quantity is supplied, and setting D = S = q, 
the demand and supply functions can be solved for the demand price 
pa and the supply price p,: 


pa = DQ) 
p. = S“(q) 


1 This is not a rigorous definition of stability and is only one of several alternative 
definitions. See P. A. Samuelson, Foundations of Economic Analysis (Cambridge, 
Mass,: Harvard University Press, 1948), pp. 260-262. 
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where D~! and S—} are the inverses of the functions D and S.t The 
excess demand price is defined as 

F(q) = D“*(q) — S~%(q) (4-44) 
It is the difference between the price that buyers are willing to pay and 
the price that sellers are charging for a given quantity. In Fig. 4-9 
there is a positive excess demand price at g° and a negative excess demand 
price at g®. The behavior assumption underlying the Marshallian 
stability condition for a market states that producers will tend to raise 
their output when the excess demand price is positive and lower it when 
it is negative. If excess demand price is positive, the producer realizes 
that consumers are offering a higher price than he is charging and con- 
cludes that he can profitably increase the quantity supplied. Analogous 
reasoning holds for the converse case. Equilibrium is stable in the 
Marshallian sense if an increase in quantity reduces the excess demand 
price, i.e., if 


he = F'(q) = D-"(q) — S-"(q) <0 (4-45) 


Since the demand curve is negatively sloped, (4-43) and (4-45) are 
both satisfied if the supply curve has positive slope. The ordinary 
supply-demand situation is therefore stable according to both the 
Walrasian and Marshallian definitions. 

If the supply curve is negatively sloped, an equilibrium. cannot be 
stable according to both definitions. Dividing both sides of (445) by 
D~-"(q) - S-"(q), 

ee 
S-¥q@) D-"(q) 
In the usual diagram in which quantity is plotted along the horizontal 


axis, D-“(q) and S~(q) are the slopes of the demand and supply curves. 
By the inverse-function rule, , 


<0 (4-46) 


rg) -swW-%o 
Substituting these values into (4-46), 
S'(p) — D'(p) < 0 (4-47) 
Conditions (4-43) and (4-47) cannot be fulfilled simultaneously. If an 


If y = f(z) can be solved for x, the solution is written as = f~'(y). The func- 
tion denoted by f~! is the inverse of the function f(z). 

1 The sign of D’(p) is the same as the sign of D~"(q); the sign of S’(p) is the same 
as that of S~1’/(qg}. See the inverse-function rule, Sec. A-2. 

2 The supply curves which may have negative slope are the supply curve for primary 
inputs such as labor and product supply curves in the presence of external economies 
or diseconomies, Unstable equilibria may occur only in these cases. 
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equilibrium is stable in the Walrasian sense, (4-43) holds, and the equi- 
librium is unstable in the Marshallian sense. The converse statement 
holds if (4-47) is fulfilled. : 

It follows from (4-43) and (4-47) that equilibrium is stable in the 
Walrasian sense if the supply curve is steeper than the demand curve 
[S-"(q) > D-"%(q) or D’(p) > S’(p)] 
and unstable in the opposite case. 
Equilibrium is stable in the Marshal- 
lian sense if the supply curve is less 
steep than the demand curve and un- 
stable in the opposite case. These 
concepts are illustrated in Fig. 4-10. 
At the price p® the excess demand 
is MN; therefore competition among 
consumers will tend to raise the 
price, and excess demand diminishes. 
However, the quantity supplied at 
the price of p° is q®; the corresponding 
excess demand price RM is positive. 
The quantity produced will tend to 
increase, but the excess demand price increases too. The actual price 
and quantity move farther away from equilibrium. 

A negatively sloped supply curve may. intersect the demand curve at 
several points. Such a case is depicted in Fig. 4-1la@. Each intersection 
defines an equilibrium. The successive equilibrium points A, B, C ave 
alternately stable and unstable.?, The supply curve is steeper than the 
demand curve at A, and the equilibrium is stable at this point. Another 
intersection B can exist only if the supply curve becomes less steep than 
the demand curve; B is therefore unstable. By similar reasoning, C is 
again stable. 

The stability condition (4-43) is no longer sufficient in unusual cases 
such as the equilibrium point B in Fig. 4-11. Excess demand is positive 
at prices less than p® and also at prices higher than p®. The price will 
tend to rise for downward or upward deviations from equilibrium. 
Point B is therefore stable for downward and unstable for upward price 
deviations. Point A is stable, B semistable, and C' unstable. 

Assertions about the stability of equilibrium depend upon the assump- 


Pi 


po 





Figure 4-10 


1 No contradiction exists between the two conditions if the supply curve has posi- 
tive slope. When (4-45) is divided by D~’(g) - S-'’(g) the direction of the inequal- 
ity in (4-46) and (4-47) is reversed because of the division by a negative number. 
Inequality (4-47) becomes S'(p) ~ D’(p) > 0, which is the same as (4-43). 

?The argument is based on the Walrasian behavior assumption. An analogous 
argument can be made in terms of the Marshallian assumption. 
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tions made concerning the mechanism of the market and the behavior of 
the participants. One cannot say a priori whether the Walrasian or 
Marshallian condition is more plausible in reality. In any concrete situ- 
ation stability of equilibrium can be assessed only after empirical informa- 
tion has been gathered concerning the behavior patterns of the participants 
in the market. 


P : P 





(a) {8} 
Ficure 4-11 


Dynamic Stability. The static stability conditions are stated in terms 
of the rate of change of excess demand with respect to price or the rate of 
change of excess demand price with respect to quantity. The static 
analysis of stability makes no attempt to investigate the time path of the 
adjustment process. One would not expect instantaneous adjustments in 
the present model. If the initial price is not equal to the equilibrium 
price, it changes, and recontracting takes place. If the new price is still 
different from the equilibrium price, it is again forced to change. The 
dynamic nature of the recontracting model may be formally stated as 
follows. When the market opens some consumer makes an initial bid. 
This bid is recorded and made public by the auctioneer. After this price 
is announced, the participants have a specified amount of time (say, one 
hour) to enter into favorable contracts with each other at this price. 
After one hour new bids are permitted. The first new bids are recorded 
and made public by the auctioneer, and a one-hour period of recontract- 
ing begins. This process continues until equilibrium is reached. A 
price is observed in each one-hour period, and the analysis of dynamic 
stability investigates the course of price over time, i.e., from period to 
period.’ Equilibrium is stable in the dynamic sense if the price con- 

The prices which are recorded from period to period are potential, rather than 


realized, prices until equilibrium is reached. As long as D = 8, none of the contracts 
is executed, and recontracting continues. 
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verges to (or approaches) the equilibrium price over time; it is unstable 
if the price change is away from equilibrium. Dynamic stability can 
also be defined in terms of the convergence of the quantity supplied to 
the equilibrium quantity. The former definition corresponds to the 
Walrasian and the latter to the Marshallian definition of stability. 
Assuming the Walrasian mechanism to operate in the market, a positive 
excess demand tends to raise the price. This is expressed mathematically 
as 
Pt — Pea = KE(pe-1) (4-48) 


where 7p; is the price in period ¢ and k a positive constant. Equation 
(4-48) expresses one possible type of behavior for buyers and sellers. 
Assuming that there is a positive excess demand E(p;_1) in period (¢ — 1), 
it expresses the assumption that an excess demand of E(q_1) induces 
buyers to bid a price pp = py_i + KE(pe_1) > p_1 in the following period. 
Assume that the demand and supply functions are 


Di =ap,+b (4-49) 
Si = Ap: + B (4-50) 


Excess demand in period (¢ — 1) is 
E(pi-n) = (a -— A)prit+b—-B 
Substituting this into (4-48), 


Pe — Di = k[(a ara A)Pe1 + b6— Bl : 
or p = (1 + k(a — A)|pe-1 + k(b — B) (4-51) 
The first-order difference equation (4-51) describes the time path of price 


on the basis of the behavior assumption contained in (4-48). Given the 
initial condition p = po when ¢ = 0, its solution is 


b-—B . b-—B 
Di = ( = 45) (1 + k(a — Aj} + yn=a (4-52) 


Excess demand is zero in equilibrium. The equilibrium price p* can be 
found from (4-49) and (4-50) by setting D, — S; == 0. Solving for 
Pi = Pp, 
-._o-B 
a ear 


Therefore the constant term in (4-52) is the equilibrium price. The 
equilibrium is stable if the actual price level approaches the equilibrium 
level as ¢ increases. The price level converges to p* without oscillations 
if0 <1+k(a— A) <1. The right-hand side of this inequality holds 
if 

a<A (4-53) 
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The left-hand side holds if 


1 

Condition (4-53) is automatically fulfilled if the supply curve has posi- 
tive slope (A > 0). The price level moves upward over time if the initial 
price is less than the equilibrium price: [p, — (b — B)/(A — a) < 0], 
and downward if itis greater. If the slope of the supply curve is negative, 
stability requires that the slope of the demand curve (1/a) bealgebraically 
greater than the slope of the supply curve (1/A); i.e., the supply curve 
must cut the demand curve from above.! Equilibrium is unstable if 
the supply curve cuts the demand curve from below, and any deviation 
from equilibrium is followed by increasing deviations from it. If k is 
sufficiently large and a — A is negative, 1 + k(a — A) is also negative, 
and the price level must oscillate over time.” 

Both static and dynamic stability depend upon the slopes of the 
demand and supply curves. Dynamic stability depends in addition on 
the magnitude of the parameter k which indicates the extent to which the 
market adjusts to a discrepancy between the quantities demanded and 
supplied per unit of time. A large k indicates that buyers and sellers tend 
to “‘over-adjust’’: if excess demand is positive, bidding by buyers is suf- 
ficiently active to raise the price above the equilibrium level. For exam- 
ple, assume that the equilibrium price is 5 dollars and the actual price bid 
by buyers is 3 dollars in a given period. Buyers realize that there is an 
excess demand, but overestimate the adjustment necessary to equilibrate 
the market and bid 6 dollars in the following period. Sellers become 
aware of the excess supply and lower their price, but also overestimate the 
extent of the required adjustment: the price falls to 4 dollars. Each 
adjustment is in the right direction, but is exaggerated in magnitude. 
Dynamic analysis thus takes into account the strength of reactions to 
disturbances. . 

The dynamic stability of equilibrium can be analyzed diagrammatically 
in the following fashion. Plotting price along the horizontal axis, the 
dotted line in Fig. 4-12a represents the excess demand function. Assum- 
ing that k < 1, the solid line represents KE (p;_1). The 45-degree line in 
Fig. 4-126 represents the locus of points defined by pm = p+. The 


1 Equations (4-49) and (4-50) state the demand and supply functions with price as 
the independent variable. Quantity is measured along the horizontal axis and price 
along the vertical in the customary diagram. Thus the slope of the demand curve is 
1/a, and the slope of the supply curve, 1/A. 

2If 1 +k(a — A) is greater than —1 (but less than zero), the amplitude of the 
oscillations decreases over time, and the time path approaches the equilibrium level. 
If it is less than —1, the market is subject to increasing price fluctuations. 
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function 
P= Pi tkeE (pr-1) =f (p:-1) (4-55) 


is obtained by adding the ordinates (corresponding to the same abscissa) 
of the solid lines in Figs. 4-12a and 4-126. The result is shown in Fig. 
4-12e. Assume that the initial price is pop. The price in the following 
period, 7, is given by the ordinate of the point on f(p;_1) directly above 
po. In order to calculate the price in the following period, 7; is trans- 
ferred to the horizontal axis by drawing a horizontal line from K to L. 





45° 





Pri 


Po Pi P2 Pr} 


(a) {b) (c) 
Fiaure 4-12 


L lies on a 45-degree line, and the abscissa of each point on it equals its 
ordinate. The price pe is found by moving vertically to M on f(p:-1). 
All subsequent prices are found in this manner. The price level con- 
verges in the present example to the equilibrium price given by the inter- 
section of f(p:-1) and the 45-degree linet The stability of equilibrium 
depends upon the slope of the excess demand function and the magnitude 
of k. If the excess demand function in Fig. 4-12a were positively sloped, 
the function f(pe-1) would cut the 45-degree line from below, and the 
equilibrium would be unstable. If the excess demand function had nega- 
tive slope, as in Fig. 4-12a, but k were very large, f(p:_1) would have nega- 
tive slope, and the price level would oscillate. 

A dynamic statement of the Marshallian stability condition can be 
formulated in similar fashion. The conclusions of the static analysis of 
stability are maintained: equilibrium is dynamically stable in both the 
Marshallian and Walrasian scuses if the supply function has positive 
slope; equilibrium is stable according to one and unstable according to 
the other definition if the supply function has negative slope. 

The static and dynamic approaches to stability are fundamentally 


1Tt can be easily verified that point N is the equilibrium point. At N, p: = prs 
(for the 45-degree line) and p, = pe-1 + KE(p:-1). Substituting p.-1 for ps, 
Pent = Dir + KE(p:-1) 
or KE(p:-1) = 0. Excess demand equals zero at point NV. 
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different. Static stability need not imply dynamic stability, but dynamic 
stability implies static stability. The reason for this discrepancy is that 
aynamic analysis is a more inclusive tool for investigating the properties 
of equilibrium. Static analysis concerns itself only with the direction of 
the adjustment and neglects the magnitude of the adjustment from period 
to period. 
Let 
D: = —0.5p: + 100 
Si: = —O0.1p, + 50 


and let k = 6.f The equilibrium is stable in the static Walrasian sense 


if D’(p) — S’(p) <0. Substituting from the demand and supply func- 


tions, —0.5 — (—0.1) = —0.4 <0. Dynamic stability requires —1 < 1 
+ kia — A) <1. Substituting the appropriate values gives 


1+k(a— A) = -14 


and the required left-hand inequality does not hold. The market will 
exhibit explosive oscillations. 


4-8. Dynamic Equilibrium with Lagged Adjustment 


Producers’ supply functions show how they adjust their outputs to the 
prevailing price. Since production takes time, the adjustment may not 
be instantaneous, but may become perceptible in the market only after a 
period of time. Agricultural commodities often provide good examples of 
lagged supply. An individual farmer may base his production plans on 
the market price in the fall; the output materializes only during the 
following summer. 

Lagged Adjustment in a Single Market. Consider the market for 
winter wheat as an exampie of a market with lagged supply reaction. 
Production plans are made after the harvest. The output corresponding 
to these production plans appears on the market a year later. Assume 
that the demand and supply functions are 


Dz = ap, + b (4-56) 
S:= Apit B (4-57) 


The quantity demanded in any period depends upon the price in that 
period, but the quantity supplied depends upon the price in the previous 
period. It is assumed that the quantity supplied in period ¢ is always 
equal to the quantity demanded in that period; i.e., p, adjusts to bring 
about the equality of D; and S; as soon as S; appears on the market. 


t The high value for k indicates that buyers and sellers react violently to disturb- 
ances. 
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This implies that no producer is left with unsold stocks and no consumer 
with an unsatisfied demand. Therefore 


D: a Si = 0 
Substituting from (4-56) and (4-57), 


ap. +b — Am1—B=0 
Solving for m, 


B-—b 
—— (4-58) 


A 
Pi = “aa = 


Assuming that the initial condition is given by p = po when ¢ = 0, the 
solution of the first-order difference equation (4-58) is 


B- AY , B—b 
Pt = (>, = Ba?) (4) + Pag (4-59) 


The solution (4-59) describes the path of the price as a function of time. 
Some of the possible time paths are illustrated in Figs. 4-13a and 4-13b. 








oO Yo q Oo qo q 
(a) (b) 
Ficure 4-13 


Assume that the initial supply does not equal the equilibrium amount 
as a result of a disturbance such as a drought. Let the initial supply 
equal go in Fig. 4-18a. The corresponding initial price is p>. Consumers 
demand poMo, and this quantity equals the initial supply. The price po 
induces entrepreneurs to supply the quantity poN in the next period. 
The price falls instantaneously to p;. The quantity demanded is then 
21M, (which equals poN;, the quantity supplied in that period). In 
the following period the price p; induces a supply of p1N2. This process 
continues indefinitely, producing a cobweb pattern. The price level 


MARKET EQUILIBRIUM 119 


fluctuates, but converges to the equilibrium level indicated by the inter- 
section of the demand and supply curves. The same mechanism operates 
in Fig. 4-136, but the price fluctuations tend to become larger and larger: 
the market is subject to explosive oscillations. 

The conditions for convergence to an equilibrium price can be ascer- 
tained from (4-59). The market is in dynamic equilibrium if the price is 
stable from period to period, i.e., if pr = p:-1. The constant term 
(B — b)/(a — A) in (4-59) is the equilibrium price.1. The slope of the 
demand curve (1/a) is always negative. If the supply curve is positively 
sloped, A/a is negative, and the price level will fluctuate. The oscil- 
lations will decrease in amplitude, have constant amplitude, or increase 
in amplitude according to whether |A/a| = 1. Therefore the oscillations 
will increase in amplitude if |A] > |a| or if al > lay The oscillations 
will increase if the slope of the demand curve has greater absolute value 
than the slope of the supply curve. 

The oscillations decrease in the oppo- P x 
site case and areof constant magnitude 
if the absolute values of the slopes are 
equal. In thespecial casein which the 
supply curve is negatively sloped, A/a 
is positive, and the price level will not 
oscillate, but will either increase or de- 
crease continually.2, The same condi- 
tions hold as above: the price will con- 
verge to its equilibrium value if the 
supply curve is steeper than the de- 
mand curve (Fig. 4-14), and it willbe 5 ¢ 

; aati 0 q 
explosive upward or downward if it is Fraure 4-14 
less steep. 

The conditions for dynamic stability are not the same as in the simpie 
dynamic case where stability depends on the parameter k in addition to 
the slopes of the demand and supply curves. Buyers and sellers react 
to excess demand in the simple dynamic case. Excess demand is zero in 
cobweb situations. Buyers react to given supplies in terms of the prices 
they offer. Sellers respond to given prices in terms of the quantities they 
supply in the following period. 

Lagged Adjustment in Two Interrelated Markets. Interesting oscilla- 
tory behavior can be obtained in the case of two interrelated markets. A 
case in point is the noted ‘‘corn—hog”’ cycle. A simplified version of this 

1 Set D; = S:and pri = p: in (4-56) and (4-57) and solve for p,. _ 

2 The price may remain constant if the demand and supply curves coincide. No 
unique equilibrium is defined in this case. 





120 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


type of market is discussed below. The complete solution is not derived, 
and the discussion is confined to developing the conditions under which 
the two markets are stable or unstable. 

Let the subscripts c and h refer to corn and hogs respectively. The 
demand and supply functions for corn are 


De = Girpee + 61 (4-60) 
Set = @2Det—1 + da (4-61) 


The corn market possesses the same characteristics which were assumed 
for the winter wheat market. The demand for corn in any period 
depends upon the price of corn in the same period, and the corn supply is 
lagged and depends upon the corn price in the previous period. The 
demand and supply functions for hogs are 


Dye = GP + 03 (4-62) 
Sn = Ga1Prae—1 + Aa2De,e-1 + Da (4-63) 


The demand for hogs is a function of the price of hogs in the same period. 
The supply of hogs depends both upon the price of hogs and the price of 
corn in the previous period. Equation (4-63) contains two assumptions 
concerning the behavior of hog producers: their production plans for any 
period ¢ depend upon (1) the price of their output at time (¢ — 1), and 
(2) the price of corn at time (¢ — 1). The second assumption reflects the 
fact that corn is an important input in producing hogs. The price of 
corn thus tends to affect the hog producers’ production plans. A change 
of p.z—-1 results in a shift of the conventional hog supply function. 

Equations (4-60) to (4-63) are a system of four simultaneous difference | 
equations which must be solved in order to derive the conditions under 
which p.; and py, approach their equilibrium values. Equating aggregate 
supply and demand in each market, 


Dea -, Set = 0 
Dn: — Snz = 0 
Substituting from (4-60) — (4-63), 
| QiPct — AriPet—-1 = be — bi (4-64) 
G31Pre — G41Prt—-1 — As2De—-1 = bs — bs (4-65) 


Equations (4-64) and (4-65) describe the behavior of prices in the corn 
and hog markets respectively. The behavior of the corn price is inde- 
pendent of the hog price, since the latter does not enter (4-64). The corn 
cycle is self-contained and independent of whatever fluctuations may exist 
in the movement of the hog price. However, the hog price in period ¢ 
depends upon the corn price in period ({ — 1). The hog cycle is not inde- 
pendent of the corn cycle. In order to find a solution for p,,, one must 
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derive an equation which does not contain the price of corn. Solving 
(4-65) for Pet—1) 


— 1—b b 
ee GsiPat tebe 1 a+ b3 (4-66) 


Equation (4-66) holds for any value of ¢; thus, 


AayPrt+1 — AsiPa — bs + by (4-67) 


Pea = 
Ase 


Substituting (4-66) and (4-67) into (4-64), 


Dnt — (22 - ex) iia Se a Pre = K (4-68) 
31 11 Q11831 

where K = [(be — b1)d@a2 + (b4 — 03) (Qa. — @21)]/idsi. The behavior 

of price in the hog market is described by a second-order difference equa- 

tion, and two initial conditions are necessary to obtain a general solution. 

The general solution of (4-68) is of the form 


Du = Cita + Cote’ + Q (4-69) 


where ¢; and ¢; are constants determined in accordance with the initial 
conditions and where @ is the particular solution (see Sec. A-5). Whether 
the time path is explosive or convergent depends upon the magnitudes of 
xy and 2 which are the roots of the quadratic equation derived from (4-68) 
by neglecting the constant term on the right-hand side. The homo- 
geneous equation corresponding to (4-68) is 





Pat (2 = 2) Prt—1 + ee Prt—2 = O (4-70) 


Assume that the solution is of the form z. Setting pa: = z* in (4-70) 
and dividing through by z‘-?, 


oe (os a an) az 4+ G20 _ 9 (4-71) 


a31 an 11031 
The solution of the quadratic equation (4-71) is 
Qa 4 Gay (a8 an)’ _ 4 anda 


_ 431 Au G31 1 11031 
7 2 


a a a a 
iid gem (22 = a) 
_ 31 ay G31 @11 


Therefore 
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The time path of the hog price will converge if both roots are less than 
unity in absolute value. This requirement is fulfilled if the demand curve 
is less steep than the supply curve in both markets. Consequently the 
time paths of prices in the two markets taken separately must converge. 
The assertion that |x| < 1 is a necessary condition for dynamic stability 
in the corn market. The assertion that |x| < 1 is a necessary condition 
for dynamic stability in the hog market, considering corn prices to be 
constant. The two assertions together are necessary for stability in the 
hog market if the effect of changes in corn prices is considered. Stability 


Pe 


Peo 


O 09 


(a) 





Figure 4-15 


in the two interrelated markets taken together implies stability in each of 
them separately, but stability in the corn market alone does not imply 
stability in both. 

A diagrammatic fepiesen tation may clarify the analysis. Let Fig. 
4-15a represent the corn market and Fig. 4-15b the hog market. A 
change in the price of corn shifts the supply curve for hogs according to 
(4-63). Denote the initial quantities in the corn and hog markets by 
geo and jo and the initial prices by peo and pao respectively. Assume that 
the relevant supply curve for hogs is Sy, if the price of corn is Poo. The 
movement in the corn market is traced out by the lines LM and MN in 
Fig. 4-15a. The corresponding movement in the hog market is EF, FG. 
But the price of corn has fallen by the amount MN. The supply curve 
for hogs is therefore shifted to the position S,1, and the subsequent move- 
ment in the hog market is from G to H and from H to IJ. During the 
same time, the supply of corn is reduced by RN, and the corn price is 
raised by RY. This increase in the price of corn shifts the hog supply 
curve in the reverse direction to position S,2, and the hog supply is 
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reduced by the amount JJ. These results are based on the assumption 
that a42 in (4-63) is negative, i.e., the higher the price of corn in period 
(t — 1), the lower the supply of hogs in period ¢. The conclusion that 
over-all stability requires both markets to be stable separately is now clear: 
if the corn market were unstable, fluctuations in the price of corn would 
tend to become larger and larger, and the hog supply curve would also 
shift by larger and larger amounts in subsequent periods. The hog 
market could not be stable. Even if the corn market were stable, and 
consequently the successive shifts in the supply curve for hogs were of 
decreasing magnitude, the price of hogs would still exhibit increasing 
oscillations if the demand curve for hogs were steeper than the supply 
curve. 

If hog producers purchased a sizeable portion of the total corn supply, it 
might be reasonable to assume that the demand for corn depended upon 
the prices of both corn and hogs. This assumption would increase the 
complexity of the model, but would not alter the basic tools of analysis.! 


4-9. Summary 


The theory of perfect competition analyzes the factors that determine 
price and quantity in markets in which (1) the product is homogeneous 
and buyers are uniform, (2) buyers and sellers are numerous, (3) buyers 
and sellers possess perfect information, (4) there are free entry and exit 
for both buyers and sellers. The participants in the market act as if 
they had no influence on the price, and each individual regards it as a 
given parameter. 

The price and the quantity bought and sold are determined by supply 
and demand. The aggregate demand function is derived from the 
demand functions of individual consumers, which, in turn, are derived 
from the individual consumers’ first-order conditions for utility maximi- 
zation. The aggregate supply function is derived from individual supply 
functions which are based on the individual firms’ first-order conditions 
for profit maximization. Equilibrium is attained when demand equals 
supply.: The equality of demand and supply guarantees that buyers’ 
and sellers’ desires are consistent. The analysis of a perfectly competi- 
tive market is extended to spatially distributed firms and some problems 
of taxation. 

The analysis of perfectly competitive factor markets is similar to the 


1 The results of Sec. 4-8 are based on the assumption that the demand and supply 
functions are linear. If this assumption is relaxed, the variety of possible results 
increases considerably. The analytical techniques necessary to handle nonlinear 
cases are correspondingly more difficult and cannot be discussed within the confines 
of this chapter. 
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analysis of commodity markets. The equilibrium price-quantity combi- 
nation is determined by demand and supply, and the equality of demand 
and supply ensures the consistency of buyers’ and sellers’ desires. The 
demand function for a factor is derived from the individual firms’ first- 
order conditions for profit maximization. The supply function for a 
primary input such as labor is derived from the individual laborers’ 
first-order conditions for utility maximization. Equilibrium in a factor 
market ensures that the price of a factor equals the value of its marginal 
product. 

The existence of an equilibrium point does not guarantee its attain- 
ment. The analysis of the stability of equilibrium is concerned with the 
effects of disturbances. Equilibrium is stable if a disturbance is followed 
by a return to equilibrium and unstable if it is not. The static analysis 
of stability considers merely the direction of the adjustment which follows 
the disturbance; dynamic analysis considers the degree or strength of the 
adjustments as well. The conclusions of static and dynamic analysis 
differ to the extent that a market which is stable according to static 
analysis may be dynamically unstable. Both analyses make assump- 
tions about the behavior of buyers and sellers. According to the assump- 
tion of the Walrasian stability condition buyers and sellers react to excess 
demand. According to the Marshallian assumption, sellers react to 
excess demand price. These assumptions are not generally equivalent, 
and their plausibility must be verified empirically. Special dynamic 
problems arise in markets in which supply reactions are lagged. In 
markets of this type both buyers and sellers are assumed to react to price. 
The time path of the market price oscillates and produces a cobweblike 
pattern if the supply function has positive slope; an equilibrium is stable 
if the supply curve is more nearly vertical than the demand curve. The 
analysis can also be extended to special cases in which two markets are 
interrelated, and stability conditions can be derived in analogous fashion. 


SELECTED REFERENCES. 


Baumol, W. J., Economic Dynamics (New York: Macmillan, 1951). Chapter VII 
contains a nonmathematica]l discussion of comparative statics, dynamics, and the 
cobweb theorem. 

Boulding, K. E., Economic Analysis (rev. ed.; New York: Harper, 1948). The model 
of a perfectly competitive economy is developed in nonmathematical terms in 
parts I and III. 

Buchanan, N. S., ‘A Reconsideration of the Cobweb Theorem,” Journal of Political 
Economy, vol. 47 (February, 1939), pp. 67-81. An extension of the cobweb. 
theorem with the use of geometry. 

Ellis, H. S., and William Fellner, “‘ External Economies and Diseconomies,” American 
Economic Review, vol. 33 (September, 1943), pp. 493-511. Also reprinted in 
American Economic Association, Readings in Price Theory (Chicago: Irwin, 
1952), pp. 242-263. A geometric elucidation of these concepts. 


MARKET EQUILIBRIUM 125 


Knight, F. H., Risk, Uncertainty and Profit (Boston: Houghton Mifflin, 1921).. Also 
reprinted by the London School of Economics in 1987. A nonmathematical 
analysis of a perfectly competitive economy with emphasis on the effect of uncer- 
tainty on profits. 

Marshall, Alfred, Principles of Economics (8th ed.; London: Macmillan, 1920). Book 
V contains a nonmathematical analysis of supply and demand and the determina- 
tion of market equilibrium. 

Samuelson, Paul A., Foundations of Economic Analysis (Canbrdgs: Mass.: Harvard 
University Press, 1948). Chapter IX contains a discussion of market stability. 
A knowledge of advanced calculus is necessary. 

Schneider, Erich, Pricing and Equilibrium (London: William Hodge, 1952). Chap- 
ter 4 contains a discussion of equilibrium in a single perfectly competitive market 
in geometric terms. 

Stigler, George J., The Theory of Price (rev. ed.; New York: Macmillan, 1952). 
Theories of-perfect competition are developed in chaps. 9 and 10 without the use 
of mathematics. 


CHAPTER 5 


MULTIMARKET EQUILIBRIUM 


The analysis of price determination and allocation can be performed on 
three levels of increasing generality: (1) the equilibrium of an individual 
consumer or producer, (2) the equilibrium of a single market, and (3) 
the simultaneous equilibrium of all markets. The first type of analysis is 
the subject of Chapters 2 and 3, and the second is thesubject of Chapter 4. 
The present chapter is devoted to the third. 

A theoretical analysis contains data, variables, and behavior assump- 
tions that allow the determination of specific values for the variables once 
the data are known. Consider the anelysis of an individual consumer. 
The data are his utility function, his income, and the prices cf all com- 
modities and factors. The variables are the quantities of the commodi- 
ties he purchases and consumes, and the basic behavior assumption is his 
desire to maximize utility. The analysis of an individual producer is 
similar. The data are his production function and the prices of all com- 
modities and factors. The variables are the quantities of the inputs he 
purchases and the quantity of the output he produces and sells. The 
behavior assumption is his desire to maximize profit. The analysis of an 
individual unit sheds no light upon the determination of perfectly com- 
petitive prices, however, since all prices are considered parameters. _ 

The analysis of equilibrium i in a single market is somewhat more gen- 
eral. A single price is determined as the result of optimizing behavior on 
the part of a large number of consumers and a large number of producers. 
The data for the analysis of equilibrium in a commodity market are the 
utility and production functions of all consumers and producers, the 
incomes of all consumers, the prices of all factors, and the prices of all 
commodities other than the one under consideration. The explicit 
variables are the price of the commodity and the purchases and sales of 
each consumer and producer. The condition that the market must be 
cleared, i.e., aggregate demand must equal aggregate supply, is added to 
the assumptions of utility and profit maximization. The analysis of a 
single factor market is similar except that the consumers’ incomes are 
determined by their factor sales. 

A consumer’s demand functions are derived from his equilibrium con- 
ditions for utility maximization. If he purchases and consumes two 
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commodities, his demand for each is a function of both prices and his 
income: 

D, = Dy(pi,p2,y) D; = D2(p1,p2,¥) 
In a single-market equilibrium analysis for Qi, p2 and y become param- 
eters, and D, becomes a function of p; alone: 

D; = Dx(p1,p3,y°) D, rar D.(p1,p2,y") 
As a result of these assumptions D, also becomes a function of p, alone, 
though this relation is seldom explicit. If the consumer increases his 
expenditure on Q;, he must reduce his expenditure on Q:2 by virtue of his 
budget constraint. The quantities that the consumer purchases of all 
commodities other than the one under consideration are implicit variables 
for the equilibrium analysis of a single market. Similar considerations 
apply to producers. The quantities of the inputs a producer employs 
become functions of his output price alone. 

Every factor and commodity price is a variable for the analysis of its 
own market and a paxameter for the analysis of all other markets. 
There is no assurance that a consistent set of prices will result from a 
piecemeal solution, taking one market at a time. It is only by chance 
that the price assumed for Q; in the analysis of the market for Q; will be 
the same as the price determined in the analysis of the market for Q; in 
isolation. 

All markets are interrelated. Consumers spend their incomes for all 
commodities, and the demand for each commodity dependsuponall prices. 
If the goods Q: and Q, are gross substitutes, an increase in the price of Q, 
will induce consumers as a whole to substitute Q2 for Q,. If they are 
complements, an increase in the price of Q: will induce consumers to 
restrict their consumption of both goods (see Sec. 2-6). Pairs of inputs 
may also be defined as substitutes or complements. Furthermore, pro- 
duction and consumption are not independent. Consumers earn their 
incomes from the sale of labor services and other productive factors to 
producers. As a result of these interrelationships, equilibria for all 
product and factor markets must be determined simultaneously in order 
to secure a consistent set of prices. 

The data for the determination of a general multimarket equilibrium 
are the utility and production functions of all producers and consumers 
and their initial endowments of factors and/or commodities. The 
variables are the prices of all factors and commodities and the quantities 
purchased and sold by each consumer and producer. The behavior 
assumptions require utility and profit maximization together with the | 
condition that every market be cleared. 

_ A multimarket equilibrium analysis is developed for a pure-exchange 
system in Sec. 5-1 and then extended to include production in Sec. 5-2. 
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The problems of absolute price determination and the choice of a stand- 
ard of value are considered in Sec. 5-3. Static and dynamic stability 
conditions are extended to the multimarket system in Sec. 5-4. Sec. 5-5 
contains a brief discussion of the existence and uniqueness of equilibrium 
solutions, and the empirically oriented input-output system is described in 
Sec. 5-6. 


5-1. Pure Exchange 


Pure exchange deals with the pricing and allocation problems of a 
society in which n individuals exchange and consume fixed quantities of 
m commodities. Each individual possesses an initial endowment of one 
or more of the commodities and is free to buy and sell at the prevailing 
market prices. Purchases and sales may be interpreted as barter trans- 
actions. Imagine a consumer whose initial endowment consists of twenty 
pears and three apples and assume that there are no other commodities. 
The prevailing market prices determine the terms on which he can barter 
pears for apples or applesfor pears. If the prices are 5 cents for pears and 
10 cents for apples, he can obtain one apple by selling two pears or two 
pears by selling one apple. Given market prices and initial endowments, 
each consumer’s trading will be determined by his ordinal utility function. 
It would be a rare case if none of the consumers was able to increase 
his satisfaction level through exchange. A consumer will desire to 
sell a portion of his initial endowment of some commodities and add to 
his stocks of others as long as he is able to increase his utility index. 

Equilibrium of the 7th Consumer. The excess demand of the zth con- 
sumer for the jth commodity (£;,;) is defined as the difference between the 
quantity he consumes (4,;) and his initial endowment (qj;): 

Exs=qi—G% (=1,...,m) (5-1) 
If his consumption of Q; exceeds his initial endowment, his excess demand 
is positive; he purchases Q; in the market. If his consumption is less 
than his initial endowment, his excess demand is negative; he sells Q; 
in the market. It is not possible to determine the signs of his excess 
demands a priori. He may either sell or buy Q;. The sharp distinction 
between buyers and sellers used throughout Chapter 4 is no longer 
possible. 

The consumer’s income equals the value of his initial endowment: 


n= ) pial (5-2) 


jal 
This is the amount of purchasing power that he would obtain if he sold 
his entire endowment. In order to relate the present analysis to that of 
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Chapter 2, assume for the moment that he sells his entire endowment, 
and uses the proceeds to purchase commodities at the prevailing market 
prices. The value of the commodities that he purchases and consumes 
equals his income as given by (5-2): 


x= > DiQii (5-3) 
j=1 


His purchases will most likely include some of the commodities that he 
sold, but this does not matter since the acts of buying and selling are 
assumed costless. The self-canceling transactions can be omitted with- 
out affecting the analysis. Therefore, it is henceforth assumed that the 
consumer does not both buy and sell the same commodity. His budget 
constraint can be expressed in terms of his excess demands. Subtracting 
(5-2) from (5-8) and substituting from (5-1), 


m m 
), Pau — ah) = ) piBy = 0 (5-4) 
Fa yes 
The net value of the consumer’s excess demands must equal zero. His 
budget constraint in this form states that the value of the commodities 
he buys must equal the value of the commodities he sells. 

The equilibrium analysis of the consumer as developed in Chapter 
2 needs slight modification to be applicable to a consumer in a pure- 
exchange economy. ‘The consumer’s utility index is a function of 
the quantities of the commodities he consumes, but can be stated as a 
function of his excess demands and initial endowments by substituting 
ay = Ey + gf from (5-1): 


U; = Uiga, . - - Gem) = UB + Qi» 6a Big Qim) (5-5) 


The consumer desires to maximize the value of his utility index subject to 
a budget constrajnt. Using the form of the utility function given by (5-5) 
and the budget constraint (5-4), form the function 


Vi = Us(Ea + ty. +» » Bim + Gin) — A (y psEsj) (5-6) 
= 


and set the partial derivatives of V; with respect to the excess demands 
and \ equal to zero: 


OV: OU; ; 
OEx = yo = AD; =0 QJ = 1, 6 ates m) 
. (5-7) 


OV: 
rr) 6) niBs) = 





130 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


Since dE,;/dq;; = 1, the first set of equations of (5-7) can be expressed in 
terms of the utility-index increments: 
sm get — i= G0 GL...) 

The first-order conditions for the individual consumer are the familiar 
ones developed in Chapter 2. He buys and sells commodities until the 
rate of commodity substitution for every pair of commodities (the ratio 
of their utility-index increments) equals their price ratio. Second-order 
conditions require that the relevant bordered Hessian determinants 
alternate in sign (see Sec. 2-7). 

If the second-order conditions are satisfied, the 7th consumer’s excess 
demand functions can be derived from the first-order conditions. Use 
one equation of (5-7) to eliminate \ and solve the remaining m for the 
excess demands as functions of commodity prices: 


Ey = E(pi,. . - ,Pm) (G=1,...,m) (5-8) 


The consume:’s excess demands depend upon the prices of al] com- 
modities. If his endowment of Q; is not zero, his excess demand may be 
positive for some sets of prices and negative for others. 

It was proved in Sec. 2-4 that consumer demand functions are homo- 
geneous of degree zero in income and prices. A similar theorem can 
be proved for the pure-exchange barter economy: the consumer’s excess 
demand functions are homogeneous of degree zero in prices, i.e., the 
excess demands will remain unchanged if all prices are increased or 
decreased by the same proportion.!. A doubling of all prices would double 
both the value of the consumer’s initial endowment and the cost of the 
commodities he purchases. If the consumer’s endowment consisted of 
pears and apples and their prices increased from 5 and 10 cents to 10 
and 20 respectively, he could still obtain one apple for two pears or two 
pears for one apple. In a barter economy of this type the consumer is 
interested in market exchange ratios rather than absolute price levels. 

A graphic description of an individual consumer’s equilibrium is con- 
tained in Fig. 5-1. His initial endowment is given by the coordinates of 
R. His income line is the locus of all quantity combinations with the 
same market value as his initial endowment. If y$ is his income line, he 
will maximize utility by moving to JT. He will sell RS units of Q. and 
purchase ST units of Q; in moving from R to T. His excess demand for 
Q, is positive, and his excess demand for Q2 negative. 





1 The proof is similar to that used in Sec, 2-4. Substitute ép; into the budget con- 
straint in (5-6), set its partial derivates equal to sero to obtain a system similar to 
(5-7), divide the first (m — 1) equations by the mh to eliminate » and &, and factor k 
out of the (m + 1)th. 
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Assume that the price of Q; increases relative to the price of Q2 and 
that the consumer’s new income line is y}”._ Point L is the position of 
maximum utility on this income line. The consumer will sell MF units 
of @, and purchase ML units of Q2 
in moving from RF to L. A price 
change has resulted in a change of 
the signs of hisexcess demands. His 
excess demand for Q,; is now nega- 
tive, and his excess demand for Q: 
positive. 

The irrelevance of absolute price 
levels is obvious in the graphic analy- 
sis. The consumer’s initial endow- 
ment is given by a point representing 
physical quantities. Hisincome line 
is drawn through this point with a 
slope equal to thenegativeof the ratio Hiauee B.A 
of commodity prices. A _ propor- 
tionate change of both prices will leave their ratio unaffected, and neither 
the slope nor the position of the income line will change. 

Market Equilibrium. An aggregate excess demand function for Q; is 
constructed by summing the individual excess demand functions of the 
m consumers: 











E; = 2 Eg(Pi, - - - Pir» ~ + Pm) = Ej(Pi, . - - Py + + Pm): 
a : 


Aggregate excess demand is also a function of the m commodity prices. 
Partial equilibrium is attained in the 7th market if the excess demand for 
Q; equals zero when the remaining (m — 1) prices are assigned fixed 
values: 


EXP, - + + sPiy ++ + Pm) =O (5-9) 


Condition (5-9) is equivalent to the condition that supply equal demand. 
The equilibrium price for Q; is obtained by solving (5-9) for p; and depends 
upon the prices assigned to the other (m — 1) commodities. The 
purchases and sales of the individual consumers are determined by substi- 
tuting the equilibrium price into the individual excess demand functions. 

Multimarket Equilibrium. Now treat all prices as variables and con- 
sider the simultaneous equilibrium of all m markets. Aggregate excess 
demand must equal zero in every market: 


Ejpi,...,pm) =0 (@ =1,...,m) (5-10) 
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The equilibrium conditions form a system of m equations in m variables. 
However, (5-10) contains only (m — 1) independent equations and can- 
not be solved for the absolute values of the m prices. 

The budget constraints of each of the n consumers are not equilibrium 
conditions, but are identities satisfied for any set of prices. Summing 
the budget constraints given by (5-4) for all consumers: 


y ine Ej = » pE; = 0 (5-11) 


its 


since H; = y E,;. The aggregate form of the budget constraint is also 
t=1 
an identity satisfied for any set of prices. The equilibrium conditions 


require that every aggregate excess demand equal zero. Clearly if 
E; = 0, the value of the excess demand for Q; (p;#;) must also equal zero. 
If the first (m — 1) markets are in equilibrium, the aggregate value of 
their excess demands equals zero: 


m—1 


> p;E; = 0 (5-12) 
j=1 
Subtracting (5-12) from (5-11), 


YB Yn = Prim = 0 


It follows that E,, = 0, since pm ~ 0. If equilibrium is attained in 
(m — 1) markets, it is automatically attained in the mth. 

Multimarket equilibrium is completely described by any (m — 1) 
equations of (5-10). The addition of an mth equation which is depend- 
ent upon the other (m — 1) adds no new information. The absolute 
values of the m commodity prices cannot be determined from the (m — 1) 
independent equations. The inability to determine absolute price levels 
should not be a surprising result if it is remembered that consumers are 
interested only in exchange ratios in a barter-type economy. 

Since the excess demand functions are homogeneous of degree zero in 
prices, the number of variables can be reduced to (m — 1) by dividing the 
m absolute prices by the price of an arbitrarily selected commodity. 
If Q: is selected, (5-10) may be rewritten as 


B= #, (1,28... Be) G=1,...,m) (5-13) 
1 


The variables of (5-13) are the prices of Q; (7 ¥ 1) relative to the price of 
Qi, ie., the exchange ratios relative to Q:. This system of (m — 1) 
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independent equations can generally be solved for the (m —.1) exchange 
ratios relative to any arbitrarily selected commodity.! In Sec. 5-3 it is 
demonstrated that these (m — 1) exchange ratios are sufficient to deter- 
mine the barter terms of trade between every pair of commodities. 

Once the equilibrium exchange ratios are determined from (5-13), 
the purchases and sales of each individual can be determined by substitut- 
ing into the individual excess demand functions. However, a multi- 
market equilibrium can be determined directly without recourse to aggre- 
gate excess demand functions. The individual excess demand functions 
are homogeneous of degree zero in prices and can be written in the same 
form as (5-13): 


p= 1 ae n) 
E;; — EB; 1 P2, one Be) (e f : 5-14 
’ (1,2 pi (g=1,...,m) oe) 


Now add the condition that every market must be cleared: 
> By=0 G=L...,m) (5-15) 
t=1 
The system formed by (5-14) and (5-15) contains (mn + m) equations 
with the mn individual excess demands and the (m — 1) exchange ratios 
as variables. Again one of the equations is functionally dependent upon 
the others, and the system cannot be soived for absolute price levels. 
Two-commodity Exchange. The analysis of pure exchange can be 
illustrated through an example in which two commodities are exchanged 
by two individuals. Assume that individual I is endowed with 78 units 


’ of Q: and no Q2, and that his utility function is 


Uy = qugie + 2911 + 5q12 


Substitute gi. = Hi. + 78 and qi2 = Ee into his utility function and 
form the function 


Vi = (Ey + 78) Ew + 2(En +78) + 5B — MpiEu + peEw) 


Set the partiai derivatives of V; equal to zero: 





av, _ seek 
anu 7 Ey, + 2 — Ap, = O 
Ovi 
3B as ut ND2 

a 
us = —(mEy + p2Hy2) = 0 


The reader can verify that the second-order condition presented in Sec. 
2-2 is satisfied. _ 
1 This is not always true (see Sec. 5-5 below). 
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Eliminating \ and solving the first-order conditions for Ei: and E1,, 
I’s excess demand functions are 
Bu=2@-415 By =4152-1 
P1 Pe 
His excess demands are functions of the commodity price ratio and are 


homogeneous of degree zero in prices. I’s budget constraint is satisfied for 
any set of prices: 


D1 (2: = 418) + pz (1.52 = 1) =0 
1 P2 


The excess demand functions possess the usual properties. An increase 
of pi relative to pz will decrease #3; and increase Hi. An increase of pe 
relative to P1 will increase #,; and decrease E42. 

Assume that II’s utility function is 


U2 = g2id22 + 421 + 222 


and that his endowment consists of 164 units of Q2and no Qi. A deriva- 
tion similar to that employed for I yields the excess demand functions 


B= 8?-1 8B» = 2 — 84 
21 Di 22 Do 


II’s budget constraint is always fulfilled, and his excess demands are 
homogeneous of degree zero in prices. 
Invoking the condition that each market must be cleared 


By = By + By = 855" — 42.5 = 0 

1 

EB, = Ey + En = 425% — 85 =0 
2 


Either equation is sufficient for the determination of the equilibrium 
exchange ratio. Solving the first equation, po/p; = 0.5. Solving the 
second, pi/p2 = 2. The solutions are identical. In equilibrium 1 unit 
of @: can be exchanged for 2 units of Q2. 

Substituting the equilibrium price ratio into the individual excess 
demand functions, 


Ey = —41 Ey =82 En = 41 E22 = —82 
I gives 41 units of Q, to II in exchange for 82 units of Q2. 


5-2. Production and Exchange 


The multimarket equilibrium analysis is now extended to an economy 
in which goods are both produced and exchanged. The consumers’ 
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initial endowments consist of primary factors such as land and labor 
power. A consumer generally sells factors and uses the proceeds to pur- 
chase produced commodities, but may withhold a portion of his initial 
endowment for direct consumption without further processing. Labor 
power provides an example. The consumer will seldom supply the full 
amount of his labor power, but will generally reserve a portion for final 
consumption in the form of leisure. If a consumer possesses a factor 
from which he derives no utility, he will supply his entire endowment of 
that factor regardless of commodity and factor prices. Some consumers 
may sell one factor and purchase another. An example is provided by a 
landlord who employs domestic servants. Entrepreneurs use both fac- 
tors and produced goods for the production of commodities. The pro- 
duced commodities are useful both as inputs and final consumption 
goods.? 

Equilibrium of the 7th Consumer. Each of the 2 consumers is endowed 
with initial stocks of one or more of s primary goods. The initial endow- 
ment of the 7th consumer is denoted by (g°,gi2, - » « ,@%,)- He may sell 
(and buy) at the prevailing market prices, (pi,p2, . . . ,ps). The con- 

‘sumer derives utility from the quantities of the primary factors he retains 
and the quantities of the (m — s) produced commodities he purchases: 


U; = Ui(qir,Qi2, - ~~ ;Gim) (5-16) 


where the produced commodities are numbered from (s + 1) through m: 

The consumer’s excess demand for a factor equals the quantity he” 
consumes less his initial stock, and his excess demand for a commodity 
equals the quantity he consumes: 


Es = G5 — Uy (P= Tee 4 cg 8) 
. 5-17 
Es = 95 (g=st+1,...,m) eto 


The excess demand for a factor may be positive, negative, or zero, but 
will most often be negative, since the consumer generally sells factors in 
order to buy commodities. His excess demands for commodities must be 
positive or zero. 

The consumer’s income equals the value of his. stock of factors: 


yi = > Pi (5-18) 
j=l 


He is free to sell from this stock in order to purchase commodities and 
factors. The value of the factors and commodities he consumes must also 


tIt is sometimes necessary to distinguish pure intermediate goods which are not 
desired by consumers. They are produced by entrepreneurs and used as inputs. 


136 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


equal his income: 


™m 


yi = 2 Diss (5-19) 
j= 


The consumer’s budget constraint is obtained by subtracting (5-18) from 
(5-19) and substituting from (5-17): 


> pHi; = 0 (5-20) 
j=l 
The net value of his excess demands for factors and commodities must 
equal zero. 
The consumer again desires to maximize his utility level subject to his 
budget constraint. Form the function 


Zi = U{Eat qh... » Bis + gay Biett, - +» » Bim) — » ( 5 psEs) 


j=l 
and set the partial derivatives of Z; equal to zero: 





OZ; aU; : 
oho ak eS OE a) 
dbs \ (5-21) 
On ae » pi; = 0 . 
jal 


First-order conditions require that the consumer equate the RCS for 
every pair of goods to their price ratio. 

If second-order conditions are satisfied, the consumer’s excess demand 
functions are obtained by solving (5-21) for the m excess demands as 
functions of the m prices: 


Ey; = Eij(pi, - . « :Pm) gG=l...,m) (5-22) 


His excess demands for factors and commodities depend upon the prices 
of all factors and commodities and are homogeneous of degree zero with 
respect. to the prices of all factors and commodities. . 

Equilibrium of the Ath Firm in the jth Industry. Each firm combines 
inputs for the production of a single commodity according to the technical 
rules specified in its production function:? 


Ohi = fl(Gin see Qin) | (5-23) 
where gj; is the output level of the Ath firm in the jth industry and 


Giz, is the quantity of the kth good which the entrepreneur uses as an 
input. Both the s factors and (m — s) commodities serve as inputs. 


1 Production is sometimes introduced with the alternative assumption that each 
firm jointly produces all commodities. 
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The entrepreneur’s profit is his competitive revenue less the costs of 
his inputs: 


mj = Pibrs(Qhiay «+ + shim) > Pin (5-24) 


Setting the partial derivatives of profit with respect to each of the inputs 
equal to zero, 
Onn; _  OGns 


— — =0 k=1,...,™m 5-25 
Og " Pi gh ny. Pr ( ? ? ) ( ) 








The entrepreneur will utilize each input up to a point at which the value 
of its marginal physical productivity equals its price. The second-order 
conditions require that the principal minors of the relevant Hessian 
determinant alternate in sign (see Sec. 3-2) and imply that the marginal 
physical productivity of every input is decreasing. 

Conditions (5-25) imply that dq, /dqg%;=1. If the entrepreneur 
utilizes his own output as an input—as a wheat farmer utilizes wheat for 
seed—he will utilize it up to a point at which its marginal physical pro- 
ductivity equals unity. 

The entrepreneur’s excess demand functions for his inputs are obtained 
by solving the m equations of (5-25) for gt, = ER,: 


Ei = Ein(Py +++ Pm) (k= 1,...,m) (5-26) 


The quantity of each input he purchases is a function of all prices. Since 
the entrepreneur never supplies (sells) inputs, his excess demands are 
always nonnegative. 

If the jth industry contains N; identical firms, its seateunts excess 
demand for the kth input equals the excess demenil of a representative 
firm multiplied by the number of firms within the industry: 


EX, _ NER AP; sos Pm) mad EX(p., cone »Pm,Nj) (5-27) 


An industry’s excess demand for an input is a function of all prices and 
the number of firms within the industry. 

The entrepreneur’s excess demand for (supply of) his own output is 
determined by substituting the excess demand functions for his inputs 
(5-26) into his production function (5-23) and letting Bi; = —G;:t 


By; == —fril Ef (pr, soe Dm); soe iim (Diy soe Pm) ] 


t Separate excess demand functions are defined for Q; as an output and as an input. 
The two could be combined into a single net excess demand without affecting the 
analysis, 
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or more simply 

Eu; = Eni(pr, . . « Pm) 
. The excess demand for the industry as a whole equals the excess demand 
of a representative firm multiplied by the number of firms: 


BE; = NiEns(pi, . . . pm) = Ei(pi, . « - spm,Ni) (5-28) 


The industry’s excess demand depends upon the prices of all goods and 
the number of firms within the industry. 

The entrepreneur’s excess demand functions for his output and inputs 
are homogeneous of degree zero in all prices. If all prices are changed by 
the factor ¢ > 0, (5-24) becomes 











m 
mag = (tpafaQhin - - - shim) — > (tp) aniz 
. k=1 
Setting the partial derivatives equal to zero, 
| Onnj OGng - = 
agen adh tp, = (k = 1, ee ey m) 
OGn: 
Or tn, St - ps) = (K=1,...,m) 
Thjk 


Since ¢ + 0, 





Pi Sq, PE = 0 (k=1,...,™m) 


The first-order conditions from which the excess demands are obtained 
can be stated in a form identical with (5-25). Since the second-order 
conditions also remain unchanged, the excess demands are unaffected 
by a proportionate change of all prices. 

Market Equilibrium. The excess demand functions of the consumers 
and entrepreneurs can be aggregated for both types of goods. The 
aggregate excess demand for a factor is the sum of the excess demands of 
the n consumers (5-22) and the (m — s) industries on input account (5-27): 


nr 
_ By= ) Eulpa  . « :Pm) 
i=1 
+ Ex(p:,...,~PmNi) (G=1,...,8) (6-29) 
k=e+1 

The aggregate excess demand for a commodity is the sum of the excess 
demands by the n consumers (5-22), the (m — s) industries on input 
account (5-27), and its producers (5-28): 


B= > Eu;(pi, - + ~ 5Pm) + > Ei(py +» + sPm)Nx) 


t=] k=e+l1 


ote E;(p1, of 8 Dm, N;) Gj = 68 as 1, PRO oy m) (5-30). 
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The aggregate excess demands given by (5-29) and (5-30) can be stated 
simply as 


E; = Ej(pi, . . « ,Pm, Nets, . . - Nm) G=1,...,m) (5-31) 


The excess demand for each good is a function of the m prices and the 
numbers of firms within the (m — s) producing industries. 

Short-run and long-run partial equilibria can be determined for any 
of the m markets considered in isolation from the other (m—1). A 
short-run equilibrium price is determined by setting the aggregate excess 
demand for the good under consideration equal to zero. The prices of 
the other (m — 1) goods and the numbers of firms within the (m — s) pro- 
ducing industries are treated as parameters. The only difference between _ 
a short-run and long-run equilibrium analysis for a factor market is the. _ 
period of time for which the excess demand function is defined. The - 
number of firms within the industry becomes a variable in the determina- 
tion of a long-run equilibrium for a commodity market. 

Multimarket Equilibrium. A long-run multimarket equilibrium re- 
quires that every market be cleared and that profit equal zero in every 
industry :!? 


Ex, ..- Pm Ney... Nn) =0 (G=1,...,m) (5-32) 
(Pi, -- + )Dm) = 90 ©) s+1...,m) 


where 7; is the profit of a representative firm in the jth industry. Again 
one of the market-clearing equations can be expressed as a linear function | 
of the others. The (2% — s) equilibrium conditions given by (5-32) 
represent only (2m — s — i) independent equations. 


- 


1The numbers of firms within the producing industries cannot change during a 
short-run period. Since the entrepreneurs are also consumers, their profits and losses 
must be included in their budget constraints. Once this is done, short-run multi- 
market equilibrium is attained by 1equiring that every market be cleared. 

2 The market-clearing equations of (5-32) are formulated on the assumption that 
every good is scarce in relation to the demand for it. The system can be extended 
to allow for the possibility of free goods by stating the market-clearing equations for 
the primary factors as weak inequalities: 


Ej(piy . 1 ~ sPmy Ney, ~~. Nm) 0 (g=1,...,8) 


Following the Walrasian behavior assumption, if excess demand is negative, competi- 

tion among sellers will lower price. Generally, price cannot fall below zero since con- 

sumers will refuse to supply a factor at a negative price. If #; < 0 when p; = 0, 

Q; is a free good, i.e., sellers will offer a larger quantity than buyers desire to purchase . 
ata zero price. The price of a free good equals zero, and the inequality holds for its 

market-clearing equation. A zero price situation is stable in the sense that the market 

will return to it following a disturbance. If price increases above zero, competition 

among sellers will force it down. If it should fall below zero, supply would equal 

zero. The inequality formulation allows the pricing mechanism to determine which 

goods are free and which are scarce. 
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Equilibrium again depends upon relative, rather than absolute, prices, 
Since the excess demands of every consumer and entrepreneur are homo- 
geneous of degree zero in prices, the aggregate excess demands are homo- 
geneous of degree zero in prices. The profit functions [see (5-24)] are 
homogeneous of degree one in prices. If all prices are doubled, the entre- 
preneur’s input and output levels will remain unchanged, but his total 
revenue and total cost, and hence his profit, will be doubled. However, 
if a long-run equilibrium is established for one set of prices, the system 
will remain in equilibrium if all prices are changed by the same propor- 
tion. <A doubling of all prices will leave the excess demands equal to zero. 
The representative firms’ revenues and costs will be doubled, but profit 
levels will remain equal to zero, and no new firms will be induced to enter 
any industry. 

The number of variables in (5-32) can be reduced by one by dividing the 
_ m absolute prices by the price of an arbitrarily selected commodity. If 
Q: is selected, (5-32) can be rewritten as 


(1,75... » Ps Lin wadima) 20 (j=1,...,m) 
| (5-33) 


(1,28 --- Pe) =o (G=stil1,...,m) 
This system of (2m — s — 1) independent equations can generally be 
solved for the equilibrium values of the (m — 1) exchange ratios relative 
to Q1 and the (m — s) firm numbers. — 

Once the equilibrium exchange ratios and firm numbers are determined, 
the excess demands of every consumer and entrepreneur can be computed 
by substituting their values into the individual excess demand functions. 
A long-run equilibrium solution satisfies the following conditions: (1) 
every consumer maximizes utility, (2) every entrepreneur maximizes 
profit, (3) every market is cleared, and (4) every entrepreneur earns a 
zero profit. 


5-3. The Numéraire, Money, and Say’s Law 


General equilibrium has been established in Sees. 5-1 and 5-2 for barter- 
type economies in which circulating money is nonexistent. Commodities 
and factors are exchanged for other commodities and factors, and the 
conditions of exchange are completely described by exchange ratios. 
These systems have been solved for the (m — 1) exchange ratios relative 
to an arbitrarily selected good, generally called the numératre. Any 
set of absolute prices that yields the equilibrium exchange ratios is an 
equilibrium solution. If there is one such solution, there is an infinite 
number. 
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A number of different kinds of money can be introduced into a gen- 
eral equilibrium system. One good may be selected as a standard of 
value and serve as money in the sense that all prices are expressed in 
terms of its units. Money can be established as an abstract unit of 
account which serves as a standard of value but does not circulate. 
Under some circumstances circulating paper money can be introduced. 
Under different circumstances an attempt to introduce paper money 
leads to a contradiction. 

The Numéraire. For m goods there are m? exchange ratios taking two 
commodities at a time: p;/p. (j, Kk = 1, ..., m). Of these m are 
identities which state that the exchange ratio of a good for itself equals 
unity: p;/p, = 1 for j =k. These m? exchange ratios are not inde- 
pendent. Consider the identity and the (m — 1) exchange ratios with 
Q: as numéraire. The other m(m — 1) exchange ratios and identities 
can be derived from these: 


Pi _ Di. Dk i 

a (j,k =1,...,m) (5-34) 
Imagine that Q; is pears, Q2 oranges, and Q; apples, and that two oranges 
exchange for one pear (p/p; = 0.5) and oneapplefortwopears(p3/pi = 2). 
Utilizing (5-34), four oranges will exchange for one apple: p;/p: = 4. 
The complete set of exchange ratios is given either directly or indirectly 
by the (m — 1) exchange ratios and the identity for the numéraire. 

The numéraire can be changed from Q; to Q; by dividing the exchange. 

ratios and identity for Q; by p;/p1: 


1 (1,25 - Pe Be) = (2 1 Pe) 
ieee Mic te Siewert _ poyer typ dy ew wey 
pr/ Pr Pi P1 Pi | iz Dk Pr 


The exchange ratios are unaffected by this transformation, and the selec- 
tion of the numéraire is truly arbitrary. 

The numéraire can also serve as a standard of value. Setting its 
price identically equal to unity, the exchange ratios become p;/p1 = 7}. 
The equilibrium exchange ratios are unaffected by this transformation. 
The equilibrium price of each good is expressed as the number of units of the 
_ numératre which must be exchanged to obtain 1 unit of that good. The 
price of oranges becomes 0.5 pears per orange, and the price of apples 
2 pears per apple. The price of apples is four times as great as the price 
of oranges, and one apple still exchanges for four oranges in equilibrium. 
The numéraire has become money in the sense that its units serve as a 
standard of value. However, it does not serve as a store of value, since 
it is desired only as a productive factor or consumable commodity on the 
same basis as all other goods. Any good may serve as a standard of 
value in this sense. 
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The expression of prices in terms of a good such as pears is not common 
practice. Prices are generally expressed in terms of a monetary unit 
such as dollars. An accounting moneyis easilyintroduced into the frame- 
work of a general equilibrium system. There is no reason why the price 
of the numéraire should equal unity. It could be set equal to 2, +/2, 
25, or 200 million. The equilibrium exchange ratios would be unaffected. 
Accounting money can be introduced by setting the price of the numéraire 
(or any other good) equal to a specified number of monetary units. 
Money prices can then be derived for all other goods. If Q:1 is numéraire 
and 7, is set equal to 8 dollars, the dollar price of Q; (9) is 


p= Bet (k=2,...,m) 
Pi 


If the price of a pear is set equal to 2 dollars, the price of an orange is 
1 dollar and the price of an apple 4 dollars. In this case money only 
serves as an abstract unit of account. It does not exist in a physical 
sense. Goods still exchange for goods. Noone holds money, and no one 
desires tohold money. Accounting money serves as a standard, but nota 
store, of value.} 

Monetary Equilibrium. Commodity money and accounting money are 
quite different from circulating money which serves as a store of value. 
The classical economists of the nineteenth century frequently divided the 
economy into two sectors with regard to equilibrium price determination: 
the real sector in which exchange ratios are determined, and the monetary 
sector in which absolute money prices are determined by the quantity of 
meney in existence. The real sector is described in Sees. 5-1 and 5-2. 
The present task is to add the monetary sector to this analysis. For 
simplicity the analysis is developed for the case of pure exchange though 
it is easily extended to cover production and exchange. 

Assume that the n consumers also possess initial stocks of paper 
money denoted by the subscript (m+ 1): (Qimiiy + - - Yume). Paper 
money serves as a store of value, but does not enter the consumers’ 
utility functions. The zth consumer’s excess demand for paper money is 
defined as the stock he desires to hold less his initial stock: 


Eimyi = Qiratl aa ae -_ (5-35) 


His excess demand is positive if he adds to his initial stock of money 
and negative if he reduces it. The consumer’s budget constraint (5-4) 


1The assumption that money is only a unit of account is implicit throughout the 
analyses of the consumer and entrepreneur. The consumer’sincome may be expressed 
in monetary units, but he spends his entire income and does not desire to hold money. 
The entrepreneur maximizes his money profit, but he also has no desire to hold money. 
If he earns a positive profit, he will spend it in his role as a consumer. 
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must be redefined to include money: 
m+i1 
>) PB = 0 (5-36) 


j=1 


where 7p; is the price of the 7th commodity. The price of money Pn+i 
equals unity by definition. The consumer may exchange money for 
commodities or commodities for money. If his excess demand for money 
is positive, the value of the commodities he sells is greater than the value 
of those he buys, and he is exchanging commodities for money. 

Since money does not enter the consumer’s utility function, his excess 
demand for money cannot be determined by the principles of utility 
maximization. It is usually assumed that the consumer finds it con- 
venient to hold money in order to facilitate commodity transactions. 
Assume that the 7th consumer desires to hold a quantity of money which 
is a fixed proportion of the monetary value of his initial endowment of 
commodities: 


j=l 


™m 
dimer = 0% ) Dial (6-87) 
where a; is a constant. Substituting (5-37) into (5-35), 


™m 
Emp = O: >, Did ee (5-38) 
j=1 a 
The aggregate excess demand for money is obtained by summing (5-38) 
for all n consumers: 


Rn 


™m Nn 
Emti = & > > Did — y Gimtt = Emyi(pr, +++ ;Pm) (5-39) 
i=1 j=1 i=1 
No essentials are lost by assuming that a; = afor@ =1,...,n). If 
the initial endowments of commodities and money are fixed, the excess 
demand for money is a function of the m commodity prices. 

The excess demand functions for the m commodities are determined by 
maximizing utility for each consumer subject to his budget constraint, 
including money, solving the first-order conditions in order to obtain 
individual excess demand functions, and then summing for all consumers. 
A general equilibrium is established if the excess demand for each com- 
modity and money equals zero: 


Expy. ++ Pm) =O (J =1,...,m+4]) (5-40) 


This gives a system of (m + 1) equations in the m variable commodity 
prices. Since the aggregate budget constraint including money is always 
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satisfied, only m of these equations are independent. Therefore, if the 
m commodity markets are in equilibrium, the money market is also in 
equilibrium, i.e., consumers as a whole do not desire to exchange com- 
modities for money or money for commodities. The quantity of money 
that consumers desire to hold equals the quantity in existence. The m 
independent equations of (5-40) can generally be solved for the money 
prices of the m commodities. 

The excess demands for commodities and money are not homogeneous 
of degree zeroin commodity prices. If all commodity prices are increased 
by the factor ¢ > 0, the excess demand for money (5-39) becomes 


n 
Engi Sa » y (p,q — » qi, CN | (5-41) 
s=1j7=1 
The partial derivative of (5-41) with respect to ¢ is 
n ™m 


IE n 
ait =a) Y pay > 0 


t=] j=1 


A proportionate increase of all commodity prices will increase the excess 
demand for money. If the system is in equilibrium before the price 
increase, consumers will desire to exchange commodities for money in 
order to bring their monetary stocks into the desired relation with the 
monetary values of their initial endowments of commodities. However, 
there will not be a corresponding negative excess demand for commodities. 
Any proportionste change of the equilibrium commodity prices will throw 
the system out of equilibrium. 

The excess demands for commodities and money are homogeneous of 
degree zero in commodity prices and initial money stocks. The excess 
demand for money becomes 


OF. 
and ar cla Sea Di; Se Gent 
t=1 j= 


which equals zero if the money market was in equilibrium before the price 
change. Each consumer’s money stock retains the desired relation to the 
value of his commodity endowment, and he will not desire to exchange 
commodities for money or money for commodities. 

It can also be demonstrated that a change of the money stock of each 
consumer by the factor ¢ will result in a change of the money price of each 
commodity by the same factor, but will leave the real sector unaffected. 


MULTIMARKET EQUILIBRIUM 145 


If equilibrium has been established and then each money stock is increased 
by the factor ¢, each consumer will desire to exchange money for com- 
modities, but no one will desire to exchange commodities for money. As 
a result commodity prices will increase until the existing stocks of money 
no longer exceed the stocks that consumers desire to hold. 

Monetary equilibrium will be reestablished when the values of all com- 
modity stocks are increased by the factor ¢ 


_— ae 
», Yomb=2) Y vad (5-42) 


t=17=1 ¢=1 7=1 


where p; is the price of the jth commodity after equilibrium has been 
reestablished. Proportionate increases of all commodity prices: p; = tp; 
(j =1,... , m), will satisfy (5-42), but so will many other price constel- 
lations. Consider a nonproportionate set of price changes which satisfies 
(5-42). It follows that p, = up, and px = vp, where u > ¢ > »v for some 
hand k. The exchange ratio between Q, and Q; is now up,/vpr > pr/De- 
The price of Q, has increased relative to the price of Q:, and consumers 
will desire to exchange Q; for Q,. If the system was in equilibrium at the 
initial exchange ratio, the new exchange ratio will result in a positive 
aggregate excess demand for Q; and a negative aggregate excess demand 
for Q,. The aggregate excess demands for all commodities will equal 
zero if and only if ps/pz = ps/pe for (h, k = 1,...,m). This is con- 
sistent with monetary equilibrium if and only if p; = tp; (7 =1,..., 
m). The dichotomization of equilibrium price determination is complete. 
Equilibrium exchange ratios are determined by the consumers’ utility 
functions and the real values of their initial endowments. Money prices 
are determined by the quantity of money. 

The introduction of circulating paper money into a static general 
equilibrium system is possible, but rather artificial. Equation (5-37) 
postulates a mode of behavior that is logically, though not mathe- 
matically, inconsistent with utility maximization: the consumer desires to 
hold a stock of money from which he derives no utility rather than spend 
it on commodities from which he does. It is difficult to find motives for 
holding money in a static system that is in no way connected with pre- 
ceding or succeeding points in time. The interesting problems of money 
only arise in a dynamic analysis where behavior is considered over time. 

Say’s Law. The classical economists frequently denied the possibility 
of a positive excess demand for all commodities. In terms of the present 
analysis this can be interpreted as the statement that 


Spb =0 © (5-43) 


i=l 
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where the excess demand for all commodities is measured in monetary 
terms. This proposition has becomes known as Say’s law in honor of 
its promulgator, the nineteenth-century French economist Jean Baptiste 
Say. Unfortunately, Say did not use mathematics and was vague 
regarding the conditions under which his law applies. Some twentieth- 
century economists have interpreted it as an equilibrium condition, and 
others as an identity that holds regardless of whether or not the sys- 
tem isin equilibrium. The quantity of money will determine the absolute 
price level if (5-43) is an equilibrium condition, but will not if it is an 
identity. 

Monetary equilibrium has been established for the case in which the 
budget constraints are defined to include money. The relevant identity 
(5-36) holds for all commodities and money, and (5-48) is an equilibrium 
condition. In equilibrium, consumers do not desire to exchange money 
for commodities or commodities for money. 

If (5-43) is an identity, consumers will never desire to exchange money 
for commodities or commodities for money. This implies that the excess 
demand for money is identically equal to zero: 


Eng, =0 (5-44) 


Regardless of commodity prices consumers will never desire to increase or 
decrease their money stocks. This implied behavior is inconsistent with 
the introduction of quantity equations, such as (5-37), which state that 
the consumers’ excess demands for money depend upon commodity prices. 
Therefore, the quantity of money cannot serve to determine absolute 
price levels. Since (5-43) is an identity, if (m — 1) of the commodity 
markets are in equilibrium, the mth must also be in equilibrium. The 
general equilibrium system contains (m — 1) independent equations 
which can be solved for (m — 1) exchange ratios. The statement that 
the money market is always in equilibrium adds no useful information, 
and absolute prices are indeterminate. The crucial point in considering 
Say’s law and money is whether or not money is included in the con- 
sumers’ budget constraints. If it is, (5-43) is an equilibrium condition. 
I it is not, (5-43) is an identity. 


5-4. Multimarket Stability 


The effects of a disturbance in one market upon the equilibria in other 
markets are ignored in Sec. 4-6 in accordance with the assumptions of 
partial equilibrium analysis. A general equilibrium analysis involves an 
explicit recognition of the interrelated nature of all markets. The 
excess demand for each good is a function of the prices of al! goods. A 
- disturbance in one market will throw other markets out of equilibrium. 
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The stability of a single market depends upon the adjustments following 
the induced disturbances in other markets. Both thestatic and dynamic 
conditions for stability in a single market are extended to a multimarket 
system in the present section. The static conditions are often called the 
Hicksian conditions in honor of their formulator, J. R. Hicks. The 
Walrasian behavior assumptions (see Sec. 4-6) are employed throughout 
the present section. 

Static Stability. Return to the assumption that the multimarket sys- 
tem does not contain money. Let Q: serve as numéraire and set its price 
identically equal to unity. 

The stability condition for a two-market system is the same as the 
condition for a single market. There is only one independent equation 
and only one variable price: Ei = Ei(p2) and FE, = E.(pe). The aggre- 
gate budget constraint, #1 + p.H2 = 0, is always satisfied. A relaxation 
of the equilibrium condition for Q2 so that Hz ~ 0 necessarily implies a 
relaxation of the equilibrium condition for Qi such that d#i + podE, = 0. 
The differentials dH, and dE. and therefore the derivatives dE,/dp2 and 
dE./dp2 must be of opposite sign except for the trivial case in which both 
equal zero. Equilibrium is stable according to the static Walrasian 
assumption if dH2/dp2 < 0 (or equivalently if dE\/dp: > 0). If equiiib- 
rium is restored in the market for Q2, equilibrium is automatically restored 
in the market for the numéraire, i.e., if H2 equals zero, #; must also equal 
zero. The. unique problems of multimarket stability arise only for sys- 
tems with three or more interrelated markets. 

If 9E;,/dp; ~ 0, a displacement of equilibrium in the market for Q 
will cause a displacement of equilibrium in the market for Q;. Walrasian 
stability for an isolated market requires that 0H;/dp; < 0 where dL ;;/dp; is 
a partial derivative and all other prices are assumed to remain unchanged. 
The total derivative dH;/dp; must be utilized for a multimarket analysis. 
Its value may be computed under a number of alternative assumptions 
regarding the adjustment of other markets. One possibility is to assume 
that equilibrium is restored in all markets other than those for Q; and 
the numéraire.1 There are many possible price-adjustment patterns 
other than the case of complete inflexibility, in which none of the other 
(m — 2) markets adjusts, and the case of complete flexibility, in which 
they all adjust. In general, one can imagine a system with M “rigid 
prices” which will not change from their initial equilibrium values during 
the period under consideration where 1 may be any number from one 
through (m — 1). The price of the numéraire is always rigid as a result 
of its definition. 

1 Since the aggregate budget constraint is always satisfied, p;#; + #,-= 0 if Q: is 


numéraire. The violation of the equilibrium condition for the numératre provides the 
slack necessary to allow the excess demand for Q; to take on a nonzero value. 
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The most stringent stability conditions for the market for Q; (7 ¥ 1) 
require that the total derivative dE ;/dp; be negative for all possible com- 
binations of rigid and flexible prices. The market for Q; is perfectly 
stable by the Hicksian definition if dE;/dp; < 0 under the following con- 
ditions: (1) if all the (m — 1) prices other than 7; are rigid, (2) if (m — 2) 
of the prices are rigid but p, is flexible and adjusts so. that E, = 0, (3) 
if (m — 8) of the prices are rigid but p, and p, are flexible and adjust so 
that EZ, = 0 and E, = 0, and so on up to the final case in which the prices 
of all goods other than the numéraire are flexible. The system as a 
whole is perfectly stable if the (m — 1) markets for the goods other 
than the nwméraire are perfectly stable. 

‘The excess demand functions for a system with m goods are 


E; = Ej(pe, ee Pm) €] = 2, a m) (5-45) 


The excess demand function for the numéraire may be omitted, since it 
can be derived from the other (m — 1). The effects of price changes 
upon the excess demands are computed by total differentiation of (5-45), 


dE, = bee dps + bes dps t-:° + bom ADm 
dE; = bse dpe + bss dps ee 2S BE Daa dpm (5-46) 
dEn _ Dme dp; + Dns dps + oe + Dmm dpm 


where by, = dE,/dp,. Since bj, may be assumed constant in a small 
neighborhood about the equilibrium point, (5-46) forms a system of 
(m — 1) simultaneous linear equations in the (m — 1) variables (dp2, 
. . . dpm). The coefficients of (5-46) form the Jacobian (see Sec. A-3) 
of (E2, ... ,Em) with respect to (pz, . . - ;Dm) 

Consider the case in which equilibrium is displaced in the market for 
Q; and all other prices are rigid. Substituting dp, = 0 for (k = 2, 

. , m) and (j ¥ k) into (5-46) the (7 — 1)th equation becomes! 


aE; = bj; dp; 


Dividing through by dp,, the first condition for the perfect stability of the 
market for Q; is 
dE; 
—— = 2 =4 
de; bi <0 (5-47) 
1 A displacement of equilibrium in the market for Q; will cause displacements of the 
equilibria in the other markets. The other equations of (5-46) become 


dE, = be; dp; 


Since the other prices are assumed rigid, these displacements will not react back upon 
the excess demand for Q;, and nonzero excess demands will continue to exist in the 
other markets. 
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Condition (5-47) is identical with the stability requirement for an iso- 
lated market. Perfect stability for the system as a whole requires that 
(5-47) hold for (j = 2,. . . , m), and thus the first condition for perfect 
stability implies the isolated stability of every market in the system. 
Now consider the case in which equilibrium is displaced in the market 
for Q;, px adjusts, and all other prices are rigid. Substituting dH, = 0 
and dp, = O for (k ¥ j, h) into (5-46), the equations for Q; and Q, become 


dE; = by dp; + ba dp, 
0 = brag dp; + an dp, 


Using Cramer’s rule to solve for dp;, 





190 dE; bin 
Dan} _ a Oma 
dps = by yn | "bi by 
ba; baa hj AA 














Dividing through by the constant term on the right and by dp,;, the second 
condition for the perfect stability of the market for Q; is 





dE oe a 
seed peg da Sata - 
dp; ae <0 (5-48) 


Perfect stability of the market for Q, requires that the denominator of 
(5-48) be negative. Therefore, perfect stability for the system as a whole 
requires that the numerator of (5-48) be positive. 

Finally, consider the case in which equilibrium is displaced in the mar- 
ket for Q;, p, and p; adjust, and the other (m — 4) prices are rigid. Sub- 
stituting d#, = dE; = 0 and dp, = 0 for the other (m — 4) prices into 
(5-46), the relevant equations become 


dH; = bj dp; + bj, dpn + by dps 
0 = bay dp; + baa dp, + bre dp; 
O = 6 dp; + bi dp, + ba dp; 


Using Cramer’s rule to solve for dp,, 


GH; bp bx] | by dyn ye 
dp;j=; 0 bar bas baz; Onn Ons 
| 0 bin bis | bs ba bss 








Expanding the numerator by its first column and solving for dE;/dp;, the 
third condition for the perfect stability of the market for Q; is 


dE, |>% bin by 
dp; [Ow ban bas 
; bi ba bs 


ban Ons 
ba bs 











<0 (5-49) 
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Letting j = h and h = 7 in requirement (5-48), perfect stability of the 
market for Q, requires that the denominator of (5-49) be positive. 
Therefore, perfect stability for the system as a whole requires that the 
numerator of (5-49) be negative. 

Perfect stability for the system as a whole requires that the Jacobian 


determinants of order [1,2,3, . . . ,(m — 1)]: 
Bee bi: bi; in ys 

bis, be b, »| Oa; Dan dasl, . . - (5-50) 
hj hh bi; b; bis 








be alternatively negative and positive for all values of j,h,7,.... 
The conditions for perfect stability are stronger than necessary for the 
consideration of many multimarket systems. If the system contains no 
rigid prices, the only relevant value for dE;/dp; is the one computed on 
the assumption that the other (m — 2) markets adjust. Following the 
computational procedure outlined above, the market for Q, is stable if 


dk, &B 
ne (5-51) 
where B is the Jacobian determinant of the complete system given by 
(5-46) and Bz is the cofactor of be, In the Hicksian terminology the 
system as a whole is imperfectly stable if a condition similar to (5-51) holds 
for all goods other than the numéraire. It is interesting to note that 
imperfect stability does not necessarily imply the isulated stability of 
each market. 

Consider the following excess demand functions for three-commodity 
systems: 


(1) HB. = —2pe + 3p3 — 5 E3 = 4p. — 8p3 + 16 
(2) EB, = 2p. — 3p3 + 5 E3 = —4po. + 4p3 — 4 
(3) £2 = 2p2 + 3D3 — 13 EB; = 4p = 8D3 + 16 


The equilibrium prices are pe = 2 and p;3 = 3 for all three examples. 
System (1) satisfies all the conditions for perfect stability: 





—2 3 
dy aE, __ am _| 4-8] __ 
so 2<0 i <3 0.5 <0 
—2 3 
dh; OF; _ dE 4 —8 
in” eco dps —2 2<0 
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System (2) fails to satisfy the conditions for perfect stability, but satisfies 
the conditions for imperfect stability: 





dE, _ G “al _ az, _|—4 ee 
ae ee Sa: |e. 5 = -2<0 


The markets for both Q. and Q; are unstable when considered in isola- 
tion, but the system as a whole is stable if both prices adjust. System 
(3) fails to satisfy the conditions for either perfect or imperfect stability. 

Dynamic Stability. The conditions for the dynamic stability of a 
multimarket system represent a generalization of the condition for the 
dynamic stability of a single market. An explicit statement of the laws 
of price change is introduced, and the time paths of the prices following a 
disturbance are investigated. Many different types of dynamic adjust- 
ment processes may be introduced to describe the behavior of the partici- 
pants in particular systems. In general, a multimarket equilibrium is 
dynamically stable if every price approaches its equilibrium level over 
time following a slight displacement from equilibrium, i.e., if 


lim pe = p# GS 2 anny -* (5-52) 
> 00 


where 7p; is the price of Q; at time ¢ and 7p; is the equilibrium price of. Qj. 

Much of the mathematics necessary for a full development of dynamic 
stability is beyond the scope of the present volume, but the general nature 
of the analysis can be indicated wh the aid of a linear example for a 
three-commodity system: 


Eo, = ArePor + AesDse + G20 
Ext AsePo + As3D3t + Qs0 


Equilibrium prices can be computed by setting Eu and Hy, equal to zero 
and solving for poz and Dse: 


(5-53) 


e — 223830 —~ Gast20 o — Barteo —~ Ar2Qso 

Geeh33 — G23032 222033 — Ge3hse2 

Assume that the dynamic laws of price adjustment are given by the 
linear equations . 


(5-54) 


Prt+1 — Ds = kKBy 
Dat+i — Ds = kEx 


where k > 0 is the ‘‘speed of adjustment,” i.e., the amount that price will 
increase (or decrease) per unit of excess demand. The price-adjustment 
process which is described by (5-55) follows the Walrasian behavior 
assumptions. A positive excess demand means that buyers desire to 
purchase more than is being offered at the current price. Competition 
among buyers will then lead to an increase of price. A negative excess 


(5-55) 
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demand means that sellers offer more than buyers desire to purchase at 
the current price. Competition among sellers will then lead to a decrease 
of price. Neither price will change if both markets are in equilibrium, 
ie., if the excess demand for each good equals zero. The “speed of 
adjustment” need not be the same for both markets, but no generality is 
lost by assuming that it is, since the units in which the goods are measured 
are arbitrary. 

Substitute the values of the excess demands from (5-53) into (5-55) 
and write the equations in implicit form: 


P2t+1 qd + Ka22) Po — kazsps: — kaze = 0 (5-56) 
P3tti — (1 + kaz3)pse — kasepu — kaso = 0 


Solve the second equation of (5-56) for pz: 


1+ kass _ 230 


kaze 32 5-97) 


1 
Pa = ase P3,t+1 — 
Now substitute the values of poe and po,41 given by (5-57) into the first 
equation of (5-54): 


Pat+2 + asP3t41 + Psp + ¥3 = 0 (5-58) 


where a3 _- (2 + kaz3 + kaze) 

Bs 1 + kasz + kde2 + k?a22d33 — k? 2332 

3 = K?a22G30 — kas2020 
The time path of the price of Q3; is Acscriben by a asesnd onder: non- 
homogeneous difference equation with constant coefficients. The solu- 
tion of (5-58) (see Sec. A-6) is 


= t Q32820 — Ae2ttz0 2 

pa = Asoar’ + Byoset + Ge = Wada (5-59) 

where og: and oz are the roots of the homogeneous part of (5-58), and 

A; and B3 are constants determined by the initial conditions. The 

constant term of (5-59) is the equilibrium price of Q; as given by (5-54).f 

The time path of px can be described by an equation similar to (5-59). 

Substituting p3* for the constant term in (5-59) and writing a similar 
equation for the price of Qa, 


pa = Aga’ + Boooot + po? 
Pst = Aszoar’ + Baoszet + ps? 


The system is dynamically stable and py and pz will approach their 
equilibrium values over time if —1 < o,; < 1 (¢ = 2, 3) and (j = 1, 2). 


(5-60) 


t The reader can verify this by substituting pz, = K into (5-58) and solving 


K + aK + 63K + 2 = 0 
for K. 


MULTIMARKET EQUILIBRIUM 153 


The absolute values of the roots of the homogeneous parts of (5-58) and 
the corresponding equation for Q, must be less than unity. 

The roots o;;, and therefore dynamic stability, depend upon the “speed 
of adjustment” as well as the coefficients of the excess demand equations. 
Hicksian stability depends only upon the values of the coefficients. <A 
system which satisfies the Hicksian conditions for perfect stability will 
prove dynamically unstable for some values of k. Consider the system 
given by 

E, = —2p2 + 3p; — 5 
E3 = 4p. — 8p3 + 16 


which was demonstrated to satisfy the Hicksian conditions for perfect 
stability. Assume the dynamic adjustment process is described by 
(5-55). For this example (5-58) becomes 


Psere + (10k — 2)ps.e41 + (4k2 — 10k + 1)pa: — 12k? = 0 
The roots of the homogeneous part are 
31 = —0.41kK 4+ 1 ose = —9.08kK + 1 


Since k > 0, o3; and o32 < 1 for all admissible speeds of adjustment, and 
the market for Q3 is dynamically stable if the value of k is such that both 
roots are greater than —1. Since oz: < o3;, dynamic stability requires © 
that oz. > —1, or equivalently that k < 0.21. If k were greater than 
0.21, the market for Q; would be characterized by overadjustment on the 
part of buyers and sellers, and p3; would exhibit ever-increasing fluctu- 
ations about 73°. 


5-5. Solutions 


The mere formulation of a multimarket system gives no assurance of 
the existence of an equilibrium solution. Some systems have no mathe- 
matical solution; others have many. The existence of a mathematical 
solution may not be adequate. Economics places bounds upon the 
admissible values for the variables. Prices must be given by nonnega- 
tive, real numbers. Furthermore, the consumption levels of each con- 


1Tf the price of a commodity were negative, purchasing power would be transferred 
from sellers to buyers rather than from buyers to sellers. Negative prices are not 
always nonsensical. The possession of discommodities such as garbage will reduce a 
consumer’s utility level, and he will generally be willing to pay for their removal. 
The possibility of meaningful negative prices is eliminated by centering attention 
upon the commodity counterparts of discommodities. The consumer may be con- 
sidered to buy garbage-removal service rather than sell garbage, and the garbage col- 
lector may be considered to sell garbage-removal service rather than buy garbage. 
The price of garbage-removal service is positive and equal in absolute value to the 
negative price of garbage. 
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sumer and the input and output levels of each firm must be nonnegative. 
A mathematical solution which contains, for example, negative consump- 
tion levels is meaningless. 

The question of the existence of an admissible solution may be con- 
sidered on two different levels. One may desire to determine whether 
or not a particular numerically implemented multimarket system pos- 
sesses an admissible solution. On a more general level one may desire to 
prove an existence theorem which states that admissible solutions exist 
for all multimarket systems that satisfy a number of general conditions. 

Solutions for Particular Systems. In general, a solution for N equa- 
tions in N variables exists if its Jacobian does not vanish in a small 
neighborhood (see Sec. A-3). The system of m equations obtained by 
setting the excess demands equal to zero cannot be solved for the absolute 
values of the m prices. Since the aggregate budget constraint is always 
satisfied, the excess demands are functionally dependent, and their 
Jacobian vanishes identically. The nonexistence of a solution for abso- 
lute prices is meaningful from the economic viewpoint, since the excess 
demands are homogeneous of degree zero in all prices. 

By letting p: = 1 and omitting the excess demand equation for Q, the 
system is reduced to (m — 1) equations in (m — 1) variable prices. 
Thus far, it has been assumed that these equations are independent and 
a solution exists for the reduced system. This assumption is not neces- 
sarily true. Consider the three-commodity reduced system given by 


E, = —2p2 — 492 +10 = 0 
E; = —3p. — 6p3 + 15 = 0 


The Jacobian of this system vanishes identically, and it cannot be solved 
for p. and pz. The excess demand functions for Q2 and Qs are not inde- 
pendent. The functional dependence in this caseis Hz; = 1.5Hz. Society 
as a whole always demands and supplies Q2 and Qs in a fixed proportion. 
Any set of values for p2 and ps which satisfies p2 = 5 — 2p; will result in 
multimarket equilibrium. Examples are (pz = 1, ps = 2) and (p2 = 3, 
D2 = 1). 

Each numerical multimarket system may be treated individually. 
First apply the nonvanishing Jacobian condition to determine whether a 
mathematical solution exists. If one does, solve the system and examine 
its solution(s) from the viewpoint of admissibility. 

Existence Theorems. The individual-solution method is not helpful 
if one wishes to consider the existence problem for abstract multimarket 
systems which are not numerically implemented. One must prove a 
general existence theorem. Existence theorems have been proved for a 
number of types of multimarket systems, including systems in which the 
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sroduction functions are formulated as combinations of linear activities! 
und the input-output system.? 

Arrow and Debreu have considered the problem of existence for abstract 
nultimarket systems similar to the one presented in Sec. 5-2.* Their 
walysis differs from that of Sec. 5-2 in that they employ set-theoretical 
‘echniques rather than differential calculus. Their assumptions for the 
irst of the two cases which they consider are approximately as follows: 
‘1) no firm realizes increasing returns to scale, (2) at least one primary 
‘actor is necessary for the production of each commodity, (3) the quantity 
of a primary factor supplied by a consumer cannot exceed his initial 
mdowment, (4) each consumer’s ordinal utility function is continuous, 
'5) consumers’ wants cannot be saturated, (6) indifference surfaces are 
sonvex with respect to the origin, and (7) each consumer is capable of 
supplying all primary factors. Arrow and Debreu have proved that 
sompetitive equilibrium solutions 
»xist forall systems that satisfy these 
sumptions. They weakenassump- 
jion (7) in the second of their 
»xistence proofs. 

‘“Anexistencetheoremis based upon 
. sufficiency rather than a necessity 
igument. All systems that satisfy 
ihese conditions possess equilibrium 
solutions, but one could construct ex- 
umples of systems that do not satisfy 
hese conditions and yet possess 
squilibrium solutions. O Qo 

Multiple Solutions. An existence _‘Froure 52 
sheorem does not prove uniqueness. 

\ multimarket system may possess more ‘ian one admissible solution. 
Some of the consequences of multiple solutions can be illustrated by a 
second-degree excess demand function for a two-commodity system. 
3econd-degree functions may arise under a variety of circumstances. 
[he supply curve for a factor such as labor may be backward-bending, as 
llustrated in Fig. 5-2. At low wage rates the supply curve for labor is 
dositively sloped. An increase of the wage rate would induce consumers 
10 increase their offering of labor and thereby increase their incomes in 


P2 


D 
8s 





1 See R. Dorfman, P. Samuelson, and R. Solow, Linear Programming and Economic 
Analysis (New York: McGraw-Hill, 1958), chap. XIII. 

2 An input-output existence theorem is proved for the two-commodity case in 
3ec. 5-6 below. 

3’ Kenneth J. Arrow and Gerard Debreu, “Existence of an Equilibrium for a - 
Competitive Economy,” Econometrica, vol. 22 (July, 1954), pp. 265-290. 
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terms of commodities. At higher wage rates the supply curve will turn 
back and become negatively sloped. A high wage rate and correspond- 
ingly high income in terms of commodities will induce consumers to 
decrease their offering of labor and increase their consumption of leisure. 
The demand and supply curves pictured in Fig. 5-2 yield the excess - 
demand curve for labor pictured in Fig. 5-3a. 


P2 P2 Po 


O Eo O-| En oO E> 
(a) (b) (c} 
Ficurs 5-3 


Consider a two-commodity system in which a consumption good, 4, 
serves as numéraire and Q2 is labor. The excess demand function for 
labor corresponding to Fig. 5-3a is 


p2 — 14p2+ 40 =0 


with the roots ps = 4 and pz = 10. Both roots are real, positive num- 
bers which satisfy the requirements for a competitive equilibrium. As 
is generally true, stable and unstable equilibria alternate (see Sec. 4-6). 
The solution ps = 4 is stable and p. = 10 unstable: E,(4) = —6 and 
E,(10) = 6. 

The excess demand function for labor corresponding to Fig. 5-36 is 


p? — 14p.? + 48 = 0 


with the identical roots pp = 7. There is a unique multimarket equilib- 
rium point. The excess demand curve is tangent to the vertical axis at 
po = 7 and lies to the right for all other values of pz. The stability of — 
this unique solution is in question since F;(7) = 0. The graphic pre- 
sentation suggests that it is stable for downward and unstable for upward 
price disturbances. 

Finally, the excess demand function for labor corresponding to Fig. 
5-3c is 

p2? — 14p. + 538 = 0 


The roots of this function are the complex conjugates pp = 7 + 4+Y—1. 
Prices with imaginary components are meaningless, and there is no admis- 
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sible solution for the system. The excess demand curve for labor lies to 
the right of the vertical axis. The quantity of labor that consumers offer 
is less than the quantity that entrepreneurs demand at every wage rate. 
Equilibrium cannot be achieved in such a market. 

The problems of multiple solutions are similar for systems containing 
more than two commodities. Consider the three-commodity system 
given by 


E, 
E; 


2p? + 22p2 — 13pep3 — 64p3 + 20p3” + 48 = 0 
P2—- 2p3 +2=0 


This system has two solutions: (pe = 4, ps = 3) and (pe = 2, ps = 2). 
The rule of alternating stable and unstable equilibria applies. Equilib- 
rium in the market for Q2 considered in isolation is stable for pz = 4 and 
unstable for pp = 2. The solution (p2 = 4, ps = 3) satisfies the con- 
ditions for Hicksian perfect stability. Thesolution (p, = 2, p3 = 2) fails 
to satisfy the conditions for either perfect or imperfect stability. 
Empirical Applications. A multimarket equilibrium analysis presents 
a very general picture of the interrelationships of markets throughout 
the economy, but it is so general as to be of little use for empirical studies 
initspureform. A simple system with 2 factors, 50 commodities, 10,000 _ 
consumers, and 2,000 firms involves more than 200,000 individual excess 
demand functions. Numerical solutions are out. of the question for 
systems of this size even if the necessary data could be obtained. If the | 
economist desires to make empirical applications, he must.deal with a 
somewhat simplified version of the partial equilibrium analysis or a 
greatly simplified version of the general equilibrium analysis. 


5-6. The Input-Output System 


The input-output system as developed by Wassily W. Leontief is an 
empirically oriented multimarket analysis. Its assumptions represent a 
considerable simplification of the general multimarket equilibrium 
analysis. Utility functions are omitted, and consumer demands are 
stated on the basis of outside information without regard to the equi- 
librium of individual consumers. The industry, rather than the firm, 
is the unit of production. The production function for each industry is 
of the constant-coefficient type, and there are no optimization problems in 
the productive sphere. In general, input-output analysis assumes away 
the problems of equilibrium. However, its simplifying assumptions are 
not without reward. The very general, but empirically sterile, multi- 
market equilibrium analysis is transformed into a model capable of 
empirical implementation. The input-output system provides numerical 
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answers for a number of interesting problems which involve the economy 
as a whole. 

Interindustry Flows. The first step for input-output analysis is to 
obtain a detailed statement of the flows of goods and services during some 
base year. Economic activity is classified into endogenous and exog- 
enous sectors. The endogenous sectors are the m producing industries 
which use primary factors and their own outputs as inputs. The exog- 
enous sectors supply primary factors and consume the outputsof the pro- 
ducing industries. It is sometimes convenient to lump all the exogenous 
sectors together into a single final demand sector for an analysis of their 
consumption. The final demand sector is not uniquely defined. It 
generally includes households, government, and foreign trade. Since 
the model is static, investment and inventory change are also included. 
One or more of these sectors might be considered endogenous for specific 
applications. 

The gross output (q;) of the produced good Q; equals the sum of the 
flows of Q; to the producing industries and to final demand: 


Qa=Gi te: +Qim + a; (@=1,...,m) (5-61) 


where q;; is the flow of Q; to the jth industry and aq; is the flow to final 
demand. Each industry is assumed to produce a single homogeneous 
output, and the flows can be measured in either physical units or base- 
year values. Leontief’s practice of defining a physical unit as a dollar’s 
worth in the base year is employed throughout the present discussion. 

The r primary factors are also used as inputs. The total quantity of 
the 7th primary factor used during the base year is the sum of the quan- 
tities used by each of the m industries: 


= Gite cs +m (@=m+1,...,m+r) (5-62) 


Factor quantities are also measured in base-year values. 

The base-year flows for a hypothetical system containing two endog- 
enous industries and one factor are presented in Table 5-1. An indus- 
try’s output distribution is described by its row, and its input purchases 
by its column. Reading across the first row, industry 1 used 2,000 dol- 
lars worth of its output as an intraindustry input, delivered 6,400 to 
industry 2 and 1,600 to final demand. Reading down the first cclumn, 
the inputs of industry 1 consisted of 2,000 dollars worth of its own output, 


1An “open”? input-output system contains one or more exogenous sectors. All 
sectors are endogenous in a “closed” system. Nearly all current analysis is for 
“open” systems, and the description in the text is limited to these. The reader inter- 
ested in the properties of a closed system is referred to Wassily W. Leontief, The 
Structure of American Economy, 1919-1989 (2d ed.; New York: Oxford University 
Press, 1951), 
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6,000 of the output of industry 2, and 2,000 of the factor. The economy 
is assumed to be in long-run equilibrium, and the costs of each industry 
including normal profits equal its revenues. Therefore, the gross output 
of an industry can also be obtained by summing the values of its inputs, 
including the primary factor, entrepreneurship. 


TABLE 5-1. BASE-YEAR FLows 





Industry Final demands | Gross outputs 
1 $1, 600 $10,000 
2 5,200 16,000 
3 











Analytical Aspects. Inputs are assumed to be combined in fixed pro- 
portions for the production of each of the m endogenous outputs: 


*+=1,...,m4r 
Gi = G7; a L a) ) 
fata £ 


(5-63) 
where a;;is the quantity of Q; necessary for the production of a unit of Q;. 
The production coefficients can be obtained from the base-year-flow table 
by dividing the components of each column for an endogenous industry. 
by the industry’s gross output. Table 5-2 contains the coefficients for 


TaBLE 5-2, INput-Ourrut CoEFFICIENTS 


Industry 1 2 
1 0.2 | 0.4 
2 0.6 | 0.3 
3 0.2 | 0.3 








the hypothetical system. If the assumption of constant coefficients is 
correct, 0.2 units (2,000/10,000) of Q:, 0.6 of Qe, and 0.2 of Q; are needed 
to produce 1 unit of Q:. . 

Substituting the production relations of (5-63) into the flow equations 
(5-61), 


G—~ Oa am om On eo 6G SH 1, mm) 
Collecting terms, 


—@ng, — 7 + (1 alge — + = Gimgn 
=a (é=1,...,m) (5-64) 


which gives a system of m nonhomogeneous linear equations with the m 
gross outputs as variables and the m final demands as constants. 
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Using Cramer’s rule to solve (5-64) for ;, 


(1 — ai) — Qy2 —Oin 

— 21 (1 — dee) —dom 
where A=lerrcrere wie ee. Br ae sds heres SEP Geena? fap P Sarcaa cae, be 
— Amt — Ome (1 — Gum) 


and A; is A with the jth column replaced by the final demands. The 
solution of the input-output system can be generalized by expanding A; by 
its jth column: 


= Glat eot + + om (gj=1,...,m) (5-65) 


where A;; is the cofactor of the element in the 7th row and jth column of A. 
The system can be solved for the gross outputs corresponding to any set 
of final demands if A ~ 0, i.e., if the equations of (5-64) are independent. 
The quantities of the r factors necessary to support a particular set of 
final demands are easily computed from (5-62) and (5-63) once the gross 
outputs have been determined. 

The system for the two-industry example is 


(1 — @i1)q1 — Qi2ge = ay 
—@2141 + (1 = Q22)G2 = Q2 


or substituting the values of the coefficients from Table 5-2, 


0.8q1 = 0.4¢2 = aQ1 
— 0.69: + 0.792 = az 


Evaluating the determinant of the coefficients, 
A= (1 _ Q11)(1 ae Q22) — Qy2Aq1 = 0.56 — 0.24 = 0.32 


Solving by Cramer’s rule, 


0.7 


a= 0.33 UE a2 = 2.187501 + 1.2500a, 


ohome 


a + ~ss ae = 1.875001 + 2.5000a2 


0.6 
% ~ 0.32 Om 
The solution states that 2.1875 units of Q; and 1.8750 units of Q2 are 
necessary to support the delivery of 1 unit of Q: to final demand. 

Since the final demands are restricted to nonnegative values, the gross 
outputs will be nonnegative for all admissible sets of final demands if 
and only if all the coefficients of (5-65) are nonnegative. It is easily 
proved that the coefficients of (5-65) are nonnegative in the two-industry 
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case if at least one factor is required for the production of each com- 
modity. By the definition of dollar’s worth units 


Qi. + do + a3, = 1 and Giz + dee + Ase = 1 
Since @31, @32 ~ 0, 


1 — ay, — ax > O and 1 — aye. — dee > O 
and 1 — an > an and 1 — doe > Ae 


Taken together these inequalities imply 
A = (1 — aj)(1 — d22) — ai2am > 0 
All the cofactors of A are nonnegative: 


An = (1 — ax) 2 0 Ais = ao 2 O 
Aa = aux 2 0 Ax» = (1 — an) 20 


The coefficients of (5-65) are ratios of nonnegative and positive numbers 
and are therefore nonnegative. This existeuce theorem can be proved by 
advanced methods for systems containing more than two industries. 


6-7. Summary 


A multimarket equilibrium analysis allows the determination of a con- 
sistent set of prices for all goods. In a pure-exchange system individuals 
are endowed with commodity stocks. Each is free to buy and sell com- 
modities at prevailing prices subject to his budget constraint, which states 
that the value of his sales must equal the value of his purchases, Indi- 
vidual excess demand functions are derived from the first-order conditions 
for utility maximization. Aggregate functions are obtained by summing 
the individual functions for each commodity. All the individual, and 
therefore the aggregate, functions are homogeneous of degree zero in 
prices, Consumer behavior is determined by exchange ratios rather than 
absolute prices. Multimarket equilibrium requires that the excess 
demand for every commodity equal zero. Only (m — 1) of the m 
market-clearing equations are independent, and the system is solved for 
the exchange ratio of each commodity relative to an arbitrarily selected 
numéraire. 

Production is introduced in the second stage of the analysis. The 
consumers’ endowments are assumed to consist of primary factors which 
they generally sell to entrepreneurs in order to be able to purchase pro- 
duced commodities. ‘The consumer’s excess demand functions for factors 
and commodities are derived from his first-order conditions for utility 
maximization. Each entrepreneur uses both factors and commodities as 
inputs for the production of a single commodity. An entrepreneur’s 
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excess demand functions for his inputs are derived from his first-order 
conditions for profit maximization. The excess demand for his output is 
obtained by substituting the input values into his production function. 
The entrepreneur’s excess demands are also homogeneous of degree zero 
in prices. Aggregate excess demand functions for each factor and com- 
modity are obtained by summing the functions of the individual con- 
sumers and entrepreneurs. The symmetry assumption is introduced, 
and the aggregate excess demands become functions of prices and the 
number of firms in each industry. Long-run equilibrium requires that 
every market be cleared and that the profit of the representative firm in 
each industry equal zero. Again, one of the market-clearing equations is 
redundant, and the system is solved for exchange ratios and the number 
of firms in each industry. 

The exchange ratios between every pair of commodities can be deter- 
mined from the exchange ratios relative to the numéraire. The numéraire 
can serve as money in the standard-of-value sense. Its price can be set 
equal to unity, and all prices expressed in terms of its units. Abstract 
accounting money can serve as a standard of value. Circulating paper 
money can be introduced, and its quantity will determine the level of 
absolute prices if Say’s law is interpreted as an equilibrium condition and 
money is included in the budget constraints. The quantity of money 
cannot determine the level of absolute prices if Say’s law is interpreted 
as an identity and money is excluded from the budget constraints. 

The static and dynamic conditions for multimarket stability represent 
a generalization of the Walrasian condition for a single market. Perfect 
stability in the static Hicksian sense requires that the total derivatives 
dE;/dp; (j = 2, ..., m) be negative for all possible combinations of 
rigid and flexible prices. Imperfect stability requires that the total 
derivatives be negative, given the assumption that all prices are flexible. 
An analysis of dynamic stability requires an explicit statement of the laws 
of price adjustment over time. A multimarket system is dynamically 
stable if all prices approach their equilibrium values over time following 
a disturbance. 

The mere formulation of a multimarket system gives no assurance 
that an equilibrium solution exists. Particular numerical systems may 
be examined individually to determine existence. An existence theorem 
states that systems which satisfy a number of general conditions pos- 
sess equilibrium solutions. A multimarket system may possess more 
than one equilibrium solution. The multimarket equilibrium analysis 
in its pure form is far too complicated to be a useful tool for empirical 
applications. 

The input-output system represents an empirical application of multi- 
market analysis. The equilibrium aspects are omitted. The economy 
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is divided into producing and final demand sectors. Constant-coefficient- 
type production functions are postulated for the producing sectors. The 
values of the production coefficients are computed from a numerical flow 
table for some base year. The system is solved for the outputs of the 
producing sectors in terms of their deliveries to the final demand sectors, 
and it is possible to determine the output levels necessary to support any 
set of deliveries to final demand. 
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CHAPTER 6 


MONOPOLISTIC COMPETITION 


Thus far, conditions of perfect competition have been assumed to pre- 
vail in all markets. A perfectly competitive industry contains a large 
number of firms selling a homogeneous product. Input and output prices 
are unaffected by the actions of any individual firm. Fach firm faces a 
horizontal demand curve and maximizes profit by selecting an output 
level at which marginal cost equals market price. 

A market is monopolistically competitive if the actions of one or more 
buyers or sellers have a perceptible influence on price. This broad 
definition of monopolistic competition encompasses markets of many 
different types, which can be distinguished by further classification. 
Product and input markets are frequently classified according to the 
numbers of sellers and buyers which they contain. A market with a 
single seller is a monopoly, one with two a duopoly, and one with a small 
number greater than two an oligopoly. A market with a single buyer is a 
monopsony, one with two a duopsony, and one with a small number greater 
than two an oligopsony. Any combination of buyer and seller relation- 
ships is possible. A firm might be a perfect competitor in the markets for 
its inputs and a monopolist in the market for its output. Another firm 
might be a duopsonist in the markets for its inputs and an oligopolist in 
the market for its output. In fact, a single firm might purchase its 
various inputs in markets of quite different organization. 

Product markets can be further classified with regard to differentiation. 
The theory of perfect competition is based upon the assumption that all 
firms within an industry produce a single homogeneous product and that 
buyers do not distinguish between the outputs of the various firms. 
However, the reader need not look far to discover industries in which the 
products of the various firms are close substitutes but differentiated in 
the eyes of the buyers. The cigarette industry provides a good example. 
Camels and Chesterfields are not the same product, though they satisfy 
the same need, and the demand for one depends upon the price of the 
other. The cigarette industry is an oligopoly with product differentiation. 

Monopolistic competition is not limited to markets with small numbers 
of buyers and sellers. Product differentiation alone is sufficient for its 
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existence. An industry with a large number of firms selling closely 
related, but differentiated, products is monopolistically competitive, 
since each firm, though small in relation to the market as a whole, pos- 
sesses some.control over the price at which it sells. 

The market demand curve for a commodity gives consumers’ purchases 
as a function of price on the assumption that the prices of all other com- 
modities remain unchanged. The relation between price and sales for 
an individual seller depends upon the organization of the market in which 
he sells. A monopolist’s demand curve is the same as the corresponding 
market demand curve. A perfect competitor’s demand curve is not 
directly related to the market demand curve for his output, since he is 
unable to influence price. His price-sales relationship is represented by 
a horizontal line at the going market price. His sales would fall off to 
zero if he attempted to charge more than the going price. He is able to 
sell his entire output at this price and would not be acting rationally if 
he lowered it. As a result, the individual seller’s demand curve is con- 
structed on the assumption that all sellers charge the same price. 

The construction of individual demand curves for duopolists and 
oligopolists. presents a number of new problems. First, consider the 
market for a homogeneous product. Competition among buyers will 
result in a single price for all sellers, but each seller is sufficiently large in 
relation to the market so that his actions will have noticeable effects 
upon his rivals. An output change on the part of one seller will affect 
the price received by all. The consequences of attempted price variations 
on the part of an individual seller are uncertain. His rivals may follow 
his change, or they may not, but he can no longer assume that they will 
not notice it. The results of any move on the part of a duopolist or 
oligopolist depend upon the reactions of his rivals. Since, in general, 
reaction patterns are uncertain, general price-sales relationships cannot 
be defined for an individual firm. 

The scope for individual action is greater if the product is differentiated. 
An individual seller will not lose all his sales if he charges a higher price 
than his competitors. Some former buyers will switch to his competitors, 
but some of his more loyal customers will continue to purchase his differ- 
entiated product at a higher price because of their relatively strong prefer- 
ence for it. A market demand curve covering the entire industry cannot 
be defined, since each member of the market produces a commodity 
which is distinct in the eyes of consumers. Each producer faces a sepa~ 
rate demand curve. The quantity sold by an individual producer is a 
function of his price and the prices of all his competitors. His actions 
are generally governed by the actions and reactions of his competitors. 

A profit-maximizing monopolist operates unfettered by the competition 
of close rivals. An individual producer in a large group selling a differenti- 
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ated product knows that his actions will have a negligible effect upon each 
of his competitors, and he is able to maximize his profit in a manner 
similar to that of an individual producer under conditions of perfect 
competition. The actions of individual sellers (or buyers) are highly 
interdependent in all other forms of monopolistic competition. . The 
actions of one firm have significant effects upon the quantities, prices, 
and profits of the others. Unqualified profit maximization is not possible, 
since an individual firm does not have control over all the variables which 
affect its profit. If an entrepreneur desires to maximize profit, he must 
take account of the reactions of his rivals to his decisions. There is a 
very large number of possible reaction patterns for duopolistic and 
oligopolistic markets, and as a result there is a very large number of 
theories of duopoly and oligopoly. Only a few of the many possible 
reaction patterns can be presented within the confines of the present 
chapter. 

The traditional theory of monopoly, the cne-firm industry, is developed 
in Sec. 6-1. Turning to the problems of industries containing a small 
number of firms, product differentiation and six different theories of 
duopoly and oligopoly are discussed in See. 6-2. The many-sellers case 
of monopolistic competition is described in Sec. 6-3, and monopsonistic 
behavior is briefly outlined in Sec. 6-4. 


6-1. Monopoly 


There is no distinction between the industry and the firm in a monopo- 
listic market. The monopolistic firm is the industry; it has no com- 
petitors:' A monopolist’s individual demand curve possesses the same 
general properties as the industry demand curve for a perfectly com- 
petitive market. It is an aggregate of the demand curves of individual 
consumers and is therefore negatively sloped. The quantity of his sales 
is a single-valued function of the price which he charges: 


q = f(p) (6-1) 


where dq/dp <0. The demand curve has a unique inverse, and price 
may be expressed as a single-valued function of quantity: 


p = FQ) (6-2) 


2 Tn a broad sense all products compete for the limited incomes of consumers. The 
term monopoly defines a situation in which a single firm produces a commodity for 
which there are no close substitutes. The prices of all other commodities are assumed 
constant, as is always the case for the analysis of a single market, and the competition . 
of other commodities for the consumer’s income is reflected in the position and shape 
of the monopolist’s demand curve. 
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where dp/dg < 0. A major difference between a monopolist and a per- 
fect competitor is that the monopolist’s price decreases as he increases his 
sales. A perfect competitor accepts price as a parameter and maximizes 
profit with respect to variations of his output level; a monopolist may 
maximize profit with respect to variations of either output or price. Of 
course, he cannot set both independently since his price (output level) is . 
uniquely determined by his demand curve once he has selected his output 
level (price). The price-quantity combination which maximizes profit is 
invariant with respect to the choice of the independent variable. 
The monopolist’s total revenue (#) is price multiplied by quantity 
sold: 
R= pq (6-3) 


His marginal revenue (MR) is the derivative of his total revenue with 
respect to his output level. Differentiating (6-3) with respect to q, 
dk _ dp 

MR ag PEO (6-4) 
Since dp/dq < 0, MR is less than price. The MR of a perfect competitor 
is also defined by (64). His MR 
equals price since dp/dg = 0. The _ 
monopolist’s MR equals price less 
the rate of change of price with re- 
spect to quantity multiplied by 
quantity. If the perfect competitor 
expands his sales by 1 unit, his rev- 
enue will increase by the market 





poL—— — 


value of the additional unit. The ™°>------- 
monopolist must decrease the price 
he receives for every unit in order 
to sell an additional unit. 
Linear demand and MR curves oa ; 


are pictured in Fig. 6-1. Demand 
is monotonically decreasing, and 
MR is less than price for every output greater than zero. The rate of de- 
cline of MR is twice the rate of decline of price: 


Ficure 6-1 


p.=a— bq R = ag — bq Ma ae =e 


dq 
Since dp/dq = —0 is a constant, the distance between the two curves 
q - = ba) is a linear function of output. Total revenue for the price- 


quantity combination (p",g®) equals the area of the rectangle OpT'q°. 
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The area OASq° which lies under the MR curve also equals total revenue: 


Jy (a — 2bq) dg = ag — bg? = R 


This result is applicable to demand curves which are not linear. In 


general 
@ 2) 
—_ d = = 
i (> +4q,)4= Pg =k 


since the integration constant always equals zero. Total revenue is 
always given by the area lying under the MR curve. 

The elasticity of demand (e) at a point on a demand curve is defined as 
the absolute value of the rate of percentage change of output divided by 
the rate of percentage change of price: 





d(log q) p dq 
=— =-—-+ 6-5 
d(og p) ~~ ¢ dp 
MR as given by (64) can be expressed in terms of price and demand 
elasticity: 
£ q4p\ _(,—1 
welts) 


MR is positive if e > 1, zero if e = 1, and negative if e <1. The 
difference between MR and price de- 
creases as demand elasticity increases, 
and MR approaches price as demand 
elasticity approaches infinity. 

A parabolic total revenue curve 
which corresponds to the linear de- 
mand curve of Fig. 6-1 is presented 
in Fig. 6-2. The first derivative 
of total revenue (MR) is monotoni- 
cally decreasing and reaches zero at 
the output level g® Total revenue 
is increasing and e > 1 for g < q’, 
is at a maximum and e = 1 for 
q = q°®, and is declining and e < 1 
forg > q°. 

The monopolist’s total revenue and total cost can both be expressed 
as functions of output: 





FIGuRrs 6-2 


R=R@ C=C(q) 
His profit is the difference between his total revenue and total. cost: 
x = R(q) — C(q) (6-7) 
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To maximize profit set the derivative of (6-7) with respect to g equal to 
zero: 
dir ; ‘ 
ape Ooo 
. q 
or Rg) = C’@) (6-8) 


MR must equal MC for profit maximization. The monopolist can 
increase his profit by expanding (or contracting) his output, as long as the 
addition to his revenue (MR) exceeds (or is less than) the addition to his 
cost (MC). 

The second-order condition for profit maximization requires that 


d? v vr aa 
agi = B®) — Cg) <0 
or adding C’’(q) to both sides of the inequality, 


"Xq) < CQ) (6-9) 


The rate of increase of MR must be less than the rate of increase of MC. 
The second-order condition is a fortiorz satisfied if MR is decreasing and 
MC increasing, as is generally assumed. If MC is decreasing, (6-9) 
requires that MR be decreasing at a more rapid rate. If both conditions 
for profit maximization are satisfied for more than one output level, the 
one which yields the greatest profit can be selected by inspection. 





(6) 
FIauRe 6-3 


The ere condition can be satisfied i in each of the three cases pre- 
sented in Fig. 6-3. The equalization of MR and MC for (a) determines a 
quantity of g° and a price of p®. The monopolist can set the price p® and 
allow the consumers to purchase q®, or he can offer g° for sale and allow 
the consumers to determine a price of p®. The second-order condition 
requires that the algebraic value of the slope of the MC curve exceed that 
of the MR curve, i.e., the MC curve must cut the MR curve from below. 
This condition is satisfied at the intersection points in (a) and (b). There 
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is no point of maximum profit in (c) since the MC curve cuts the MR 
curve from above at their only point of intersection. The first-order 
condition can be satisfied, but the second-order condition cannot. 

If a monopolist followed the rule of a perfect competitor and equated 
MC to price, he would produce a greater output and charge a lower.price. 
This is obvious by Fig. 6-3a. The coordinates of the intersection point 
of the MC and demand curves give a price less than p® and a quantity 
greater than q°. 

Consider a monopolist who faces a linear demand curve: 


p=100-4g R=pqg=100g— 49? ~ (6-10) 


and produces at a constant MC of 20 dollars. His total cost is a linear 
function of his output level: 

C = 50 + 20g (6-11) 
His profit is 
aw = (100g — 49?) — (50 + 209) 


Setting MR equal to MC, 


100 — 8q = 20 
q=10 p = 60 w = 350 


The second-order condition is satisfied: the rate of change of MC (zero) 
exceeds the rate of change of MR (—8). Hf the monopolist were to follow 
the rule of the perfect competitor and set price equal to MC: 


100 — 4¢ = 20 
g=20 p=20 r= ~—50 


he would sell a larger quantity at a lower price and earn a smaller profit. 
In this example the monopolist’s 350 dollar profit would be reduced to a 
50 dollar loss. 

The Discriminating Monopolist. The monopolist need not always sell 
his entire output in a single market for a uniform price. In some situa- 
tions he is able to sell in two or more distinct markets at different prices 
and thereby increase his profit. Price discrimination is feasible only if 
buyers are unable to purchase the product in one market and resell it in 
another. Otherwise, speculators would buy in a low-price market and 
resell in a high-price market at a profit, and thereby equalize price in all 
markets. Personal services are seldom transferable, and their sale fre- 
quently provides an opportunity for price discrimination. The resale of 
such commodities as electricity, gas, and water, which require physical 
connections between the facilities of the producer and consumer, is 
extremely difficult, and price discrimination is widely followed in setting 
utility rates, Price discrimination is often possible in spatially separated 
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markets such as the “‘home” and “‘foreign” markets of a monopolist who 
sells abroad; resale can be prevented by a sufficiently high tariff. 

If a monopolist practices price discrimination in two distinct markets, 
his profit is the difference between his total revenue from both markets 
and his total cost of production: 


aw = Ry(qi) + Re(g2) — C(qi + @2) (6-12) 


- where gi and qe are the quantities which he sells in the two markets, 


Ri(qgi) and Re(ge) are his revenue functions, and C(q: + qz2) is his cost 
function. Setting the paral derivatives of (6-12) equal to zero, 


On ' 
3a Ri(q) — C’(qai + @) = 
ST = Ri(q:) — C'(q + a2) = 0 
qe 
or Ri(q) = R3(q2) = C’(Gi + 92) (6-13) 


The MR in each market must equal the MC of the output asa whole. If the 
MRs were not equal, the monopolist cculd increase total revenue without 
affecting total cost by shifting sales from the low MR market to the high 
one. The equality of the MRs does not necessarily imply the equality of 
prices in the two markets. Denoting the prices and the demand elastic- 
ities in the two markets by 7, po, é1 and é2 and utilizing (6-6), the oo 
of the MRs implies’ 


and at 


Price will be lower in the market with the greater demand elasticity. 


The prices will be equal if and only if the demand elasticities are equal. 

Second-order conditions require that the principal minors of the rele- 
vant Hessian determinant 

RY = Cc" . _q 
=. co” Re ee Cc" 
alternate in sign beginning with the negative sign. Expanding the prin- 
cipal minors, 
Ry 0" <0 (RY — e”(Ry — 0") - (0)? > 0 


These imply that (Rj) — C’’) <0. The MR in each market must be 
increasing less rapidly than the MC for the output as a whole. 
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Assume that the monopolist whose demand and cost functions are 
given by (6-10) and (6-11) is able to separate his consumers into two 
distinct markets :} 


pi = 80 — 5q1 R, = 80q. — 5q? 
Pe = 180 — 20q2 R, = 180q2 = 20q2? 
C = 50 + 20(q1 + go) 


Setting the MR in each market equal to the MC of the output as a whole, 
80 — 10q, = 20 180 — 40g. = 20 


Solving for qi and g2 and substituting into the demand, profit, and elas- 
ticity equations, 


qa = 6 Pi = 50 é: = 1.67 
q2 = Pe = 100 é. = 1.25 
wx = 450 
Second-order conditions are satisfied: 
~—10 0 
—10 <0; 0 Oy] = 00> 0 





The monopolist has increased his profit from 350 to 450 dollars through 
discrimination. Price is lower in the market with the greater demand 
elasticity. Further discrimination would be profitable if the monopolist 
were able to subdivide his consumers into a larger number of groups with 
different demand elasticities. 

The Multiple-plant Monopolist. Consider a monopolist selling in a 
single market, who can produce his output in two separate plants. His 
profit is the difference between his total revenue and his total production 
costs for both plants: 


m= Rw + q) — Cilqi) — C2(ge) (6-14) 


where g, and g» are the quantities which he produces in the two plants, 
Rg. + ge) is his revenue function, and Ci(qgi1) and C2(q2) are his cost 


1 His aggregate demand curve remains unchanged. Solving the demand equations 
for gi and Qa, 
n> 16 — 0.21 a = g — 0,05pe2 


The total demand at any price (p) is the sum of the demands in the two markets: 
q=a +tge= 16 —0.2p+9 —0.05p = 25 — 0.25p 


p = 100 — 4g 
which is the demand function (6-10). 


Solving for p, 
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functions, Setting the partial derivatives of (6-14) equal to zero, 


in a Reso) = Cia) <0 
a ae 
Su = Riau + 42) ~ Ch(qa) = 0 


or Rai + q) = Ci(qr) = C2(q2) (6-15) 


The MC in each plant must equal the MR of the output as a whole. 
Second-order conditions require that the principal minors of the relevant 
Hessian determinant 


wt a ar 
- R” C1 on CG (6-16) 
alternate in sign beginning with the negative sign. The reader can 
verify that (6-16) requires that the MC in each plant must be increasing 
more rapidly than the MR of the output as a whole. 

Taxation and Monopoly Output. A lump-sum or a profit tax (with a 
marginal rate less than 100 per cent) will reduce the profit after taxes of a 
profit-maximizing monopolist, but will not affect his optimum price- 
quantity combination. A sales tax, whether based upon quantity sold 
or value of sales, will reduce his profit and output level and increase his 
price. 

The monopolist cannot avoid a lump-sum tax. It must be paid regard- 
less of the physical quantity or value of his sales or the amount: of his 
profit. Eis profit becomes 


r= h@— Cg) =T (6-17) 


where T' is the amount of the lump-sum tax and 7 is his profit after the 
tax payment. Setting the derivative of (6-17) equal to zero, 


- =R@M—-C@=90 RQ) =C@) 


Since T is a constant, it vanishes upon differentiation, and the monopo- 
list’s output level and price are determined by the equality of MR and 
MC as would be the case if no tax were imposed.? 

A profit tax requires that the monopolist pay the governmeni a specified 
proportion of the difference between his total revenue and total cost. If 
the tax is a flat rate (constant proportion), his profit after tax payment is 


= R@ — Cq@) — {R@) — C@) = 1 — H[R@ —C@] -18) 


1 Second-order conditions are henceforth assumed to be satisfied unless otherwise 
stated. 
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where 0 <t< 1. Setting the derivative of (6-18) equal to zero, 
dr FER oo Pk af 
a (1 — é)[R’(q) — C’(g)] = 0 


Since (1 — #) € 0, 

R(q)-— Cg) =0 Rg) = C'@) 
Since the first-order condition is the same as (6-8), output level and price 
are unaffected. The only way a monopolist can avoid a profit tax is to 
reduce his profit before taxes. If he is able to keep a fraction of an 
increase of profit before taxes, he will maximize his profit after taxes by 


equating MR and MC. 
If a specific sales tax of a dollars per unit of output is imposed, 


7 = RQ) — C@) — ag (6-19) 
and —=R(g)-C’'@ —-a=0 R@M=C(q)+a (6-20) 


The monopolist maximizes profit after tax payment by equating MR with 
MC plus the unit tax. Taking the total differential of (6-20), 


R’'(q) dg = C""(q) dq + da 
dq _ 1 

ome da ~ Bq) — OC@) 
Since R’(q) — C’(q) <0 by the assumption that the second-order 
condition is fulfilled, dg/da < 0, and the optimum output level declines 
as the tax rate increases. The imposition of a specific sales tax results in 
a smaller quantity sold and a higher pricé. . 

Return to the example given by (6-10) and (6-11) and assume that the 
government imposes a tax of 8 dollars per unit upon the monopolist’s 
output: 


(6-21) 


mw = (100g — 49’) — (50 + 20g) — 8g 
Fr = 12-89 =0 q=9 p=64 +=274 

Sales diminish by 1 unit, price increases by 4 dollars, and the monopolist’s 
profit diminishes by 76 dollars as a result of the imposition of the tax. 
Price increases by less than the unit tax, but the monopolist’s profit 
decreases by more than the 72 dollar tax revenue. If the government 
imposed a 72 dollar himp-sum tax upon the monopolist, it would receive 
the same revenue, the monopolist’s profit would be decreased by 4 dollars 
less, and the consumers would not have to pay a higher price for the prod- 
uct. Asaresult itis frequently argued that a lump-sum tax is preferable 
to a sales tax. 

The results are similar if the sales tax is a proportion of the value of 
sales (total revenue), 
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R(q) — C(q) — sR@) = (1 — s)R(g) — Cg) 
(l—s)R’(q)-—C(q@=0 (1—s)R(g) = C(q) (622) 


ve 

dx 

dq 
where 0 <s <1. Profits are maximized by equating MC to the portion 
of the MR that the monopolist is allowed to retain. Taking the total 
differential of (6-22), 


(1 — s)R’(q) dg — R'(q) ds = C’(q) dg 
dq _ R'(q) 
os ds ~ © = #)R(@) — 07) ae 
Since the first-order condition requires that MR be positive and the 
second-order condition requires that the denominator of (6-23) be nega- 
tive, dg/ds < 0. The imposition of an ad valorem sales tax also results 
in a reduced output level and an increased price. 


6-2. Duopoly and Oligopoly. 


A duopolistic industry contains two sellers. An oligopolistic industry 
contains a number sufficientiy small so that the actions of any individual 
seller have a perceptible influence upon his rivals. It is not sufficient to 
distinguish oligopoly from perfect competition for a homogeneous prod- 
uct or from the many-sellers case of monopolistic competition for a differ- 
entiated product on the basis of the number of sellers alone. The essen- 
tial distinguishing feature is the interdependence of the various sellers’ 
actions. If the influence of one seller’s quantity decision upon the profit 
of another, d7,/dq;, is imperceptible, the industry satisfies the basic 
requirement for either perfect competition or the many-sellers case of 
monopolistic competition. If d,;/dq; is of a noticeable order of magni- 
tude, it is duopolistic or oligopolistic. 

1 Market symmetry is assumed throughout the present chapter, in the sense that 
the partial derivatives ox;/dq; are assumed to be of the same order of magnitude for 
all ¢ and j except ¢ = j7. Many asymmetric market situations can be analyzed by 
modifying and combining the analyses for symmetric markets. Consider the case 
of partial monopoly, i.e., a market containing one large seller and a large number of 
small ones. The partial derivatives dx;/dgq; are of an imperceptible order of magni- 
tude for(¢ = 1, ...,), (f = 2,...,n), andi # j, and dx;/dq: is of a noticeable 
order of magnitude for all ¢ where the subscript 1 denotes the large seller. 

A theory of partial monopoly can be formulated by combining the theories of pure 
monopoly and perfect competition. The small firms will accept the going price and 
adjust their output levels to maximize profit in the same manner as a perfect com- 
petitor. The partial monopolist’s effective demand function is obtained by sub- 
tracting the supply of the small firms, a function of price, from the market demand 
curve, also a function of price. Using this demand function, the partial monopolist 
maximizes profit by selecting either a price or output level in the same manner as a 
pure monopolist. 
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The price-quantity combination and profit of a duopolist or oligopolist 
depend upon the actions of all members of his market. He can control 
his own output level (or price, if his product is differentiated), but he has 
no direct control over the other variables which affect his profit. The 
profit of each seller is the result of the interaction of the decisions of all 
market members. There are no generally accepted behavior assumptions 
for oligopolists and duopolists as there are for perfect competitors and 
monopolists. There are many different solutions for duopolistic and 
oligopolistic markets. Each solution is based upon a different set of 
behavior assumptions. Six of the more interesting solutions are described 
in the present section. Each is developed for a duopolistic market, but 
all except the Stackelberg and theory-of-games solutions are easily 
generalized for oligopolistic markets. The Cournot, collusion, and 
Stackelberg solutions are developed for markets with homogeneous 
products, but are easily extended to cover markets with differentiated 
products. The market shares and kinked-demand-curve solutions are 
developed for differentiated products, but can be modified to cover 
homogeneous products. The theory-of-games solution is developed for 
application to either type of market. 

The Cournot Solution. The classical solution of the duopoly (and 
oligopoly) problem is associated with the name of Augustin Cournot, 
an early-nineteenth-century French economist. Two firms are assumed 
to produce a homogeneous product. The inverse demand function states 
price as a function of the aggregate quantity sold: 


p = F(qi + 9) (6-24) 


where qi and gz are the levels of the duopolists’ outputs. The total 
revenue of each duopolist depends upon his own output level and that 
of his rival: 
Fy = mF (gi + 92) = Ra(gi,92) (6-25) 
Re = @2F (qi + Q2) = R2(q1,92) 


The profit of each equals his total revenue less his cost, which depends 
upon his output level alone: 


mw = Ri(qi,92) — Cr(q1) x 
m2 = R2(qi,g2) — C2(g2) om 


The basic behavior assumption of the Cournot solution is that each duopo- 
list maximizes his profit on the assumption that the quantity produced by 
his rival is invariant with respect to his own quantity decision. The first 
duopolist (I for short) maximizes 7, with respect to qi, treating g2 as a 
parameter, and the second (II for short) maximizes 72 with respect to 
ge, treating gi as a parameter. 
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Setting the appropriate partial derivates of (6-26) equal to zero, 


dm _9R:_dCi_ 4 aR _ as 
@9, Og, du én dh (6-27) 
Ome _ OR, _ dC, _ Oka _ as 
Og2 OQ2 de 092 de 


First-order conditions require that each duopolist equate his MC to his 
MR. The MRs of the duopolists are not necessarily equal. Let 
g= 41+ Q2 and dq/dq: = 0¢/d0qg2 = 1. The MRs of the duopolists are 





ge aL (¢ = 1, 2) 


The duopolist with the greater output will have the smaller MR. An 
increase of output by either duopolist acting alone will result in a reduc- 
tion of price, i.e., a movement down the market demand curve, and the 
total revenues of both will be affected. The rates of change of the total 
revenues depend upon the output levels. Imagine that price decreases 
at the rate of 1 dollar per unit increase of aggregate sales, and that 
gi = 100 and gz = 200. If I increases his output to 101 units, he will 
receive 100 dollars less for the 100 units he had previously sold at a higher 
price. If II’s output remains unchanged, he will lose 200 dollars of 
revenue as a result of I’s action, but this is of no concern to I within the 
framework of the Cournot assumptions. If II increases his output 
by 1 unit, with I’s output level unchanged, he will receive 200 dollars 
less for the units he had previously sold. . 
The second-order condition for each duopolist requires that 


a 2PR. 2, 
Oe ioe Ot 2G (¢ = 1, 2) 


or (¢ = 1, 2) (6-28) 
Hach duopolist’s MR must be increasing less rapidly thanhis MC. The 
maximization process for the Cournot solution is not the same as in the 
case of the two-plant monopolist, where a single individual controls the 
values of both output levels. Here each duopolist maximizes his profit 
with respect to the single variable under his control. 

The duopolistic market is in equilibrium if the values of gi and qe are 
such that each duopolist maximizes his profit, given the output of the 
other, and neither desires to alter his output. The equilibrium solution 
can be obtained by solving (6-27) for qi and q2 if (6-28) is satisfied. The 
market process can be.described more fully by introducing an additional 
step before solving for the equilibrium output levels. Reaction functions 
which express the output of each duopolist as a function of his rival’s 
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output are determined by solving the first equation of (6-27) for g: and 
the second for qo: 
qi = ¥i(g2) 
6-29 
Qe = W2(q1) a) 
I’s reaction function gives a relationship between gq; and ge with the 
property that for any specified value of g2 the corresponding value of 
gi Maximizes 7;._ II’s reaction function gives the value of g2 which maxi- 
mizes m2 for any specified value of q. An equilibrium solution is a pair 
of values for g1 and g2 which satisfy both reaction functions. 
If the demand and cost functions are 


p = 100 — 0.5(q: + ge) Cy = 5qi C, = 0.5q2? ~—_ (6-30) 
the profits of the duopolists are 
m1 = 100g: — 0.5q:2 — 0.59192 — 5q1 


- we = 100g2 — 0.592? — 0.59192 — 0.592? ep) 
Setting the appropriate partial derivates equal to zero, 
sm = 95 —q —0.5q¢2 = 0 
oe = 100 — 0.59: — 2q2 = 
The corresponding reaction functions are 
qm =95 — 0.592 gz = 50 — 0.25q1 (6-32) 


A rise of either duopolist’s output level will cause a reduction of the other’s 

optimum output. The reaction functions are of the shapes pictured in 

Fig. 64. The equilibrium solution is given by their point of intersection. 

Solving (6-32) for gi and gz and substituting in the demand and profit 

functions, 
qi = 80 gz = 30 p = 45 
a = 3,200 me = 900 


The second-order conditions are satisfied for this solution: 


O°, O*1re 

The basic behavior assumption of the Cournot solution is rather weak. 
Each duopolist acts as if his rival’s output were fixed. However, this is 
not the case. Equilibrium is reached through a sequence of instan- 
taneous adjustments. One sets an output; this induces the other to 
adjust his output, which in turn induces the first to adjust his, and so on. 
Xt is rather unlikely that each will assume that his quantity decisions do 


(6-33) 


= —-2<0 
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not affect his rival’s quantity decision if each of his adjustments is 
immediately followed by a reaction on the part of hisrival. Others have 
assumed that each maximizes his profit on the assumption that his rival’: 
price remains unchanged, but this is an even more unrealistic assumption 
if the product is homogeneous. Duopolists and oligopolists generally 
recognize the mutual interdepend- 
ence of their decisions and those of 72 
their rivals. 

The Cournot solution is easily ex- 
tended to markets containing more 
than two sellers. As the number of 
sellers is increased, the output of each 
represents a progressively smaller 
proportion of the industry total, 
and theeffects of an individual seller’s 
actions upon his rivals become 
less and less noticeable. In the limit 
the Cournot solution approaches g 
the perfectly competitive result. An 
individual seller will be unable to 
influence price, his MR will equal the market price, and his actions will 
not induce reactions on the part of his rivals. 

The Collusion Solution. Duopolists (or oligopolists) may recognize 
their mutual interdependence and agree to act in unison in order to maxi- 
mize the total profit of the industry. Both variables are then under a 
single control, and the industry is, in effect, a monopoly. Maximization 
proceeds in the same manner as for the two-plant monopolist. . 

Returning to the example given by (6-30), industry profit is 


w= 71+ wre =. 100(g1 + ge) — 0.5(q1 + ge)? — 5q1 — 0.5¢2? 
Setting the partial derivatives of r equal to zero, 


Or Or 
ple se ey —" = 100 = 9; = =0Q 
oni 95 q1 q2 0 ge 00 q1 2q2 






gy =F (qo) 


‘ 92 =I5 (91) 


Figure 6-4 


oe] 


Solving for qi and q2 and substituting in the profit and demand equations, 
mg=90 @m=5 «r=4,525 p=525 


Comparison with (6-33) shows that the colluding duopolists produce a 
smaller total output at a higher price for a larger total profit than in the 
Cournot case. From the viewpoint of the industry as a whole, it is 
advantageous for the firm with the less rapidly increasing MC (I in this 
example) to increase its relative share of total output. The equilibrium 
MCs of the two firms are equal for the collusion solution. , 
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Industry profit is increased from 4,100 to 4,525 dollars. I’s profit is 
increased from 3,200 to 4,275 dollars, and II’s reduced from 900 to 250 
dollars. I’s increase exceeds II’s reduction, and collusion is profitable to 
both if I compensates II by a payment which is greater than II’s reduction 
(650 dollars) but less than I’s increase (1,075 dollars). 

The Stackelberg Solution. Generally, the profit of each duopolist is 
a function of the ouput levels of both: 


m1 = hi(qijg2) | 2 = ha(Q1,92) (6-34) 


The Cournot solution is obtained by maximizing 7 with respect to q1 
and w2 with respect to q2. The collusion solution is obtained by maxi- 
mizing (71 + 72) with respect to both g, and ge. Many other modes of 
maximizing behavior are possible for the duopolists whose profit functions 
are given by (6-34). One of the more interesting is the analysis of leader- 
ship and followership FOrHUIAtod by the German economist Heinrich 
von Stackelberg. 

A follower observes his reaction function (6-29) and adjusts his output. 
level to maximize his profit, given the quantity decision of his rival, whom 
he assumes to be a leader. A leader does not observe his reaction func- 
tion. He assumes that his rival acts as a follower, and maximizes his 
profit, given his rival’s reaction function. If I desires to play the role of 
a leader, he assumes that II’s reaction function is valid and substitutes 
this relation into his profit function: 


m = hilg,¥(q)] 


I’s profit is now a function of ¢: alone and can be maximized with respect 
to this single variable. II can also determine his maximum profit from 
leadership on the assumption that I observes his reaction function and 
acts as a follower. I’s maximum profit from followership is determined 
by substituting II’s optimum leadership output level in I’s reaction func- 
tion, and II’s maximum profit from followership is determined by sub- 
stituting I’s optimum leadership output level in II’s reaction function. 
Each duopolist determines his maximum profit levels from both leader- 
ship and followership and desires to play the role which yields the larger 
maximum. Four outcomes are possible: (1) I desires to be a leader, and 
II a follower; (2) II desires to be a leader, and I a follower; (3) both desire 
to be leaders; or (4) both desire to be followers. Outcome (1) results in 
consistent behavior patterns and therefore a determinate equilibrium.' 
I assumes that II will act as a follower, and he does; II assumes that I will 
act as a leader, and he does. Likewise (2) results in a determinate equi- 


! The first- and second-order conditions for maxima are assumed to be fulfilled in 
all cases. 
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librium. If both desire to be followers, their expectations are not real- 
ized, since each assumes that the other will act as a leader. The duopo- 
lists must revise their expectations. Under the Stackelberg assumptions, 
the Cournot solution is achieved if each desires to act as a follower, 
knowing that the other will also act as a follower. Otherwise, one must 
change his behavior pattern and act as a leader before equilibrium can 
be achieved. 

If both desire to be leaders, each assumes that the other’s behavior is 
governed by his reaction function, but, in fact, neither of the reaction 
functions is observed, and a Stackelberg disequilibrium is encountered. 


Stackelberg believed that this disequilibrium is the most frequent out- 


come. The final result of a Stackelberg disequilibrium cannot be pre- 
dicted a priori. If Stackelberg was correct, this situation will result in 
economic warfare, and equilibrium will not be achieved until one has 
succumbed to the leadership of the other or a collusive agreement has 
been reached. 

Return again to the example given by (6-30). The maximum leader- 
ship profit of I is obtained by substituting II’s reaction function (6-32) 
into I’s profit equation (6-31): 


w1 = 100g1 — 0.5q1? — 0.591(50 — 0.25q1) — 5q1 
70q1 = 0.375q1? 


Maximizing with respect to qi, 


a =70—0.759,=0 9 =93)% mi = 3,266% 
1 
Likewise for II, 
2 >= 100g2 — 0. 5q2? = 0.5q2(95 _= 0. 5q2) — 0. 5q2? 
= 52.5¢2 — 0.75q2? 
dr: = 52.5 — 1.5¢2 = g2 = 35 wo = 918.75 
dq2 


To determine I’s maximum followership profit, first determine his out- 
put by substituting the leadership output of II (35 units) into his reac- 
tion function (6-32), and then compute his profit from the first equation 
of (6-31): 

qm = 95 — 0.5g2 = 77.5 m1 = 3,008.125 


Likewise substitute 9314 into II’s reaction function and then compute his 
profit from the second equation of (6-31): 


go = 50 — 0.2591 = 2634 =m. = 15554 


Each duopolist receives a greater profit from leadership, and both desire 
to act as leaders. An example in which the Cournot solution is easily 
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determined has become a Stackelberg disequilibrium as the result of an 
alteration of the basic. behavior assumptions. 

Product Differentiation. The individual producer of a differentiated 
product in an oligopolistic market faces his own distinct demand curve. 
The quantity which he can sell depends upon the price decisions of all 
members of the industry: 


a = fi(pi,p2, se :Dn) C = 1, cee y n) (6-35) 


where 0q;/dp; < 0 and 0q;/dp; > Ofor allt #7. An increase of price on 
the part of the zth seller with all other prices remaining unchanged results 
in a reduction of his output level. Some of his customers will turn to his 
competitors. If some other seller should increase his price, the 7th seller 
can sell a larger quantity at a fixed price. Some of his competitor's 
customers will tura to him. 

Individual producers can set either price or quantity. Demand func- 
tions may be expressed in inverse form with output levels as independent 
variables :1 


= P(1,92, tone 19n) (2 oF 1, soe ,n) (6-36) 


All partial derivatives of (6-36) are negative. If the 7th seller increases 
his output level, with all other output levels constant, p; will decline, 
since a larger quantity always brings a lower price. If some other seller 
increases his output level, his price will decline, and the price of the 7th 
firm must also decline in order to maintain q; at a constant level. Other- 
wise some of his customers would turn to the firm with the lowered price. 

The Cournot, collusion, and Stackelberg solutions are easily modified 
for product differentiation by replacing p = F(q; + q2) with individual 
demand functions: 


pi = Fi(qi,g2) pe = F2(91,92) 


The analysis can also be extended to cases in which prices are the inde- 
pendent variables: . 


Q1 = filP1,P2) q2 = fo(P1,P2) 


Profits were expressed as functions of quantities: 


m, = hi(qi,g2) m2 = he(qi,g2) 


1The demand functions may be constructed to describe a situation in which price 
is the independent variable for some sellers and quantity for others. The dependent 
variable of each seller is then expressed as a function of the independent variables of 
all sellers. 
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By substitution, 


m1 = hilfi(pi,p2), fe(p1,P2)] = H1(p1,P2) 
m2 = hal fi(p1,D2), fo(p1,P2)] = H2(ps,P2) 


The profit of each duopolist is a function of both prices, and maximization 
may proceed with respect to prices. 

In the case of differentiated products the duopolists’ profits may also 
depend upon the amounts of their advertising expenditures. If advertis- 
ing is effective, it allows the firm to sell a larger quantity at a given price 
or a given quantity at a higher price. The demand curves are 


pr = Fi(q1,92,A1,A2) p2 = Fo(q1,92,A1,A2) 


where A, and A: are the amounts of advertising expenditure by I and II 
respectively. The profit functions become 


m = giF’i(qi,g2,A1,A2) — Ci(gi) — A 
m2 = Q2F2(q1,92,A1,A2) — C2(q2) — Ae 


Each duopolist must now maximize his profit with respect to his adver- 
tising expenditure as well as his output level. 

The Market-shares Solution. Assume that II desires to maintain a 
fixed share of the total sales of a differentiated product, regardless of the 
effects of his actions on his short-run profits. His major concern is with 
the long-run advantages that are derived from maintaining a given mar- 
ket share. A quantity change on the part of I will be immediately fol- 
lowed by a proportionate change on the part of II. Therelation — 


k 
q + a =I een 


where k is II’s desired market share, will always hold. I is a, market 
leader in the sense that his actions will always be followed by II in a pre- 
determined manner. 

I’s demand function is pi'= F1(q1,g2), and his profit function is 


my = iF 1(91,92) — Cr(91) 
Substituting from (6-37) for qo, 


m= nk; (as, 5) — Ci(q:) 


I’s profit is a function of q, alone and may be maximized with respect 
to this single variable as long as II reacts to maintain his market share. 
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Let I’s demand and cost functions be 
pi = 100 — 2¢; — ge Ci = 2.59q1? (6-38) 
Let k = ¥, and therefore g2 = 0.5q:._ I’s profit is | 
m1 = qi(100 — 291 — 0.591) — 2.5912 = 100g: — 5q1? ~— (6-39) 


Setting the first derivative of (6-39) equal to zero, solving for gi, and sub- 
stituting in the above relations, 


dry 
oT _ 100 — 109; = 0 
dq os (6-40) 


qa = 10 q@=5 pi = 75 mw, = 500 


I maximizes his profit at an output of 10 units, and II reacts by producing 
5 units. 

The Kinked-demand-curve Solution. Duopolistic and oligopolistic 
markets are characterized by infrequent price changes. Firms usually 
do not change their price-quantity combinations in response to small 
shifts of their cost curves as the foregoing market analyses would suggest. 
The kinked-demand-curve solution presents a theoretical analysis which 
is consistent with this observed behavior. Starting from predetermined 
price-quantity combinations, if one of the duopolists lowers his price 
(increases his quantity), the other is assumed to react by lowering his 
price (increasing his quantity) in order to maintain his market share. 
If one of the duopolists raises his price, his rival is assumed to leave his 
own price unchanged and thereby increase his market share. Price 
decreases will be followed, but price increases will not. , 

Assume that the demand and cost functions of the duopolists are 


Pr = 100 — 2q1 — de Ci = 2.591? 

p2 = 95 — qi — 3q2 C. = 25q2 (6-41) 
and that the currently established prices and quantities are p: = 70, 
gq: = 10, ps = 55, and ge = 10.f If I increased his price, II would 
leave his own price unchanged at 55 dollars. Substituting pz. = 55 into 
II’s demand function (6-41) and solving for qe, 


q2 = ee (6-42) 


t The reader can verify that these price-quantity combinations represent a Cournot 
solution. MC equals MR for each duopolist, on the assumption that his rival’s 
output level remains unchanged. The method by which the initial price-quantity 
combinations were achieved is of no concern for the kinked-demand-curve analysis. 
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II’s output level and market share will increase as I increases his price 
and thereby decreases his output level. Substituting the value for go 
given by (6-42) into I’s demand function (6-41), 


260 — 
p= On (6-43) 


I’s price is a function of g: alone given the assumption that II maintains 
his price at 55 dollars. Starting from the initial position, (6-43) is only 
valid for ~1 > 70 and qi < 10. I’s MR function for price increases can 
be derived by forming his total revenue function from (6-43): 


260 — 
Rii= (780 3 mn) 


dR, _ 260 — 10m 
and dar oem Teas (6-44) 
At qi = 10, I’s MR for a price increase is 5334 dollars. 

The demand and MR functions given by (6-48) and (6-44) are not valid 
if I reduces his price. In this case, II will follow by lowering his price 
by an amount sufficient to allow him to retain half the total volume of 
sales. II must increase his output level by the same amount as I in 
order to maintain his market share: g2 = 91. Substituting ge = 9, into 
I’s demand function (6-41), 


Pi = 100 — 3qi (6-45) 


I’s priceis a function of g; alone given the fact that II maintains his mar- 
ket share. The demand function given by (6-45) is valid for pi < 70 
and qi > 10. JI’s MR function for price decreases can be derived by 
forming a total revenue function from (6-45): 


Ri = 91(100 — 391) 
dRi 
and 7 100 — 6q: (6-46) 
M1 
At g: = 10, I’s MR for a price decrease is 40 dollars. 
The initial position represents a maximum-profit point forI. His MC 
for an output of 10 units is.50 dollars. He cannot increase his profit by 


‘increasing his price (reducing his output level), since MR exceeds MC 


(5334 > 50) and this difference would be increased by a price increase. 
He cannot increase his profit by reducing his price (increasing his output 
level), since MR is less than MC (40 < 50) and this difference would be 
increased by a price reduction. His initial price-quantity combination is 
optimal for any value of MC from 53} to 40 dollars. A reduction of his 
MC by an amount not greater than 10 dollars would not induce him to 


SEE 
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lower his price and expand his sales. Likewise, an increase of MC by an 
amount not greater than 34 dollars would not induce him to increase his 
price and contract his sales. 

Graphically, I’s effective demand curve is “‘kinked”’ and his effective 
MR curve discontinuous at his initial output level. His demand curve 

is D'D’ (see Fig. 6-5) if II reacts by 

maintaining his market share and DD 

D if II reacts by maintaining his price. 

The shaded portions of these demand 

a MC curves give his effective demand 

MR curve; DD is valid for price increases, 

ah and D’D’ for price decreases. His 

D effective MR curve follows the MR 

curve corresponding to DD to the 

left of his initial output level and the 

MR curve corresponding to D’ D’ to 

the right of his initial output level. 
Oo qy I is unable to equate MR and MC. 

Phigoae OS The Theory-of-games Solution. 

The mathematical theory of games: 

has been applied to market situations in which the outcome depends upon 

the actions of participants with conflicting interests. Situations of 

duopoly, oligopoly, and bilateral monopoly (a market with a single seller 

and a single buyer) often fit into this category. Duopolists are in conflict 

if a move by one results in a diminution of the- profit of the other. The 

theory of games provides specific behavior assumptions which result in an 

equilibrium for such a market, though the equilibrium is quite different 

from those provided by the other solutions. 

A game may consist of a sequence of moves as in chess, or it may con- 
sist of a single move on the part of each of its participants. The present 
analysis is limited to single-move games. In this context, a sérategy is 
the specification of a particular move for one of the participants. <A 
duopolist’s strategy consists of selecting a particular value for each of the 
variables under his control. If price is his only variable, a strategy 
consists of selecting a particular price. If price and advertising expen- 
diture are both variables, a strategy consists of selecting particular values 
for both price and advertising expenditure. Each participant is assumed 
to possess a finite number of strategies though the number may be very 
large. This assumption rules out the possibility of continuous variation 
of the action variables. The outcome of the duopolistic game, i.e., the 
profit earned by each of the participants, is determined from the relevant 
cost and demand relations once each of the duopolists has selected a 
strategy. . , 





ee ee 
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Games are classified on the basis of two criteria: (1) the number of 
participants and (2) the net outcome. The first merely involves a count~ 
ing of the number of participants with conflicting interests. There are 
one-person, two-person, three-person, and in the general case, n-person 
games. The second criterion allows a distinction between zero-sum and 
non-zero-sum games. A zero-sum game is one in which the algebraic 
sum of the outcomes, e.g. profits, for all the participants equals zero for 
every possible combination of strategies. If the net outcome of a game 
is different from zero for at least one strategy combination, it is classified 
as a non-zero-sum game. 

A one-person, zero-sum game is uninteresting, since the player gains 
nothing, regardless of his strategy choice. A monopolist or a monopsonist 
might be considered as the sole participant in a one-person, non-zero- 
sum game. The present analysis is restricted to two-person, zero-sum 
games and can be applied to a duopolistic market in which one partic- 
ipant’s gain always equals the absolute value of the other’s loss. In 
general, if I has m and II has n strategies, the possible outcomes of the 
game are given by the profit matrix 


Qi, G12 ia 
@o1 G@e2 * * * Gan (64 7) 
Qm1 GOnz °° * Qmn 


where a,; is I’s profit if I employs his 7th strategy and- II employs.his 
jth. Since the game is zero-sum, the corresponding profit earned by. II 
is —Q,;. 
For a specific example consider the profit matrix 
8 40 20 5 
he 30 —10 3 | oa) 
If I employs his first strategy and II employs his second, I’s profit is 40, 
and II’s is —40. If I employs his second strategy and II employs his 
third, I’s profit is —10, and II’s is 10. 

The duopolist’s decision problem consists of choosing an optimal 
strategy. I desires the outcome (40) in the first row and second column 
of (6-48), and II desires the outcome (—10) is the second row and third 
column. The final outcome depends upon the strategies of both duopo- 


‘lists, and neither has the power to enforce his desires. If I selects his 


first strategy, II might select his fourth, and the outcome would be 5 
rather than 40. If II selects his third strategy, I might select his first, 
and the outcome would be 20 rather than —10. The theory of games 
postulates behavior patterns which allow the determination of equilib- 
rium in these situations. I fears that II might discover his choice of 
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strategy and desires to ‘‘play it safe.” If I selects his ith strategy, his 
minimum profit, and hence II’s maximum, is given by the smallest ele- 
ment in the zth row of the profit matrix: min a;;._ This is his expected 


] 
profit from the employment of his zth strategy if his fears regarding II’s 
knowledge and behavior are realized. I’s profit will be greater than this 
amount if II fails to select his appropriate strategy. I desires to maxi- 
mize his minimum expected profit. Therefore, he selects the strategy z 
for which min a,; is the largest. His expected outcome is max min a,;. 
J rY j 

He cannot earn a smaller profit and may earn a larger one. 

II possesses the same fears regarding I’s information and behavior. 
If II employs his jth strategy, he fears that I may employ the strategy 
corresponding to the largest element in the jth column of the profit 
matrix: sr az. Therefore, II selects the strategy j for which max a,; 

F 
is the smiallest, and his expected profit is ae a a;;. The decisions 
of the duopolists are consistent and eeuilibeans is abhieved if 
max min a;; = min max aj; 
i oj jo 

Returning to the example given by (6-48), I will employ his first 
strategy. If II anticipates his choice, I’s profit will be 5. If I employed 
his second strategy, and II anticipated his choice, his profit would be — 10. 
II will employ his fourth strategy and limit his loss to 5. Every other 
column of (6-48) has a maximum greater than 5. In this case 

max min a3; = min max @;; = aw = 5 
tog jo 
The duopolists’ decisions are consistent, and an equilibrium is established. 
Neither of the duopolists can increase his profit by changing his strategy 


if his opponent’s strategy remains unchanged. 
Assume that the profit matrix is 


—2 4-1 6 
| 3-1 5 in| | esa) 


where I has two strategies and II has four. This profit matrix and its 
corresponding game problem can be simplified by introducing the con- 
cept of dominance. An inspection of (6-49) reveals that II will never 
employ his third strategy since he can always do better.by employing his 
first, regardless of I’s strategy choice. Each element in the third column 
is larger, and therefore represents a greater loss for II, than the cor- 
pevoue ne element in the first. In general, the 7th column dominates the 
kth if a; S ay for allt anda; < a;,for atleast onez. The fourth column 
of (649) is dominated by both the first and second columns. Domi- 
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nance can also be defined with regard to I’s strategies. In general, the 
7th row dominates the Ath if a;; 2 as; for allj and ai; > a; for at least one 
j. Neither row of (6-49) dominates the other. A rational player will 
never employ a dominated strategy. Therefore, the profit matrix can 
be simplified by the removal of all dominated strategies. 
Eliminating the third and fourth columns of (6-49), the profit matrix 
becomes 
ie | (6-50) 
3 -1 


Following the rules established above, I will desire to employ his second 
strategy, and II will desire to employ his first. These decisions are not 
consistent: 


max min @;; = a2. = —1 # 3 = aa = min max a; 

4 3 3 a 
If the duopolists employ these strategies, the initial outcome would be 
ado, = 3. If II employs his first strategy, I cannot increase his profit by 
changing strategies. However, if I employs his second strategy, II 
can decrease his loss from 3 to —1 by switching to his second strategy. 
I can then increase his profit from —1 to 4 by switching to his first. . II 
can then decrease his loss from 4 to —2 by switching to his first. The 
assumptions which lead to an equilibrium position for (6-48) result in 
endless fluctuations for (6-50). 

The game problem given by (6-50) can be solved by allowing the duopo- — 
lists to select their strategies on a probabilistic basis. Let the probabili- 
ties of I’s employing his first and second strategies be r and (1 — 1) 
respectively where 0 Sr S 1. If he selected probabilities of 0.5 for 
each strategy, he could flip a coin and employ his first strategy if it fell 
‘“‘heads’’ and his second if it fell ‘‘tails.””? Such a random selection will 
not allow II to anticipate I’s choice even if he knows the probabilities 
assigned to I’s strategies. II can randomize his strategy selection by 
assigning the probabilities sand (1 — s) to hisstrategies where0 S$ s S$ 1. 
The duopolists are now concerned with expected, rather than actual, 
profits, A duopolist’s expected profit equals the sum of the possible out- 
comes, each multiplied by the probability of its occurrence. For exam- 
ple, if II employs his first strategy with a probability of one and I selects 
the probabilities 7 and. (1 — r), I’s expected profit is ray. + (1 — r)ao. 
If II employs his second strategy with a probability of.one, I’s expected 
profit is raz, + (1 — r)aze. 

The decision problem of each duopolist is to select an optimal set of 
probabilities. The probabilities which they employ are defined as 
optimal if 
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radu + (1 — r)an 2 V 


= 6-5 
ray + (1 — 7r)dxe = V eon) 
and $dir + (1 — s)axe S V 
$d2. + (1 — s)aee S V (6-52) 


where V is defined as the value of the game. The relations of (6-51) state 
that I’s expected profit is at least as great as V if II employs either of his 
pure strategies with a probability of one. The relations of (6-52) state 
that II’s expected loss is at least as small as V if I employs either of his 
pure strategies with a probability of one. It can be proved that values for 
’ r and s always exist such that (6-51) and (6-52) are satisfied and that V is 
unique. 

If both duopolists select their strategies on a probabilistic basis, I’s 
expected profit can be determined from (6-51): 


E, = s[raux + (1 — r)an) + (1 — s)[rav + (1 — r)ae] 2 sV + (1 —s)V 
or Fy = sray, + s(1 — r)aa + (1 — s)raie 
+(1 —r)(1 — s)axexe 2V_ (6-53) 


II’s expected loss can be determined from (6-52): 


Ey = r[saur + (1 — s)ax) + (1 —17)[saa + (1 — s)azee] SrV + (1 —r)V 
or Ee = rsan + r(1 — s)aie + (1 — r)san 
+ (1 —r)(1 — s)ae SV (6-54) 


The left-hand sides of (6-53) and (6-54) are identical: I’s expected profit 
equals II’s expected loss. Coinbining (6-53) and (6-54): 


Vsh=EhsV 
which proves that 
Ey = Ee = V 


The expected outcome is the same for each of the duopolists and equals 
the value of the game if both employ their optimal probabilities. If 
I employs his optimal probabilities, his expected profit cannot be less 
than V, regardless of II’s strategy choice. It will be greater than V 
if II employs a nonoptimal set of probabilities. Likewise, if II employs 
his optimal probabilities, his expected loss cannot be greater than V, 
regardless of I’s strategy choice. It will be less if I employs a nonoptimal 
set of probabilities. 

I’s optimal probabilities can be determined by reducing the theoretical 
game problem to a linear-programming problem (see Sec. 3-7). Define 
the variables 





a7 and a= (6-55) 
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By this definition 
1 
V = 21 + 22 (6-56) 


I desires to make his expected profit as large as possible, or equivalently, 
he desires to make 1/V as small as possible. His programming problem 
is to find values for z1 and zz which minimize (6-56) subject to 


Q1121 + Anze 21 
Qyx%1 + Ao 21 


such that 21, ze 2 0.f The relations of (6-57) are derived by substitut- 
ing (6-55) into (6-51). Using the solution method described in Sec. 3-7, 
the optimum solution for the game problem given by (6-50) is 2: = 0.4, 
ze = 0.6, and 1/V = 1. By (6-55), r = 04, and (1 — r) = 0.6. 

The dual for I’s linear-programming problem is to find values for w3 
and we that maximize 


(6-57) 


‘ Wi + We 
subject to 
Q11W, + Qiewe S 1 
Q21We + Arewe £1 


such that wi, we 20. Letting w: = s/V and we. = (1 — s)/V, the dual 
problem allows the determination of II’s optimal probabilities. The 
solution of the dual for the game problem given by (6-50) is wi = 0.5, 
we = 0.5, and 1/V = 1. II’s optimum probabilities are s = 0.5 and 
(1 —s) = 0.5. 

An extension of the analysis to more complicated games is possible, 
but requires the use of mathematics beyond the scope of the present 
volume. An extension is a necessity for economic applications since the 
zero-sum requirement is seldom fulfilled in an actual market situation. 
The duopoly problem might be extended to a two-person, non-zero-sum 
game, or equivalently, to a three-person, zero-sum game in which the 
third person is an artificial entity—‘‘ Nature’”—with outcomes equal to 
the negative of the combined outcomes of the duopolists. The pos- 
sibility of coalitions arises in games containing three or more persons. 
For example, the duopolists may act together in order to maximize 
industry profit. In an oligopolistic market two or more of the par- 
ticipants may join together to the detriment of their rivals. 


t The value of the game need not be positive. It may be negative or zero. To 
ensure that V > 0, and therefore 21, z2 2 0, select a number U with the property 
that a;; + U > 0 for all 7 and 7 and add U to every element of the profit matrix. 
This operation increases the value of the game by U, but it does not change the 
optimal probabilities. See J. G. Kemeny, J. L. Snell, and G. L. Thompson, Intreduc- 
tion to Finite Mathematics (Englewood Cliffs, N.J.: Prentice-Hall, 1957), p. 291. 
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6-3. Product Differentiation: Many Sellers 


The many-sellers case of monopolistic competition contains elements of 
both monopoly and perfect competition.! It is akin to perfect competi- 
tion in that the number of sellers is sufficiently large so that the actions of 
an individual seller have no perceptible influence upon his competitors. 
It is akin to monopoly and differentiated oligopoly in that each seller 
possesses a negatively sloped demand curve for his distinct product. 

Assuming linear demand curves, the price received by each seller 
is a function of the quantities sold by each of the n firms within the 
industry: 


pean ee > bigs (ke =1,...,7) (6-58) 
im 


where dpx/dq: = —bx; is negative, but numerically small. To facilitate 
exposition, assume that all firms have identical demand and cost func- 
tions, i.e., b,; = 6 for all k and 7 except k = 7, ay, = a, A, = A, and 
Ci(qz) = C(q.) for all k. Assuming initial price-quantity combinations 
which are the same for all firms, the industry can be described in terms of 
the actions of a ‘“‘representative”’ firm. The revenue and cost functions 
of all firms and their maximizing behavior are identical, though their 
products are differentiated in the eyes of consumers. The demand curve 
facing the representative firm becomes 


p=A-—aga—b ) qi (6-59) 
Her: 
The profit of the representative firm is 
m=u(4A —ag—b Y a) — Clq) (6-60) 
i=1 
txk 


Since 6 is numerically small and a quantity change on the part of the 
representative firm affects each of its (n — i) competitors to the same 
degree, the effects of his movements upon the price of any particular 
competitor are negligible. Therefore, the entrepreneur of the representa- 
tive firm acts as if his actions had no effects upon his competitors. Equat- 
ing his MR and MC on the assumption that the output levels of his com- 
petitors remain unchanged: 


nw 

A — 2am —b bY qs = C’(qe) (6-61) 
t=] 
t>*k 


1See Edward H. Chamberlin, The Theory of Monopolistic Competition (7th ed.; 
Cambridge, Mass.: Harvard University Press, 1956). 
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The second-order condition requires that his MC be increasing more 
rapidly than his MR. The optimum output level for the kth firm 
depends upon the current output levels of all its competitors. 

The symmetry assumption ensures that if it is profitable for the repre- 
sentative firm to make a particular move, it is profitable for all other firms 
to make the same move. All firms will attempt to maximize profit 
simultaneously, and quantity variations by the kth firm will be accom- 
panied by identical variations on the part of all the other firms within 
the industry. The representative firm will not move along the demand 
curve (6-59) which is constructed upon the assumption that the output 
levels of the other firms remain unchanged. Its effective demand curve is 
constructed by substituting g, = q; into (6-59): 


pe = A — [a+ (n — 1d] (6-62) 


The number (n — 1) is not of a negligible order of magnitude. A 1 per 
cent increase in the output level of one competitor may cause p; to 
decrease by 0.02 per cent, but a simultaneous 1 per cent increase on the 
part of 1,000 firms may decrease p;, by 20 per cent or more. The effective 
demand curve (6-62) which accounts for simultaneous and identical move- 
ments on the part of all sellers has a steeper slope than (6-59). The 
entrepreneur of the representative firm may realize that he is unable to 
move along his individual demand curve, but this information is of no 
use to him, since he has no control over the output levels of his com- 
petitors. The other firms change their output levels because they can 
increase their profits. ‘'heir actions are not governed by the actions of 
the representative firm. The representative firm must take advantage of 
its opportunity to increase profit and act in the same manner as the other 
firms. 

The representative firm starting from some arbitrary initial price- 
quantity combination faces two separate demand curves. In Fig. 6-6a, 
DD is its demand curve for variations of its output level alone, and D’D’ 
is its effective demand curve for identical variations of the output levels 
of all firms within the industry. The two intersect at the initial price- 
quantity combination. As all firms increase their output levels, the 
shape and position of D’D’, which is a function of gq; alone [see (6-62)], 
remain unchanged, and DD, the position of which is dependent upon the 
outputs of all firms [see (6-59)], ‘‘slides” along D’D’, always intersecting 
it at the current output level of the representative firm. 

The industry reaches an equilibrium when MR equals MC for all firms. 
The n simultaneous equations of (6-61) must be solved for the n unknown 
quantities. It can be proved by advanced methods that the symmetry 
assumption guarantees that (6-61) will result in equal output levels for all 
n firms. Therefore, the solution can be obtained by substituting gq. = q: 
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in (6-61) and solving 
A — (2a + (n — 1)bla = C’'(a) (6-63) 


for g,.f The latter formulation involves only one equation and one 
variable. The maximum profit and optimum price-quantity combina- 
tion are the same for all firms. A graphic description of short-run 
equilibrium is presented in Fig. 6-66. MR equals MC, and DD intersects 
D’D’ at the equilibrium price-quantity combination. 
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Free entry and exit drive pure profit to zero in a perfectly competitive 
industry and can have the same effect in the many-sellers case of monopo- 
listic competition. The profit of the representative firm can be expressed 
as a function of its output and the number of firms within the industry if 
g% = gq is substituted in (6-60): 


awe = Age — [a + (n — 1)b]ox? — Cm) (6-64) 


Setting a, equal to zero, (6-63) and (6-64) are a system of two equations 
in the two variables gq, and n. The solution of these equations gives the 
long-run equilibrium values for the output level of the representative firm 
and the number of firms. 

The long-run equilibrium position of the representative firm is pic- 
tured in Fig. 6-7. New firms will be induced to enter the industry if the 
pure profit of the representative firm is greater than zero. As the num- 


{ This solution is not the same as that for an oligopolistic market in which one 
of the entrepreneurs knows that (6-62) is his effective demand curve. MR is A — 
[2a + 2(n — 1)b]gx in this case, or (% — 1)bgx dollars less for every output level. 
The output level at which MR and MC are equated is smaller than that obtained 
from a solution of (6-63). : 
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ber of firms increases, the representative firm can sell a smaller output at 
any given price, i.e., both DD and D’ D’ are shifted to the left. Long-run 
equilibrium is attained when MR 
equals MC, DD is tangent to the 
average cost curve (indicating that 
total revenue equals total cost and 
therefore profit equals zero), and the 
tangency point is intersected by 
D’D’. . ‘. 

The long-run equilibrium point for 
the representative firm is to the left 
of the minimum point on its average 
total cost curve. Price equals aver- 
age cost, as is true for the represent- 
ative firm in perfect competition, 04 
but price does not equal MC. Con- 
trasted with the results of perfect 
competition, the representative firm produces a smaller output at a 
greater average total cost. 


PR 





Figure 6-7 


6-4. Monopsony 


The preceding sections deal with entrepreneurs who purchase their 
inputs in perfectly competitive markets. Input prices are invariant with 
respect to the quantities which they buy. The entrepreneur who is the 
sole purchaser of a particular input, the monopsonzst, is considered in the 
present section. A monopsonist cannot purchase an unlimited amount 
of an input at a uniform price; the price which he must pay for each quan- 
tity purchased is given by the market supply. curve for the input. Since 
the supply curves for most inputs are positively sloped, the price which 
the monopsonist must pay is generally an increasing function of the 
quantity he purchases. 

First consider the case of a monopsonist who uses a single input, which 
we shall call labor, for the production of a commodity which he sells in a 
perfectly competitive market. An example might be provided by a pro- 
ducer who is the sole purchaser in a local labor market and sells his output 
in a competitive national or international market. His production 
function states output as a function of the quantity of labor (x) employed: 


= h(x) (6-65) 
The cost equation and revenue function are, as before: 


R = pq C=rz 
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where r is the price of labor. However, the price of labor is now an 
increasing function of the amount employed: 


r = g(x) (6-66) 


where dr/dx > 0. The marginal cost of labor is the rate of change of its 
cost with respect to the quantity employed :} 
I Tt 4x9 (zx) (6-67) 
Since g’(x) > 0, the marginal cost of labor exceeds its price for x > 0. 
The monopsonist’s profit can be expressed as a function of the amount 
of labor which he employs: 


x= R-—C= ph(z) — rz (6-68) 
Setting the derivative of (6-68) with respect to x equal to. zero, 
Ch ya Le 2 
= = phi(z) -- r — xg'(x) = 0 


ph'(x) =r + xg’ (zx) (6-69) 


The first-order condition for profit maximization requires that labor be 
employed up to a point at which the value of its marginal product equals 
its marginal cost. The second-order condition requires that the rate of 
change of the value of the marginal product of labor be less than the rate 
of change of its marginal cost: 


a*x " ’ ww" 
Soa = phi"(2) — 2g'(a) — 2g"(x) <0 


phi''(x) < 2g'(x) + xg""(z) (6-70) 


The monopsonist’s optimum cutput and the price of labor are determined 
by solving (6-69) for x and substituting the value for which the second- 
order condition is satisfied into (6-65) and (6-66). 

The profit-maximizing monopsonist (see Fig. 6-8) will employ x° units 
of labor at a wage rate of r° dollars. The equality of the price of labor 
with the value of its marginal product, the equilibrium point for an 
entrepreneur who purchases labor in a perfectly competitive market, 
would result in the employment of x units of labor at a wage rate of 
r™, The monopsonist employs a smaller quantity of labor at a lower 
wage rate. . 


4 The reader should note that marginal cost is here defined with respect to the quan- 
tity of labor employed rather than the quantity of output produced. The abbrevi- 
ated form (MC) is reserved for marginal cost with respect to output level. 
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If the monopsonist’s production and labor supply functions are 


q = 152? — 0.22% r = 144 + 23.42 


and he sells his output in a perfectly competitive market at a price of 
dc 





a(x) 


a 
dx 


ees eter es - 
Oo x9 x) x 
Fieure 6-8 


3 dollars, his total revenue function and cost equation are 
R = 452? — 0.623 = C = 1442 + 23.42? 


Setting the value of the marginal product of labor equal to its marginal 


cost, 
90z — 1.82? = 144 + 46.82 


which yields the quadratic equation: 
1.82? — 43.27 + 144 = 0 


‘with the roots z = 4 and x = 20. The second-order condition 


90 — 3.62 < 46.8 


is satisfied for z = 20. Thesolutionz = 4 is a minimum-profit position. 
Substituting z = 20 into the appropriate functions, 


q=4400 r= 612 aw = 960 


If a monopsonist is also a monopolist in the market for his output, 
the price he receives is a function of the quantity which he sells: 


p = F(g) 
His profit may again be expressed as a function of the quantity of labor 
which he employs: 
a = pg — rz = Flh(z)h(x) — rz 


198 MICROECONOMIC THEORY: A MATHEMATICAL APPROACH 


or more simply, 
aw = R(x) — C(x) (6-71) 


where total revenue and total cost are expressed as functions of the quan- 
tity of labor employed. Setting the derivative of (6-71) equal to zero 
yields the first-order condition that the rate of increase of total revenue 
from the employment of another unit of labor (the marginal-revenue 
product of labor) must equal its marginal cost. The second-order 
condition requires that the marginal-revenue product of labor increase 
less rapidly than its marginal cost. 


6-5. Summary 


A monopolistic firm constitutes an industry and is unfettered by the 
competition of close rivals. A monopolist is free to select any price- 
quantity combination which lies on his negatively sloped demand curve. 
Since an expansion of his output results in a reduction of his price, his MR 
is less than his price. His first-order condition for’ profit maximization 
requires the equality of MR and MC. His second-order condition 
requires that MC be increasing more rapidly than MR. 

If second-order conditions are satisfied, a discriminating monopolist 
maximizes his profit by equating the MR in each of his markets to the MC 
for his output as a whole. Similarly, a multiple-plant monopolist maxi- 
mizes his profit by equating the MC in each of his plants to the MR for 
his output as a whole. 

Neither a lump-sum nor a profit tax will affect the optimum price- 
quantity combination for a profit-maximizing monopolist. The imposi- 
tion of either a specific or an ad valorem sales tax will result in a reduction 
of his output and an increase of his price. 

The profit of a duopolist or an oligopolist depends upon the actions and 
reactions of his rivals. Different theories are based upon different 
assumptions regarding market behavior. The Cournot solution is real- 
ized if each market participant maximizes his profit on the assumption 
that his rivals’ output levels are unaffected by his actions. The collusion 
solution is realized if the market participants join together to maximize 
total industry profit. The Stackelberg solution is based upon the 
assumption that duopolists explicitly recognize the interdependence of 
their actions. Each desires to assume the role of either a leader or a 
follower, and market equilibrium is achieved if their desires are con- 
sistent. These three solutions are applicable for both homogeneous and 
differentiated products. The producers of differentiated products may 
find advertising profitable. 

The market-shares solution is realized if a market participant follows 
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the moves of his rivals in such a way as to maintain his historical share of 
total industry sales. The kinked-demand-curve solution is realized if a 
seller assumes that his rivals will follow his price reductions, but leave 
their prices unchanged in response to his price increases. In the two- 
person, zero-sum case, the theory-of-games solution is based upon the 
assumption that each duopolist desires to ‘‘play it safe’’ and selects a 
strategy or combination of strategies to maximize his profit, given the 
most unfavorable strategy choice on the part of his rival. 

In the many-sellers case of monopolistic competition an individual seller 
possesses a negatively sloped demand curve for his distinct product, but 
his output constitutes such a small part of the total market that his 
actions do not have perceptible effects upon his rivals. However, simul- 
taneous movements on the part of all sellers cause shifts of the individual 
demand curves. Short-run equilibrium is achieved when each seller 
has equated MR and MC. The number of firms within the industry 
increases or decreases sufficiently to drive the pure profit of the repre- 
sentative firm to zero in the long run. 

A monopsonist faces a rising supply curve for an input. He may be 
the sole purchaser of a particular type of labor. The monopsonist’s. 
inarginal cost of labor exceeds the wage.rate, since he must increase the 
wage rate for all his employees in order to expand employment. The 
first-order condition for profit maximization requires that he employ 
labor up to the point at which the value of its marginal productivity 
equals its marginal cost. If the monopsonist is also a monopolist in. his 
product market, the first-order condition requires that he eauere- the 
marginal-revenue productivity of labor to its marginal cost. 
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CHAPTER 7 


WELFARE ECONOMICS 


The objective of welfare economics is the evaluation of the social 
desirability of alternative economic states. An economic state is a 
particular arrangement of economic activities and of the resources of the 
economy. States of the economy may differ in many respects: (1) 
markets may be perfectly competitive or monopolistic; (2) markets may 
be in equilibrium or disequilibrium; (3) there may be several multimarket 
equilibrium positions, and the economy may have attained one of them. 
Each state is characterized by a different allocation of resources and a 
different distribution of the rewards for economic activity. Although 
the economist may not always be able to prescribe a method by which one 
state of the economy can be transformed into another, policy measures 
frequently will be available for changing an existing situation. It is 
important to know in such cases whether the contemplated change is 
desirable. Imagine, for example, that the economy can attain multi- 
market equilibrium at two different sets of commodity and factor prices. 
Since the desires of consumers and entrepreneurs are consistent at both 
equilibria, society can choose between them, if at all, only on welfare 
grounds. The principles by which such problems can be solved fall - 
within the domain of welfare economics. 

The welfare of a society depends, in the broadest sense, upon the satis- 
faction levels of all its consumers.! But almost every alternative to 
be judged by welfare economists will have favorable effects on some people 
and unfavorable effects on others. Welfare comparisons would be simple 
if it were possible to aggregate the utilities of individuals into a single 
utility function. Unfortunately this operation cannot be performed. 
Interpersonal comparisons of utility are not possible. There is no 
obvious way to determine whether individual I or individual II derives 
more satisfaction from the consumption of a given bundle of goods.’ 


1 Statements of this kind are based on ethical beliefs or value judgments and can- 
not be proved. It is reasonable to postulate that the concept of social welfare tran- 
scends the more restricted notion of economic welfare. For obvious reasons the 
present analysis deals only with the latter. 

2 Ordinal utility functions are assumed throughout this chapter. The difficulty 
would not be eliminated by assuming cardinal functions, since measurability for 
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Welfare comparisons on the basis of individual utilities are possible only 
in a very restricted sense. As a result the conclusions of welfare eco- 
nomics are not so widely applicable as would be desirable. 

The Pareto conditions for maximum welfare and the fulfillment of 
these ‘conditions in perfect competition are discussed in Sec. 7-1. The 
welfare implications of monopolistic competition are outlined in Sec. 7-2. 
The argument for the optimality of perfect competition is qualified by 
introducing interdependent utility functions and external economies 
and diseconomies in Sec. 7-3. Finally, social welfare functions and 
alternative criteria for judging improvements in social welfare are con- 
sidered in Sec. 7-4. 


7-1. The Efficiency of Perfect Competition 


Economic efficiency, often called Pareto optimality, is defined in terms 
of the outcome of one or more economic activities. The distribution of 
consumer goods (including leisure and other withheld primary factors) 
among consumers is efficient if every possible reallocation of goods among 
consumers results in the reduction of the satisfaction of at least one. 
Production is efficient if every feasible reallocation of inputs among 
(within) firms diminishes the output level of at least one firm (com- 
modity). It will be shown that—in the absence of external economies 
and diseconomies—a perfectly competitive equilibrium satisfies the 
conditions of Pareto optimality. 

Since individual utility levels cannot be compared, changes which 
improve the positions of some individuals but cause a deterioration in 
those of others cannot be evaluated in terms of efficiency; the net effects 
of the moves may or may not be beneficial. However, welfare can be said 
to increase (diminish) if at least one person’s position improves (deterior- 
ates) with no change in the positions of others. Clearly no situation can 
be optimal unless all possible improvements of this variety have been 
made. Perfect competition is an optimum and a welfare ideal in this 
sense. 

The Consuming Sector. According to the hypothesis of perfect com- 
petition among consumers, the price of a commodity is not altered by vari- 
ations in the consumption level of an individual consumer. Similarly, 
the prices of labor and other primary factors are independent of the sales 
by any single consumer. 


individual consumers is neither necessary nor sufficient for interpersonal utility 
comparisons. 

1 The present discussion is limited to static efficiency. No attention is paid to the 
welfare aspects of resource allocation over time, the time path of welfare, or the wel- 
fare aspects of alternative time paths for the economy. 
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’ The utility function of the zth consumer is 


U; = Usqa, - - - Gim) (7-1) 


where gz is the quantity of Qi which he consumes. The goods consumed 
include the quantities of primary factors which he retains, such as labor 
(see Sec. 5-2). Primary factors retained are indicated by the subscript 
(k = 1,... , 8), and produced commodities by (k =s+1,...,m). 
If there is perfect competition among consumers, a consumer maximizes 
his satisfaction if his RCS (rate of commodity substitution) between any 
pair of goods equals their price ratio:! 


Ogix Di ° 
— 2% — £8 k=1,....m 7-2 
OQ:j Dk (J, d ? ) ( ) 


Since prices are the same for all consumers, perfect competition implies 
that the rates of commodity substitution between Q, and Q; are the same 


- for all m consumers: 


OQix A O°nk (4; h = 1, $. xae ,n) 


Ogi; OGnj (j, k= 1, oe ey m) 





(7-8) 


These equalities are necessary for the realization of Pareto optimality 
in consumption. For illustration assume that there are only two con- 
sumers denoted by the first subscripts 1 and 2 and only two goods Q; and 
Q2. The utility functions of the consumers are U1(qi1,¢12) and Ue(qai, 
Q22) where qu. + gu = g; and giz + G22 = g3. Now assume that con- 
sumer II enjoys the level of satisfaction U? = constant. In order to 
maximize the utility of consumer I subject to this constraint, form: the 
function . 


UF = U1(qi1,912) + NU a(gh — qu; @ = qi2) = U3] 


where A is a Lagrange multiplier, and set its partial derivatives equal to 
zero: 
OUT _ Uy _ r U2 
Oq11 7 Oqu Oqu 
aut _ Us _ , Us 
Aq = Que O12 
OUT yee 7 =. es 
a = Ualat — Guy @ — G2) — U2 = 0 
0U;/dqu os 0U2/dq11 
0U;/dq12 dU 2/dqi2 








=0 (7-4) 


and (7-5) 


1Of course, the second-order conditions must also be fulfilled. It is postulated 
throughout the remainder of this section that the second-order conditions are fulfilled. 
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The left-hand side of (7-5) is consumer I’s RCS, and the right-hand side is 
II’s. If (7-5) were not fulfilled, it would be possible to increase I’s 
satisfaction without diminishing II’s. The equality of the RCSs result- 
ing from perfect competition ensures that the distribution of goods 
(including leisure) among consumers is Pareto-optimal. The mathe- 
matical analysis for the two-consumer case is easily generalized for any 
number of consumers. 

The argument can be presented in terms of an Edgeworth box diagram. 
The dimensions of the rectangle in Fig. 7-1 represent the total available 
quantities of Q; and Qs. in a pure-exchange economy. Any point in the 
box represents a particular distribu- 
tion of the commodities between the 
twoconsumers. For example, if the 
distribution of commodities is given 
by point A, the quantities of Q: and 
Q2 consumed by I are measured by 
the coordinates of A, using the south- 
west corner O as the origin; the 
quantities consumed by II are meas- 
ured by the coordinates of point A, 
using the northeast corner O’ as the 
origin. The indifference map of I is 

Figure 7-1 drawn, using O as the origin, and the 

indifference map of II, using O’ as 

the origin. The RCSs of the two consumers are equal where an indif- 

ference curve of I is tangent to an indifference curve of II. The locus 

of all such points is the contract curve CC. The mathematical form 

of the contract curve is given by (7-5), which is a function of qu 
and qi2. 

The rates of commodity substitution are unequal at point A, and it is 
possible to increase the utility levels of both consumers by altering the 
existing distribution. For example, if the final position (after a redis- 
tribution of Q; and Q2) is between M and N, both consumers would 
have gained, since both would be on higher indifference curves than at A. 
If the final point isat M or N, one consumer will have gained without any 
deterioration in the other’s position. If a point on the contract curve is 
reached, it is not possible to improve further the position of either con- 
sumer without a deterioration in the position of the other. According 
to the conditions of Pareto optimality any point between M and N is 
unambiguously superior to A. However, the evaluation of alternative 
points on the contract curve would involve an interpersonal comparison 
of utilities and is therefore not possible without an explicit ethical belief 
in one’s ability to make such comparisons. 
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The Producing Sector. In perfect competition among producers in 
commodity markets the price of a commodity is not altered by variations 
of the individual firm’s output level. Perfect competition among pro- 
ducers in input markets requires that the prices that the firm pays for 
inputs do not change in response to variations in the levels of its purchases. 

Let the hth firm’s production function be given by the implicit function 


Fi(gn, - «+ Gam) = 0 (7-6) 
where gu (kK = 1,.. . , 8) is an input and is defined as qx, = —2y, and 
qu (kK =s+1,..., m) an output. It was shown (see Sec. 3-6) that 
profit maximization under conditions of perfect competition requires that 

_ O°Onk = Pi (7-7) 


Ogn3 Dr 


If both subscripts j and k refer to inputs, (7-7) states that the RTS (rate 
of technical substitution) must equal the ratio of the input prices. If 
the subscripts refer to two outputs, it states that the RPT (rate of prod- 
uct transformation) must equal the ratio of output prices. If gr, is an 
output and q,; an input, (7-7) states that the rate at which an input can 
be transformed into an output (MF, or marginal product) must equal the 
ratio of the prices of the input and output. 

Conditions (7-7) ensure Pareto optimality in the producing sector. 
The argument is analogous to that employed for the consumer. Since 
each entrepreneur adjusts to the prices that confront him in the market 
without noticeably affecting them, each pays the same price for a given 
type of input and receives the same price for a given type of output, and 
the corresponding RTSs, RPTs, and MPs are the same for all N firms: 


Ode _ _ 80% (i, h _ 1, cee , N) 


_ = 7-8 
Ogn5 045; (j, k= 1, ceny m) ( ) 








‘These equalities imply Pareto optimality in the following senses: (1) if 


inputs are reallocated among firms so that the output level of one firm is 
increased, the output level of some other firm must decrease, and (2) if 
inputs are reallocated among uses within firms so that the aggregate out- 
put level of one commodity is increased, the aggregate output level of 
some other commodity must decrease. 

Only the proof of the first statement is given here. Assumethat there 
are two producers using the primary inputs X; and X_2 with the explicit 
production functions gi = f1(%13,%12) and ge = fo(21,%22), Where 211 + 221 
= 29 and 212 + 222 = 2 are the total quantities of the two inputs and 
gi + q2 = qis the aggregate output of commodity Q. Maximize the out- 


! The reader may verify the proof of the other statement. 
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put of entrepreneur I subject to the constraint that the output of II is 
at the predetermined level g3. Form the function 


L= f:1(x11,212) + ALfe(x? — X11, x} = X12) —_ gl 
and set the partial derivatives equal to zero: 


ob _ of: _, 8 9 








0241 0231 0211 

OL _ afi _ af _ 9 
OX12 02X12 OX12 

OL 


on = f(x? — au, x3 — Li) —g = 0 


Ofi/dt1 = Ofe/dri1 
Of:/dX12 Of 2/AZ12 


which proves that the equality of the RTSs is necessary for Pareto 
optimality. 

General Pareto Optimality. Efficiency in the consuming and pro- 
ducing sectors implies that the allocation of resources is Pareto-optimal 
throughout the economy. Consider the consumers’ RCSs_ between 
Q; and Q;. All these RCSs equal p;/p,. This price ratio also equals all 
producers’ RPTs between Q;, and Q;. Therefore RCS = RPT for all 
consumers, firms, and commodities. Similar conditions can be derived 
if either.7 or & or both refer to primary factors: the consumers’ RCS 
between a factor which they. retain and a commodity which they con- 
sume must equal (by an analogous argument) the producers’ correspond- 
ing rate of transforming the factor into the commodity (MP). The 
equality of the various rates of substitution and transformation ensures 
Pareto optimality throughout the economy. For example assume that 
RCS = 4% and RPT = %. Three units of Q; could be transformed into 
two units of Q; by moving along a producer’s transformation function. 
A consumer who surrenders three units of Q; (the position of all other 
consumers remaining unchanged) would require only one unit of Q, in 
exchange in order to remain on the same indifference curve and avoid 
a diminution cf utility. The satisfaction level of this consumer could 
therefore actually be increased by performing the technological trans- 
formation of three units of Q, into two of Q;. Such an improvement is 
not possible if the RCSs and RPTs are equal. 

The Pareto optimality of perfect competition can be deduced directly 
from the following argument. The RCS between any two commodities 
Q; and Q; equals their price ratio if there is perfect competition among 
consumers: 


and 








(7-9) 


RCS = Pi 


Dk 
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If there is perfect competition among entrepreneurs in commodity and 
factor markets, 
r va 
D3 a MP; Pe = MP, (7-10) 
where 7 is the price of factor X and MP; and MP, are its ee 
iis in producing Q; and Q,. Therefore 
_ T/MP; _ 1/MP; 
pe T/MP, 1/MP;z 
_ marginal cost of Q; in terms of X 
~ marginal cost of Q; in terms of X 





= RPT (7-11) 


which proves Pareto optimality. 
Equation (7-11) would appear to hold even if (7-10) does not, provided 

that . 
ps _ 7/MP; 





Pr r/MP, We) 
But (7-12) can hold without (7-10) only if 
MP, Gj = 1, -»m) (7-13) 


where k ~ 1 is a factor of proportionality, i.e., if prices are proportional 
to marginal cost (= r/MP). eae: (7-13) becomes 


= sat 1 rp, @ 14) 
The left-hand side of (7-14) equals the consumers’ rate of substitution 
between Q; and X; the right-hand side is (1/k) times the producers’ rate 
of transformation between Q; and X. Therefore the consumers’ and 
producers’ corresponding rates of substitution and transformation are not 
equal. Consumers do not provide the optimal amount of X (labor), 
and allocation cannot be Pareto-optimal.! Assume, for example, that 
price is three times MC, i.e., & = 3. Let the RCS between labor and. 
commodity Q equal 2 and the MP of labor, 6. A consumer would be 
willing to surrender an additional hour of leisure (work for an additional 
hour) if he received 2 more units of Q. But the application of an addi- 
tional hour of labor would result in the production of 6 more units of a. 

Thus the situation is not Pareto-optimal. | 


1 Since +/MP is the marginal cost of output (MC), (7-12) can be stated as 





The above proof also implies that for an optimum, p = MC for every commodity; 
the proportionality of prices and marginal costs is not sufficient. 
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Perfect competition represents a welfare optimum in the narrow sense 
of fulfilling the requirements of Pareto optimality. Optimality is con- 
tingent on the assumption that all second-order conditions are fulfilled. 
If one should be violated (e.g., if transformation functions were convex 
or indifference curves and isoquants concave to the origin), the equality 
of the relevant rates of substitution or transformation would not ensure 
optimality. In fact, the point at which the rates of substitution and 
transformation are equal may be a ‘‘pessimum”’ rather than an optimum. 
The optimum is then represented by a corner solution (see Sec. 2-2). 

Corner solutions may result even if indifference curves are convex 
and transformation curves concave to the origin, provided that their 
shapes are such that the RCSs are always greater (or smaller) than the 
. corresponding RPTs for any point on a transformation curve. In such 
cases welfare optima must be described in terms of marginal inequalities. 

An additional] difficulty is introduced by the fact that the analysis of 
Pareto optimality accepts the prevailing income distribution, i.e., the 
prevailing factorendowment. The problem of finding an optimal income 
distribution is not considered. I+ is conceivable that the norm of the 
perfectly competitive economy would lead to a situation in which a 
majority of individuals lived at a subsistence level or below. At point B 
in Fig. 7-1, consumer I is very well off, but. consumer JI is not. Since 
point B is on the contract curve, one could not improve one consumer’s 
position without causing a deterioration in the position of the other. It 
is an efficient point and cannot be said to be inferior to any other point, 
suchas A. The analysis of welfare in terms of Pareto optimality leaves a 
considerable amount of indeterminacy in the solution: there are an infinite 
number of points in Fig. 7-1 which are Pareto-optimal. The acceptance 
of the contract curve as representing welfare optima is already a value 
judgment. In order to judge the relative social desirability of alterna- 
tive points on the contract curve, society must make additional value 
judgments which state its preferences among alternative ways of allocat- 
ing satisfaction to individuals. Value judgments are ethical beliefs and 
are not the subject of economic analysis. They are taken for granted 
and can then be incorporated in economic analysis. The indeterminacy 
is the consequence of considering an increase in welfare to be unambigu- 
ously defined only if an improvement in one individual’s position is not 
accompanied by a deterioration of the position of another. This inde- 
terminacy can only be removed by further value judgments. 


7-2. The Efficiency of Monopolistic Competition 


The conditions for Pareto optimality fail to be realized in a world 
characterized by monopolistic competition. The efficiency criteria of 


WELFARE ECONOMICS 209 


Sec. 7-1 are not fulfilled in the presence of monopoliés, oligopolies, monop- 
sonies, etc. It was shown in Sec. 7-1 that perfect competition leads to an 
efficient allocation of resources. It will be shown in the present section 
that an efficient allocation of resources must be a perfectly competitive 
one. The argument will parallel the development of Sec. 7-1. 

- The Consuming Sector. Assume that consumers are not in perfect 
competition in commodity and factor markets. One or more consumers 
may be unable to buy as much of a commodity or sell as much of a factor 
as they desire without noticeably affecting its price. Assume that a 
consumer must pay a higher price as he increases his purchases. 

Assume that there are two consumers with the utility functions 


U, = U1(qi1,Q12) U, = U2(qo1,¢22) (7-15) 


where gq, is the amount of the jth commodity consumed by the th con- 
sumer. Let the price of each commodity depend upon the aggregate 
amount demanded: 


Pi = 9(qu + zi) po = h(giz + gee) (7-16) 

The budget constraints of the two consumers are 4 
yi — 9(¢u + Qa)gu — h(qie + Q22)gi2 = 0 (7-17) 

Y2 ~ 9(Qur + Q21)g21 — A(Qi2 + G22)Q22 = O : 


Each maximizes his utility index subject to his budget constraint. Form — 
the functions 


UF = Ui(quigquz) + Afyt — (qua + gar)gur — A(qi2 + Qe2)Q19) 
Uz = U 2(q21,422) + lye = g(qu + 21) G21 = h(qie + d22)Q22] 


and set the appropriate partial derivatives equal to zero: 





Oy ew | a0: Sah agunys 0 

0q1u1 0q12 (7-18) 

dU2 1) 0 U, _ ny 

Ban Hg + ge = 9 = ZO — wih + aesh’] = 0 | 
ae 0U,/dqu _ g + Qug’ (7-19) 


0Ui/dqu. A+ Queh’ 


0U2/dqa _ 9 + yng’ (7-20) 
0U2/dq22 h + Qooh’ 


The individual consumer is in equilibrium if his RCS equals the ratio of 
the marginal costs of acquiring additional quantities of Q, and Q2.T 
Under the present assumptions the marginal costs will not equal the com- 
modity prices and will exceed them if g’ and h’ are positive (see Sec. 6-4). 


t Again it is assumed that the second-order conditions are fulfilled. 
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In general, the right-hand sides of (7-19) and (7-20), and thus the cor- 
responding RCSs, will not be equal.1 One may conclude that in the 
absence of perfect competition among consumers the distribution of 
consumer goods will not generally be Pareto-optimal. _ 

The Producing Sector. The failure to establish Pareto optimality in 
the productive sector may be the result of monopolistic competition in 
product or input markets. The failure to attain Pareto optimality can 
be proved by simple extensions of Secs. 3-2, 3-5, and 6-4. 

If there is monopolistic competition in the markets for inputs, the 
price of each input is an (increasing) function of the quantity bought. 
It is easily seen that each entrepreneur’s RTS must equal the ratio of the 
marginal costs of buying additional] units of inputs, not the ratio of their 
prices, These ratios will generally differ from entrepreneur to entrepre- 
neur, and their respective RTSs will not be equal. The production of 
aggregate output for the commodity in question is not Pareto-optimal, 
because the divergence between individual entrepreneurs’ RTSs implies 
that they are not on their contract curve: it would be possible to increase 
some entrepreneurs’ output levels without decreasing the output levels of 
the others by appropriately reallocating inputs among them.? 

If there is perfect competition in input markets, but monopolistic 
competition in product markets, the MP of X in producing Q multiplied 
by the marginal revenue (MR) of Q must equal the price of X. The 
rates of product transformation between two given commodities will not 
necessarily be the same for all producers, and the production of com- 
modities will not be Pareto-optimal: one could find a reallocation of inputs 
which would increase the output level of a commodity without diminish- 
ing the output level of another. 

The Absence of Pareto Optimality in General. Any element of monop- 
olistic competition prevents a Pareto-optimal allucation of resources. 
This assertion is easily proved by a four-stage argument: 

1. Under conditions of monopolistic competition among consumers, 
the corresponding RCSs of different consumers are not necessarily equal. 

2. Under conditions of monopolistic competition among firms in input 
markets, the corresponding RTSs of different firms are not necessarily 
equal. 

1The RCS&s will be equal if qi: = qi2 and qo = 22. However, the system as a 
whole will not achieve Pareto optimality even if the RCSs are equal. 

2The argument can be phrased alternatively as follows. If input markets are 
monopolistically competitive, the MP of X in producing Q must equal (marginal cost 
of hiring an extra unit of X)/p, and the RTSs need not be the same for all firms. Let 
MP, and MP, be the marginal products of inputs X and ¥ in producing Q, and assume 
that MP,/MP, = 1% for firm I and MP./MP, = % for firm II. The output 


levels of both firms will increase if a unit of X is transferred from II to I and a unit 
of Y is transferred from I to II. 
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3. Under conditions of monopolistic competition among firms in 
product markets, the corresponding RPTs of different firms are not 
necessarily equal. 

4. Assume that 1 and 2 do not hold, i.e., that monopolistic competition 
exists only among firms in product markets. In addition, postulate 
that the corresponding RPTs for different firms are equal by accident. 
Then 


1/MP; a r/MP; _ MR; 
1/MP, 7r/MP, MR, 








RPT = (7-21) 
RPT = RCS is a necessary, but insufficient, condition for Pareto opti- 
mality. This necessary condition is fulfilled if and only if 


MR; _ Pi 
MR, Pr 


i.e., if the elasticity of demand for Q; equals the elasticity of demand for 
Qz, since MR = p{l — (1/e)]. The insufficiency of this condition is 
proved by assuming that RCS = RPT for every pair of commodities 
and showing that the allocation of resources cannot be Pareto-optimal. 
Equation (7-21) can hold only if 





r 7MP; = De (7-22) 


The existence of monopolistic competition implies that only the ratios 
are equal, but not the numerators (or denominators) taken in pairs. It 
was shown [Eas. (7-12) to (7-14)] that the consumer’s rates of substitu- 
tion between commodities and primary factors, then, do not equal the 
corresponding MPs (the producers’ rate of transforming labor into out- 
put). Therefore the over-all allocation of resources is not Pareto-optimal. 

It was proved in Sec. 7-1 that perfect competition results in Pareto- 
optimal aliocation. One may now add the even stronger conclusion that 
every Pareto-optimal allocation must be a perfectly competitive one, 
since Pareto optimality cannot be obtained under conditions of monopo- 
listic competition. It is therefore necessary and sufficient for an efficient 
allocation of resources that all markets be perfectly competitive. This 
is intuitively clear from the fact that price exceeds MC in the absence of 
perfect competition. MC is a measure of the cost to society of using 
resources in the production of an additional unit of commodity Q; its price 
is a measure of the benefit to soeiety from producing an additional unit 
of Q. The net benefit to society can be increased as long as p > MC, and 
imperfect competition violates the criteria of efficiency by not producing 
sufficiently large quantities of commodities. 
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7-3. External Effects in Consumption and Production 


The conclusions of the foregoing analysis are not universally valid. 
They are contingent upon the assumption that there are no external 
effects in consumption and production, i.e., that the utility level of a con- 
sumer does not depend upon the consumption levels of others and that the 
total cost of an entrepreneur does not depend upon the output levels of 
others. Pareto optimality may not be realized under conditions of 
perfect competition if there are external effects in consumption and 
production. 

Interdependent Utility Functions. Assume that the utility level of 
one consumer depends upon the consumption of another. Extreme altru- 
ism may increase the satisfaction of the 7th consumer if the consumption 
level of the jth consumer is raised. The desire to ‘‘keep up with the 
Joneses’’ may have the opposite effect. 

Assume that there are two consumers with the utility functions 


U, Ui(qu 12,921 22) 
? ? ? om) } 
U2 U 2(q11,912,921,922) 7 3) 


where qi: + ga = @’, Qi2 + Qo2 = 92. In order to maximize the utility 
of I subject to the constraint that the utility of II is at the predetermined 
level U$ = constant, form the function 


I 


Ut = Uilgu, giz, G3 — G11, G2 — 912) 
+ AU2(qur, Giz, G1 — Gi, G — G12) — U9] 


and set the partial derivatives equal to zero: 


BUY | aU _ ath 4 [00s _ avs] g 
0qi1 Ogi 0q21 0qi1 Oq21 
oUt _ aU, _ Un , y EE = gus) zc; 


Ogi Ogee | | LOqi2 © Ogzn 


0412 0q12 0q22 





(7-24) 





an Uxlqur, G12, G4 — Qu, 93 — M2) — Up = 


0U;/dqiu. — 0U3/dqu oe 0U2/dqur — OU 2/dgai (7-25) 
OU 1/dqiz — 9U1/dq22 0U27dqi2 — 00 2/dq22 


Equation (7-25) is the necessary condition for Pareto optimality. It 
generally differs from (7-3) [or (7-5)],, which states that I’s RCS must 
equal II’s. Perfect competition results in the attainment of (7-3), but 
not of (7-25). Since the partial derivatives of the utility functions are 
functions of all variables, the optimum position of each consumer depends 
upon the consumption level of the other. For example, assume that the 
only external effect present in the two-consumer system is 0U2/dqu < 0. 


and 
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Equation (7-25) becomes 


0U;/dqu1 _ 0U2/dq11 — 8U2/dqa1 


ce) U;/8q12 —oa U2/dqe2 (7-26) 


The RCS of consumer II must be smaller for an optimal distribution 
than it would be in the absence of external effects. 

It can be shown diagrammatically that condition (7-3) does not neces- 
sarily ensure Pareto optimality in the presence of external effects. Fig- 
ures 7-2a and 7-26 give the indifference maps of consumers I and II 


G2 {20 





1 


{a) ? (b} 
Figure 7-2 


921 


respectively. Assume that in the initial situation I consumes the com- 
modity batch represented by A and II consumes the batch represented 
by F. These pcints—at which their RCSs are equal—are reached by 
utility maximization carried out individually by the two consumers with 
no regard for possible external effects. Assume that I is not affected by 
II’s consumption, and II’s utility level is reduced by I’s consumption of 
@, (but not of Q2). -II’s indifference map (solid curves) is drawn on the 
assumption that I’s consumption is given by A. In their individual 
equilibrium situations I’s utility index is 100, and II’s, 80. Let the 
distribution of commodities be altered by some authority in such a way 
that the aggregate quantities consumed remain unchanged and that I 
moves to C and II to D. The utility level of consumer I has not been 
changed by this reallocation. However, the diminution of his consump- 
tion of Q, changes II’s utility level for every commodity combination 
consumed by the latter: II’s relevant indifference curves after the change 
in I’s consumption are given by the dotted curves in Fig. 7-26. Consumer 
II’s utility level is increased to 90 since his new position is at D. One can 
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conclude that II’s utility level can be increased without diminishing I’s 
utility level; hence the equality of the RCSs does not ensure Pareto 
optimality. 

External Economies and Diseconomies. It was shown that the 
p = MC criterion is necessary for Pareto optimality in the. producing 
sector. The equality of price and marginal cost for all commodities and 
firms implies that the corresponding RPTs of different firms are the same. 
The RPT (the slope of the transformation curve) measures the oppor- 
tunity cost or the real sacrifice, in terms of opportunities foregone, of 
producing an additional unit of acommodity. Untilnow this opportunity 
cost has been considered interna] to the firm: in order to produce an addi- 
tional unit of Q; it has to sacrifice the production of a certain number of 
units of Q,. The relevant measure of the sacrifice from society’s point 
of view is the number of units of Q; that society has to give up in order to 
produce an additional unit of Q;. The opportunity cost is the same from 
the private and social points of view in the absence of external economies 
and diseconomies. If such external effects are preseit in the productive 
sphere, one must take into account the interdependence between the costs 
of the 7th firm and the output of the hth (see Sec. 4-3). 

Assume for simplicity’s sake that there are only two firms with the cost 
functions 


Cr = Cilgigs) C2 = Ca(qu,92) (7-27) 


where qi and q2 are the output levels. The cost functions (7-27) express 
the existence of externa! effects. If each firm maximizes its profit indi- 
vidually, price will equal MC or 


ac; C2 
oq a Og2 (7-28) 
. The profit of each firm depends upon the output level of the other, but 
neither can affect the output of the other, and thus each firm maximizes 
its profit with respect to the variable under its control. ~ 

The welfare associated with production can be measured by the differ- 
ence between the social benefit created and the social cost incurred. 
The social benefit derived from gq; + ge units of the commodity can be 
measured by the total revenue p(gi + qe), i.e., by the amount that con- 
sumers are willing to pay for the output. The social costs are measured 
by the sum of the costs incurred by both entrepreneurs producing the 
commodity, C1(q1,¢g2) + C2(q1,¢2). In order to maximize welfare, one 
must maximize the entrepreneurs’ joint profits: 


w= yf 2 = PGi + G2) — Cr(q1,92) — C2(@1,92) (7-29) 
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Setting the partial derivatives equal to zero, 


ae _ 4, 20 _ aC _ 
dq dg. Og. 
or aC, — 8Cz cm 


age P Og2 = 0Ge 


The second-order conditions require that the principal minors of the rele- 
vant Hessian 








_ 8C, OC» _ 8C, — @C, 
dq 8g? 0q1 092-91 OGe 
_ Or _ 9°02 __ C1 __ "C2 
0g: Oq2 =: 91 OG2 0q2” 0q2” 


alternate in sign, or that 























aC, dC 
Sat mak =e (7-31) 
ain (- aC _ uy (- a°C1 _ =) 
ag? agi? dq2? gs" 
_ ( PCr C2 y 
(35 aq: t Bq, dq,) 7 9 782) 


Inequalities (7-31) and (7-32) together imply 


aC, , dC, ec, 
dq? aq > 0 dg2? 


eC, 
dg2” 





+ + 











>0 (7-33) 


The partial derivatives 0C1/dq, and dC2/dq2 are the private marginal 
costs because they measure the rate of increase of an individual entre- — 
preneur’s total cost as his output level rises. Individual maximization 
requires that price equal private marginal cost and that private marginal 
cost be increasing. The sums 0C1/dq:1 + 0C2/dqi and 8C1/dg2 + OC'2/dqe 
are social marginal costs because they rneasure the rate of increase of the 
industry’s costs as the output level of a particular firm increases. Wel- 
fare maximization reguires that price equal! the social marginal cost of 
each entrepreneur and that social marginal cost be increasing. The 
equality of price and social marginal cost guarantees that the consumers’ 
RCS will equal not the individual firms’ RPTs but society’s RPT, since 


the ratio of the social marginal costs measures, from society’s point 


of view, the alternatives foregone by producing an additional unit of a 
commodity. 

Assume that firm I experiences external economies and firm II experi- 
ences external diseconomies. Then 0Ci/dqg2 <0 and 0C,/dqi > 0. 
As a result, 0C1/dqi1 + 0C2/dq; in (7-30) can be made to equal price only 
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if 0C’,/dq, is smaller than under individual profit maximization. With 
increasing MC this means that the firm which is the cause of external dis- 
economies should produce a lower level of output for welfare maximiza- 
tion than in the case of individual maximization. By analogous reason- 
ing the firm which is the cause of external economies should increase its 
output. This can generally be accomplished by appropriate taxation and 
subsidization of the output levels of the firms concerned. 
Assume that the cost functions of the two firms are 


C; = 0.191? + 5q1 = 0.12? Ce = 0.22? + 7q2 + 0.02591? 


Firm I experiences external economies and is the cause of external dis- 
economies; the converse holds for firm II. Assuming that the price is 15 
dollars and setting it equal to MC for both firms, 


15 = 0.29. + 5 gi = 50 mw, = 290 
15 = 0.4q2 + 7 a: = 20 r2 = 17.5 


In order to maximize welfare, form the joint profit function 
mw = 15(gi + ge) — 0.125q.? — 5g. — O.1q2? ~ 7a2 


and set the partial derivatives equal to zero: 


Or 
On 


Hence gi = 40, g2 = 40, and x = 360. The reader may verify that the 
second-order conditions are satisfied. ‘Total profits are greater under 
welfare maximization than under individual maximization 


290 + 17.5 = 307.5 < 360 


Individual maximization does not ensure Pareto optimality. Pareto 
optimality requires that the RCS equal the rate at which society can 
transform one commodity into another. In the absence of external 
effects, the private and social rates of product transformation are iden- 
tical. In the presence of external economies or diseconomies individual 
maximization results in the fulfillment of the socially ‘‘wrong” or irrele- ' 
vant marginal conditions. Of course, aggregate profits have to be redis- 
tributed among the individual firms. Without such redistribution, some 
firms would experience a diminution in their profits, and the resulting 
position could not be said to be socially preferable. In the present 
example, 400 dollars accrue to firm I and —40 dollars to firm II as a result 
of welfare maximization. A redistribution of any amount greater than 
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57.5, but less than 110, dollars from firm I to firm II will leave each better 
off than under individual maximization. 

The quantities that would be produced under joint profit maximization 
can be enforced by appropriately taxing and subsidizing producers if they 
maximize profits individually. ‘The magnitude of the necessary taxes can 
be calculated from the demand and supply functions. Let the aggregate 
demand function be D = D(p), the aggregate supply function with indi- 
vidual profit maximization S = 2S,(p), and the supply function derived 
on the assumption of joint profit maximization S* = ZS*(p). The 
equality S* = D determines a price p* and the quantities sold S*(p*). 
To achieve this price and these quantities under individual profit maxi- 
mization, one must impose unit taxes (or subsidies) ¢; such that 


Si(p* — &) = S?(p*) 
The taxes can be determined by solving for the ¢,s: 
t; = hi(p*) 


Finally, it follows that the profits of at least one entrepreneur can be 
increased without reducing the profits of the others, if the amount col- 
lected by taxation is appropriately redistributed among entrepreneurs 
as lump-sum payments. 


7-4. Social Welfare Functions 


The indeterminacy which remains if Pareto optimality is the only 
requirement for welfare optimization can be removed through the intro- 
duction of a social welfare function. A social welfare function is an 
ordinal index of society’s welfare and is a function of the utility levels of 
all individuals. It is not unique, and its form depends upon the value 
judgments of the person for whom it is a desirable welfare function. In 
certain cases it may be impossible to decide upon an acceptable form for 
the social welfare function by common consensus; it may then have to be 
imposed in dictatorial fashion. Whatever the case may be, its form 
depends upon the value judgments of its promulgators, since it expresses 
their views concerning the effect that the utility level of the 7th individual 
has on the welfare of society. Moreover, the acceptance by an individual 
of the social welfare function for the purpose of solving the problem of 
distribution also involves a value judgment. The general form of the 
social welfare function is 


W = W(Ui,U2, . . . ,Un) (7-34) 
where U; is the level of the utility index of the zth individual. 
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Determination of the Welfare Optimum. Assume that society con- 
sists of two individuals whose utility functions are 


U; = O1(911,912,%1) Uz = U2(q21,922,22) (7-35) 


where q;; is the amount of the 7th commodity consumed by the 7th indi- 
vidual and x; the amount of work performed by the 7th individual. 

Society’s aggregate production function states the aggregate amounts 
of each commodity that can be produced as a function of the aggregate 
amount of labor and can be stated as an implicit function: 


F(Qir + Gar, G12 + G22, 1 + t2) = 0 (7-36) 
Assume finally that the social welfare function is 
W = W(U,,U2) (7-37) 


The goal of society is to maximize (7-37) subject to the constraint given 
by (7-36). Form the function 


W* = W[Ui1(qi1,912,%1), U2(ge1,922,02)} + AF (qu + Qe1, G12 + Ge2, 1 + X2) 


and set its partial derivatives equal to zero: 


























se = WiZ + Fs = =Q 

he = wath + AF, =0 

me : eee : 

on 7 va Teese (7-38) 
aie = rth a0, =0 

w= Ww = wat + F; =0 

om = F(qu + a1 G12 + ee, 41 + 22) = 0 


The system of equations (7-38) consists of seven equations in seven 
variables and can generally be solved for the unknowns (see Secs. A-3 and 
5-5). The welfare optimum is completely determined as a result of the 
introduction of distributional value judgments in the form of the social 
welfare function. It can easily be verified that the resulting allocation 


1In terms of the Edgeworth box diagram discussed in Sec. 7-1, the introduction of 
the social welfare function is equivalent to ranking all points on the contract curve 
from the point of view of social preferability. 
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is Pareto-optimal. Move the second terms of the first six equations in 

(7-38) to the right and then divide the first equation by the second and 

third and the fourth equation by the fifth and sixth respectively: 
0U3/dqu _ Fy _ 0U2/dqa 0U,/dqun _ Fi _ 0U2/dgai 


Sl Cl = = 


0U,/dqi. Fe IU 2/dq22 0U;/dx, Fz  dU2/dzx_ (7-39) 


The rates of commodity substitution are the same for all consumers and 
also equal the corresponding rates of product transformation. More- 
over, the rate at which consumers substitute work (or its counterpart, 
leisure) for commodities equals the marginal product of labor. This 
proves Pareto optimality if the second-order conditions are also satisfied .! 

Social Preference and Indifference. Economists have tried to develop 
criteria by which one can judge whether a given change in the economy is 
socially preferable to the existing state. Such criteria are usually stated 
as ‘‘compensation criteria”: 

1. The Kaldor criterion: state A is socially preferable to B if those who 
gain from A can compensate the losers (i.e., bribe them into accepting 
state A) and still be in a better position than at -B. 

2. The Hicks criterion: state A is socially preferable to B if those who 
would lose from A cannot profitably bribe the gainers into not making 
the change from B to A. 

3. The Scitovsky criterion: state A is socially preferable to B if the 
gainers can bribe the losers into accepting the change and simultaneously 
the losers cannot bribe the gainers into not making the change. 

The fundamental difficulty of compensation principles is that they 
refer to potential, rather than actual, welfare since they do not require 
that compensation actually be paid. In general, nothing can be said 
about the social preferability of A over B in the absence of actual compen- 
sation unless one is willing to make additional value judgments. Con- 
sider the case in which a change is contemplated from state A to state B. 
Some persons are affected unfavorably by the movement, and others 
benefit. Assume that there exists some redistribution of income (I) 
which compensates the tosers; assume moreover that the losers cannot 
bribe the gainers to oppose the change from Ato B. There is no guaran- 
tee, however, that the redistribution that would compensate the losers 


1 A social welfare function is analogous to the individual consumer's utility func- 
tion. It provides a ranking—from society’s or a dictator’s point of view—of alterna- 
tive positions in which different individuals enjoy different utility levels. It possesses 
the property that if a given social welfare function provides an acceptable ranking, so 
does any monotonic transformation of it. The reader may verify this proposition by 
proceeding analogously to the analysis in Sec. 2-3. Assume that the welfare function 
is S = G(W) where G’ > 0 and derive the first- and second-order conditions for 
a maximum, 
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will actually be carried out. The actual redistribution (II) following the 
establishment of B may be such that the losers are not compensated. In 
addition, it is possible that the losers could have effectively blocked the 
move to B (by bribing the gainers) had they known that the actual out- 
come was going to be given by redistribution II. Under these circum- 
stances it is not legitimate to say that the fulfillment of the Scitovsky 
criterion implies that state B is socially preferable to A. 

In the effort to create a social analogue to individual indifference 
curves, economists have tried to derive contour lines in the commodity 
space which represent alternative combinations of aggregate quantities of 
commodities among which society as a whole is indifferent. Scitovsky 
contours are derived in the following fashion. Assume that all individuals 
enjoy specified levels of utility and that the outputs of all commodities 
but one are at specified levels. Then determine the smallest quantity of 
the remaining commodity necessary to meet the above specifications. 
The problem is expressed mathematically for a two-person—two-com- 
modity economy as follows: 


Minimize gi, + ga 

subject to Ui(q:1,912) — UY = 0 
U2(921,922) — Uz = 0 
Qi2 + Qo = > 


This problem can be solved by forming the function 


V = Gu + Qa + A1Ui(q11,912) — U9] 
+ ALU 2(ge1, 92 — G12) — Ud] (7-40) 


where ),; and 2 are Lagrange multipliers, and setting the partial deriva- 
tives with respect to @11, G12, 921, Ai, and Az equal to zero. The total 
minimum quantity of Qi necessary to satisfy the conditions of the problem 
is generally determinate. For each possible value of g? a different opti- 
mal value of g{ (= y11 + g21) can be determined. The locus of all 
(8,98) points for given values of U; and U2 forms a Scitovsky contour.! 
If the individual indifference curves are convex to the origin, the Scitovsky 
contours will be convex to the origin. However, these contours are not 
‘“‘social’”’ indifference curves, as it might appear from their shapes alone. 
A completely different Scitovsky contour is obtained if the specified values 
of U; and U2 are changed. Take for example point A on the Scitovsky 
contour S; in Fig. 7-3. For any point on S; the total quantities of Q: 
and Q2 must be distributed between the two consumers in such a manner 
that I enjoys the utility level U? and II the level U3. But the quantities 


1The reader may verify that points on a Scitovsky contour represent a Pareto- 
optimal distribution of commodities by finding the partial derivatives of (7-40). 
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corresponding to A could also be distributed in a different manner, one 
that results in a utility level U{? for I and U}” for II. By carrying 
out the maximization process as indicated in (7-40) for these new values 
of U; and U2, an entirely new set of points is determined, which describe 
a new Scitovsky contour corresponding to the different utility levels 
assigned to individuals. This new contour S: must have a common 
point with S; at A, but there is clearly no reason to expect that the two 
contours will coincide throughout their lengths. S; and S2 may therefore 
either intersect at A (as in Fig. 7-3) or be tangent to each other. Neither 
case is consistent with the usual properties of indifference curves. 


do 9 


S3 


Se S} 





FIGurReE 7-3 FIGurE 7-4 


The explicit introduction of value judgments in the form of a social 
welfare function permits the derivation of contours with some desirable 
properties. Let the social welfare function be W = W(Ui,,U2) in a two- 
person society. Find the Scitovsky contours corresponding to all dis- - 
tributions of utility (U1,U2) for which W(Ui,U2) = W°®. These con- 
tours are shown in Fig. 7-4. The least ordinate corresponding to any 
value of gi represents the minimum amount of Qe necessary to ensure 
society the welfare level W°. Therefore the envelope B of the Scitovsky 
contours in Fig. 7-4 is the locus of minimal combinations of Q, and Q»2 
necessary to ensure society the welfare level W° and may be called a 
Bergson contour. 

The problem of finding the point of maximum enor can thus be 
solved in two equivalent ways. 


1See J. de V. Graaff, Theoretical Welfare Economics (London: Cambridge Uni- 
versity Press, 1957), chap. III. The felicitous terms Scitovsky contour and Bergson 
contour are due to Graaff. Bergson contours are nonintersecting in the absence of 
external effects but do not necessarily possess the “‘right’’ convexity. 
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1. Each point on the aggregate transformation function defines a 
commodity combination that can be attained with the available resources. 
Even if only Pareto-optimal distributions of commodities are considered, 
a contract curve and thus an infinite number of ways in which utility can 
be distributed among consumers correspond to each point on the aggre- 
gate transformation function.1 Find all possible ways of distributing 
utility among consumers corresponding to all points satisfying the trans- 
formation function. Of all these utility distributions choose the one for 
which W(Ui,U2, ... ,U») isa maximum. The solution is obtained by 
examining points in the utility space. 

2. Determine all Bergson contours. Each of these contours corre- 
sponds to a different welfare level. Choose that point on the aggregate 
transformation function which lies on the highest attainable Bergson 
contour. A solution is thus also obtained by examining points in the 
commodity space. The equivalence of the two procedures is obvious from 
the fact that both are equivalent to maximizing W(Ui, . . . ,U») subject 
to the constraint given by the aggregate production function. 


7-5. Summary 


The purpose of welfare economics is to evaluate the social desirability 
of alternative allocations of resources. In the absence of elaborate value 
judgments concerning the desirability of alternative income distribu- 
. tions, a simple value judgment is to consider a reallocation to represent an 
improvement in welfare if it makes at least one person better off without 
making anybody worse off. If it is not possible to reallocate resources 
without making at least one person worse off, the existing allocation is 
Pareto-optimal. It is necessary for Pareto optimality that (1) the cor- 
responding rates of substitution of all consumers be equal, (2) the cor- 
responding rates of transformation of all producers be equal, (3) the rates 
of substitution equal the corresponding rates of transformation. The 
second-order conditions must also be fulfilled for maximum welfare in the 
Pareto sense. 

Perfect competition results in the fulfillment of the first-order condi- 
tions for Pareto optimality. It is in this sense that perfect competition 
represents a welfare optimum. It does not guarantee that the second- 
order conditions are fulfilled; nor does it ensure that the distribution of 
income (or of utility) is optimal in any sense. In addition, the definition 
of optimum welfare in terms of Pareto optimality leaves a certain amount 
of indeterminacy in the analysis, since every point on a contract curve is 


1The geometric representation of the possible ways of distributing utility among 
two consumers corresponding to a given point on the aggregate transformation curve 
is called a utility possibility curve. 


- 


WELFARE ECONOMICS 223 


Pareto-optimal and one cannot choose between them without additional 
restrictions. 

Jt has been shown that the existence of monopolistic elements in com- 
petition among consumers or entrepreneurs in any market precludes the 
possibility of a Pareto-optimal allocation. Even if, by accident, con- 
sumers’ rates of commodity substitution were equal to the corresponding 
rates of product transformation for producers, Pareto optimality would 
still not be attained as a result of divergences between consumers’ rate 
of substitution between commodities and labor and the producers’ corre- 
sponding rate of transforming labor into commodities. 

The conditions under which Pareto optimality is attained under per- 
fect competition must be modified in the presence of external effects such 
as interdependent utility functions and external economies and dis- 
economies. The equality of the rates of commodity substitution is no 
longer sufficient to ensure Pareto optimality in the consuming sector (even 
if one postulates that the second-order conditions are fulfilled). Price 
must equal social marginal cost rather than private marginal cost in the 
producing sector. A Pareto-optimal allocation can generally be attained 
by appropriately subsidizing or taxing the sale of commodities the pro- 
duction of which causes external economies or diseconomies respectively. 

The indeterminacy which remains in the analysis of Pareto optimality 
can be removed by explicitly introducing a social welfare function which 
states society’s (or a dictator’s) preferences among alternative distribu- 
tions of utility among individuals. Rather than a single social welfare 
function there are many, each expressing the evaluations of different 
groups of people. Which one is chosen for the purpose of solving the 
problem of allocation depends upon the institutional framework within 
which society decides upon such matters. Economists have attempted to 
judge the social preferability of alternative positions in terms of the 


ability of the gainers to compensate the losers and the inability of the 


losers to bribe the gainers into not undertaking the reallocation. Such 
compensation principles are invalid if compensation is potential rather 
than actual. The desirability of a reorganization of the economy can 
still be evaluated, however, by translating the social welfare function into 
the commodity space and finding that point on society’s transformation 
curve which lies on the highest Bergson contour. 
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CHAPTER 8 


OPTIMIZATION OVER TIME 


The theories of consumption and production as presented in Chapters 
2 and 3 cover optimization for a single time period. In a short-run 
analysis entrepreneurs are assumed to possess plants of fixed size, but 
beyond this, the decisions of optimizing units for successive time periods 
are assumed to be independent. The consumer spends his entire income 
during the current period and maximizes the level of a utility index 
defined only for goods consumed during the current period. Similarly, 
the entrepreneur’s production function relates inputs and outputs during 
the current period, and he maximizes his profit for the current period. 

Multiperiod utility and production functions are defined in the 
present chapter, and the single-period theories of consumption and pro- 
duction are extended to cover optimization over time. The introduction 
of time is accompanied by a number of simplifying assumptions. Time is 
divided into.periods of equal length, and market transactions are assumed 
to be limited to the first day of each period. During the remaining days 
of each period the consumers supply the factors they have sold and con- 
sume the commodities they have purchased; entrepreneurs apply the 
inputs they have purchased and produce commodities for sale on the next 
marketing date. The consumer’s current expenditure is no longer 
bounded by a single-period budget constraint. He may spend more or 
less: than his current income and borrow or lend the difference. Entre- 
preneurs also have the option of borrowing and lending. 

The bond market and the concepts of compounding and discounting 
are described in Sec. 8-1. Section 8-2 contains an extension of the thecry 
of the consumer to the multiperiod, multicommodity case. Time prefer- 
ence and the effects of interest rates upon consumption expenditures over 
time are considered in Sec. 8-3. Section 8-4 contains a brief discussion of 
how production theory can be extended to the multiperiod case, and an 
investment theory for the firm is developed in Sec. 8-5. Methods for 
extending the single and multimarket equilibrium analyses to cover 
interest rates and multiperiod expectations are indicated in Sec. 8-6. 
Finally, an appendix contains a discussion of the problems involved in 
determining the length of investment periods. 
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8-1. Basic Concepts 


Multiperiod analysis requires the introduction of several new concepts 
to describe the methods and costs of borrowing and lending. 

The Bond Market. Borrowing and lending are introduced with the 
following simplifying assumptions: (1) consumers and entrepreneurs are 
free to enter into borrowing and lending contracts only on the first day of 
each period; (2) there is only one type of credit instrument: bonds with a 
one-period duration; (3) the bond market is perfectly competitive; (4) 
borrowers sell bonds to lenders in exchange for specified amounts of cur- 
rent purchasing power, expressed in terms of money of account; and (5) 
loans plus borrowing fees are repaid without default on the following 
marketing date. ; 

These assumptions represent a considerable simplification of actual 
credit markets, but they allow the easy derivation of many basic results 
which can be extended to more complicated markets. Each of the above 
assumptions may be relaxed, at the cost of complicating the analysis, but 
without essentially altering the basic results. Assumption (1) follows 
from the discrete definition of time utilized in multiperiod analyses. As 
the period is defined to be smaller and smaller, market transactions 
become more frequent and are continuous :n the limit.4_ Assumption (2) 
could be altered by assuming the existence of different types of credit 
instruments, e.g., promissory notes and mortgages, with different maturi- 
ties. Assumption (3) can be relaxed by drawing on the analysis of 
mouopolistic competition given in Chapter 6. Assumptions (4) and (5) 
can also be altered in a number of ways. 

Let 6, be the bond position of some individual at the end of trading on 
the ith marketing date. The sign of b; signifies whether he is a borrower 
or lender. If b; < 0, heis a borrower with bonds outstanding and must 
repay b, dollars plus the appropriate borrowing fee on the (é + 1)th 
marketing date. Ifb,; > 0, he is a lender who holds the bonds of others 
and will receive b; dollars plus the appropriate borrowing fee on the 
(¢ + 1)th marketing date. 

Since borrowing fees are also expressed in terms of money of account, 
they may be quoted as proportions of the amounts borrowed. (n the 
(¢-+ 1)th marketing date a borrower must repay (1 + 72:) times the 
amount he borrowed on the ith. The proportion 7; is the market rate of 
interest connecting the ith and (¢+ 1)th marketing dates. Since the 
bond market is assumed to be perfectly competitive, the market rate 
of interest is not affected by the borrowing or lending of any single 
individual and is the same for all individuals. Interest rates are fre- 


1See the appendix to this chapter for an example of an analysis in which market 
transactions are assumed to take place continuously. 
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quently expressed as percentages. If the interest rate is?;, the borrowing 
fee is 100%; per cent of the amount borrowed. For example, the borrow- 
ing fee is 5 per cent if 2; = 0.05. 

Market Rates of Return. Individuals desiring to borrow for a dura- 
tion of more than one period can sel] new bonds on successive marketing 
dates to pay off the principal and interest on their maturing issues. 
Similarly, lenders may reinvest their principal and interest income. 
Consider the case of an individual who invests b; dollars on the éth market- 
ing date and continues to reinvest both principal and interest until the 
7th marketing date. The value of his investment at the beginning of the 
(t + 1)th marketing date is b,(1 + 2,). If he invests the entire amount, 
the value of his investment at the beginning of the (¢ + 2)th marketing 
date is b:(1 + 2:)(1 + 241). The value of his investment at the beginning 
of the sth marketing date is 


b(1 + 4) (1 a 141) oe (1 a 1-1) 
The total return on this investment is 
J=b(L +i) tty) ++ +45) -—& 


Since the bond market is perfectly competitive, the average and- 
marginal] rates of return (é,) for this investment are equal and constant: 


ftp = b: - db; - (1 a a) (1 =f 4243) aie (1 +431) — 1 (8-la) 


For example, if r = (¢ + 2), 7; = 0.10 and 141 = 0.06, 


Ete42 = (1.10)(1.06) — 1 = 0.166 


Since the investor is earning interest on his previous interest income, 


the compound market rate of return exceeds the sum of the individual 

interest rates. It is interesting to note that only the levels of the interest 

rates, and not the order of their sequence, affect the market rate of return. 

The market rate of return remains 0.166 for % = 0.06 and %41 = 0.10. 
It is convenient to define 


fe = 0 (8-10) 


which states that an investor will earn a zero rate of return if he buys 
and sells bonds on the same marketing date. A positive return is earned 
only if bonds are held until the following marketing date. The market 
rates of return defined by (8-1) are applicable for borrowing as well as 
lending. 
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If the investor expects a constant rate of interest,z, = -** = t%1 = 41, 
Eas. (8-la) and (8-16) become 


=(1+it-1 


which can be evaluated from a compound-interest table for specific values 
of (r — #) andi. 

Discount Rates and Present Values. The existence of a bond market 
implies that a rational individual will not consider one dollar payable 
on the current (¢ = 1) marketing date equivalent to 1 dollar payable 
on some future marketing date. If he invests 1 dollar in bonds on the 
current marketing date, he will receive (1 + 71) dollars on the second. 
marketing date. One dollar payable on the second marketing date is 
the market equivalent of (1 + 71)—? = 1/(1 + 71) dollars payable on the 
first. It is possible to lend (1 + 71)—! dollars on the first marketing date 
and receive 1 dollar on the second, or borrow (1 + 2:)—? dollars on the 
firstandrepay 1 dollar onthesecond. Theratio (1 + 71)—is the discount 
rate for amounts payable on the second marketing date. The present 
value, sometimes called the discounted value, of y2 dollars payable on the 
second marketing date is y2(1 + 21)~? dollars. 

Discount rates can be defined for amounts payable on any marketing 
date. In general, the discount rate for sums payable on the tth marketing 
date is 


(1+ id+%)---A+ea=0+ a7 


It follows from (8-1) that an investment of (1 + £1:,)—! dollars on the 
first marketing date will have a value of 1 dollar on the ¢th. 

- An entire income or outlay stream can be expressed in terms of its pres- 
ent value, asinglenumber. Consider the income stream (y1,y2, . - - Ys) 
where y; is the income payable on the ¢th marketing date. The present 
value (y) of this stream is 


- Yo Bet fi dll tac 

y= mt (1 + £12) a o (1 + &1,) 

If all interest rates are positive, the discount rate increases and the 
present value of any fixed amount decreases as 7 increases. If all interest 
rates are 0.10, the present value of a dollar payable on the second market- 
ing date is approximately 0.91 dollars, a dollar payable on the fifth is 
approximately 0.68, and a dollar payable on the tenth approximately 
0.42, 

The computation of present values allows an economically meaningful 
comparison of alternative income and outlay streams. Assume that the 
interest rate is 0.10 and consider two alternative two-period income 
streams: (y: = 100, ye = 330) and (y: = 300, y2= 121). The first 
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income stream contains 9 dollars more than the second, but the second 
will always be preferred, since its present value (410 dollars) exceeds the 
present value of the first (400 dollars). The preferability of the second 
stream can be demonstrated by transforming it into a stream directly 


‘comparable to the first. The second income stream gives its holder 


200 dollars more on the first marketing date than the first income stream. 
Let him invest these 200 dollars in bonds on the first marketing date. 
This leaves a spendable income of 100 dollars on the first marketing date 
and adds 220 dollars to his spendable income on the second. The trans- 
formed income stream is (yi = 100, yz = 341), which is clearly preferable 
to the first income stream. This result can be generalized: regardless 
of how an income stream is transformed through borrowing and lending, 
an income stream with a greater present value can be transformed into a 
preferred stream. 


8-2. Multiperiod Consumption 


A consumer generally receives income and purchases commodities on 
each marketing date. His present purchases are influenced by his 
expectations regarding future price and income levels, and he must 
tentatively plan purchases for future marketing dates. If his expecta- 
tions prove correct and his tastes do not differ from the expected pattern, 
his tentative plans will be carried out on future marketing dates. If his 
expectations are not realized, he will revise his tentative plans. The 
present discussion is restricted to a consumer who formulates an inte- 


‘grated plan on the current marketing date for his consumption expendi- 


tures on n goods over a horizon containing 7 periods. His horizon is 
simply the period of time for which he plans on the current marketing 
date. It may be of any length, but for simplicity assume that it cor- 
responds to the remainder of his expected lifetime. It is not essential 
that he actually know how long he will live; it is only necessary that he 
presently plan as if he did. If his life expectancy should change in the 
future, he would alter his horizon accordingly and revise his plans. 

The Multiperiod Utility Function. In the most general case the con- 
sumer’s ordinal utility index depends upon his planned consumption of 
each of the n goods in each of the T' time periods: 


U= U(9u, s+ + 9QnijQ12, - + + Qnty - + + Jy +s - sQnr) (8-2) 


where gj is the quantity of Q;that he purchases on the ‘th marketing date 
and consumes during the /th period. 

The construction of a single utility index does not imply that the con- 
sumer expects his tastes to remain unchanged over time. It only implies 
that he plans as if he knew the manner in which they will change. For 
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example, he may know that a baby carriage will yield a great deal of 
satisfaction during the years in which he is raising his family and no satis- 
faction at all during the years of his retirement. The utility index (8-2) 
is not necessarily valid for the consumer’s entire planning horizon. It 
merely expresses his present expectations. A change in his objective 
circumstances or subjective desires may cause him to revise his utility 
index on some future marketing date. A consumer who formulates his 
utility index on the expectation that he will become the father of a bounc- 
ing baby girl and in fact becomes the father of triplet boys will surely 
revise his utility index after the event. A consumer who discovers a 
desirable new commodity will revise his utility index to include this . 


commodity. 
The Budget Constraint. The consumer expects to receive the earned- 
income stream (y1,y2, . - . ,yr) on the marketing dates within his plan- 


ning horizon. Generally, his expected-income stream is not even over 
time. One possibility is a relatively low earned income during the early 
years of the consumer’s working life, which increases as he gains training 
and seniority and reaches a peak during the middle years of his working 
life. His earned income may then begin to fall and becume zero after 
retirement. Whatever his earned-income stream may be, it will seldom 
coincide with his desired consumption stream. Through borrowing and 
lending he is able to reconcile the two streams. 

The consumer’s total income receipts on the tth marketing date are 
the sum of his earned income and his interest income from bonds held 
during the preceding period: (y; +- %4-1b:-1). His interest income will be 
positive if his bond holdings are positive and negative if his bond hold- 
ings are negative, i.e., if he isin debt. His expected savings on the tth 
marketing date, denoted by s:, are defined as the difference between his 
expected total income and total consumption expenditures on that date: 


Se = Ye + terbea — ) DjeQyt @=14,...,7) (8-3) 
j= 


where pj, is the price of Q; on the initial marketing date and py (t = 2, 
. . . , 7’) is the price that he expects to prevail for Q; on the th marketing 
date. Similarly, 7; is the rate of interest determined on the initial mar- 
keting date and 2, ({ = 2,... , 7’ — 1) is the rate of interest that the 
consumer expects to prevail on the tth marketing date. The consumer’s 
savings will be negative if his expenditures exceed his total income. 

If the consumer is at the beginning of -his earning life, his initia] bond 
holdings (bo) represent his inherited wealth. If he is revising his plans 
at a date subsequent to the beginning of his earning life, his bond hold- 
ings also reflect the results of his past savings decisions. To simplify 
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the present analysis assume that he is at the beginning of his earning life 
and that bb) = 0. On each marketing date the consumer will increase or 
decrease the value of his bond holdings by the amount of his savings on 
that date: 


be = ba + & ¢ =1,..., T) (8-4) 


A ‘‘typical’’ consumer might dissave and go into debt during the early 
years of his earning life while he is earning a comparatively low income, 
buying a home, and raising a family; then save to retire his debts and 
establish a positive bond position during the remainder of his working 
life; and finally dissave and liquidate his bonds during retirement. 

Taking (8-3) and (8-4) together, the consumer’s planned bond hold- 
ings after trading on the 7th marketing date can be expressed as a func- 
tion of his earned incomes, his consumption levels, prices and interest 
rates: 


2, Pam) 
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b3 = (u a $ pit) (1 + %1)(1 + %) + (y2 = y Pind )(1 + #2) 
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j=l 
and in general, utilizing (8-1a), 


b, = > (y -¥ Psat) (1 + &r) (7= 1,. wag 2) (8-5) 


The consumer’s bond holdings after trade on the 7th marketing date equal 
the algebraic sum of all of his savings, net of interest expense or income, 
through that date with interest compounded on each. 

In the single-period case the optimizing consumer would buy a suf- 
ficiently large quantity of each commodity to reach complete satiation if 
he did not possess a budget constraint. A similar situation would arise 
in the multiperiod case if there were no limitation upon the amount of 
debt that he could amass over his lifetime. The budget constraint for a 
multiperiod analysis can be expressed as a restriction upon the amount of 
the consumer’s terminal bond holdings (br). He may plan to leave an 
estate (or debts) for his heirs, but for simplicity assume that he plans to 
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leave his heirs neither assets nor debts. Evaluating br from (8-5), his 
budget constraint is: 


bp = 5 (x y Putt) (1 + &r) =0 
t=1 j=1 


Dividing through by the constant (1 + £7) and moving the consumption- 
expenditure terms to the right, the consumer’s budget constraint can 
also be written as 


T 


Y wel + tu)? = 


t=1 t 


T n 

) > piqit(l + 1) (8-6) 
=] j=1 

since 


1+ &p = (1 + %) aay (1 + tp_1) 
1+ fr (1 + 23) se (1 + 7-1) 





a ; 
“Gans, ani Ve 


In the form (8-6) the budget constraint states that the consumer equates 
the present values of his earned income and consumption streams. 
Utility Maximization. The consumer desires to maximize the level of 
his lifetime utility index (8-2) subject to his budget constraint (8-6). 
Form the function 
n 


U* = U(qu, - - + nr) +A ) (x = > Pst) (1 + &j7? 
t=1 j 


‘=I 


and set its partial derivatives equal to zero: 





aU* _ OU _ sf nS G=1,...,n) 
Ogie Qt MCL + Eis) Pa = 0 (fal. cag 2) 
T n 
au* 
Or = > (u, ar > Psa) (1 + €y)7} = 0 
t=1 j=l 


and 
= OFit — dU /0gr = Pr, (1 + fi)? Gj, k=1,..., n) (8-7) 
Ogxr OU /dqi Pa(l + &x)7? aes gy LE) 


The consumer must equate the rates of substitution between each pair of 
commodities in every pair of periods to the ratio of their discounted 
prices. 

The first-order conditions are similar to those for the single-period 
analysis. Commodities are now distinguished by time period as well 
as kind, and discounted prices have replaced simple prices. Once these 
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modifications have been made, the second-order conditions are the same 

as those given in Sec. 2-7 for the general one-period analysis. Income 

and substitution effects can be defined with respect to changes in the dis- 

counted prices of the various commodities on the various marketing dates 
if the interest rates remain unchanged.! 

Demand Functions. Solving the nT independent equations given by 

_ (8-7) and the budget constraint for the consumer’s commodity demands, 


gG=1...,%) 
Ge 1s csyD) 


The consumer’s demand for the 7th commodity on the ith marketing date 
slepends upon the price of each commodity on each marketing date and 
the interest rates connecting each pair of successive periods. The 
consumer’s demand functions for bonds are obtained by substituting his 
commodity demand functions for the qys in (8-5): 


) {| a ) PaDz(Pu, -- - sina) | + te) 


ge = Dulpu, . - - ,Dnrjti, .  » stra) 


b; 


i ea te G@=4..:,7) 


If earned-income levels are treated as parameters, bond purchases are 
also functions of all prices and all interest rates. 

The demand functions for commodities are again homogeneous of 
degree zero in prices and earned-income levels: if all actual and expected 
prices and earned-income levels change by the factor k > 0 with all 
interest rates remaining unchanged, the consumer’s demand for each com- 
modity on each marketing date will remain unchanged.2, The demand 
functions for bonds are homogeneous of degree one with respect to prices 
and earned-income levels. From the zero-degree homogeneity of the 
commodity demand functions it follows that 


r 


b(kpn, .. + parti, ... tra) = > [wv 


t=1 


a > kpjeDilkpu, . . . kparjti, . . . jtra)(l + tu) | = kb, 
p=] 


J 


If every element in the consumer’s earned-income stream and all prices 
should double, his planned commodity purchases would remain unchanged, 


1 More than one discounted price would change if one of the interest rates changed, 
since each interest rate enters the discount factors applicable for all prices on all the 
marketing dates following the date on which it is determined. 

2 The method of proof for this statement is the same as that utilized to prove the 
similar statement in Sec, 2-4. 
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and he would double his planned bond purchases. However, since his 
bond holdings are measured in terms of the monetary unit of account, 
they will exchange for exactly the same physical quantities of commodities 
as before the doubling of the values of bond holdings and commodity 
prices. The interest rates are pure numbers independent of the monetary 
unit and must remain unchanged if commodity demands are to remain 
unchanged. 


8-3. Time Preference 


Though much of the analysis of multiperiod consumption is formally 
identical with the analysis for a single period, the explicit introduction of 
time and interest rates presents a number of new problems. Attention is 
centered upon the unique problems of multiperiod consumption by assum- 
ing that actual and expected commodity prices are fixed in value and 
remain unchanged. The consumer’s problem can then be stated as that 
of selecting an optimal time pattern for his consumption expenditures. 

The Consumption-utility Function. For pairs of commodities pur- 
chased on a particular marketing date, the first-order conditions given by 
(8-7) become 


_ 9Gj _ Det (jk=1,...,n) 
O”dxt Dit (t= 1, ce y T) (8 8) 


The consumer equates the rate of commodity substitution (RCS) between 
every pair of commodities purchased on a single marketing date to their 
simple price ratio. The intraperiod substitution rates are independent of 
the interest rates. Thus, with regard to purchases on each marketing 
- date, the consumer satisfies the first-order conditions for single-period 
utility maximization, with the exception of the single-period budget 
constraint. The consumer’s optimization problem can be separated into 
two parts: (1) the selection of optimal values for his total consumption 
expenditures on the various marketing dates, and (2) the selection of 
optimal commodity combinations corresponding to the planned expendi- 
tures on each marketing date. Once the first problem has been solved, 
the consumer can solve the second by formulating T independent single- 
period problems with the optimal total consumption expenditures serving 
as single-period budget constraints. 

Define ¢, as the consumer’s total expenditure for commodities ,on the 
tth marketing date: 


a = > page (= 1,...,T) (8-9) 


j=l 


The utility function (8-2), together with (8-9) and the (n — 1)T inde- 
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pendent equations of (8-8), forms a system of (n7'+ 1) equations in 
(nT + T + 1) variables: U, g: (GG = 1,-.-,")¢=1,..., 7), and 
e.(¢=1,...,T7). Generally, n7 of these equations can be utilized to 
eliminate the gj:s, and the consumer’s utility index can be expressed as a 
function of his consumption expenditures: 


Um Vie, «ss str) (8-10) 


Since (8-10) is constructed on the assumption that (8-8) is satisfied, it 
gives the maximum value of the utility index corresponding to each 
consumption-expenditure pattern. 

The consumer’s time-substitution rate: 


ee (eS yk ee ED 
t 


is the rate at which consumption expenditure on the rth marketing 
date must be increased to compensate for a reduction of consumption 
expenditure on the ‘th in order to leave the consumer’s satisfaction level 
unchanged. No generality is lost by limiting attention to the cases for 
which 7*> ¢. If the consumer’s time-substitution rate is 1.06, his-con- 
sumption expenditure on the rth marketing date must be increased at the 
rate of 1.06 dollars for each dollar of consumption expenditure sacrificed 
on the éth. In other words he must receive a premium of at least 0.06 
dollars before he will postpone a dollar’s worth of consumption expendi- 
ture from period ¢ to period r. This minimum premium is defined asthe 
consumer’s rate of time preference for consumption in period ¢ rather than 
period 7 and is denoted by mr: 


m= 2-1 rahe. DN >) BD) 


The consumer’s rates of time preference may be negative for some con- 
sumption time patterns, i.e., he may be willing to sacrifice a dollar’s 
worth of consumption in period ¢ in order to secure less than a dollar’s 
worth in a later period. If expected consumption expenditures are 
10,000 dollars on the ith marketing date and only 1 dollar on the rth, 
nr would most likely be negative. The consumer’s subjective rates of 
time preference are derived from his consumption-utility function and 
depend upon the levels of his consumption expenditures. They are inde- 
pendent of the market rates of interest and his borrowing and lending 
opportunities. 

The Consumption Plan. The consumer’s utility-maximization prob- 
lem of Sec. 8-2 can now be reformulated using his consumption expendi- 
tures as variables. He wants to maximize the level of his consumption- 
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utility index (8-10) subject to his lifetime budget constraint. Form the 
function 


T 
V* = Vie, . . . cr) $e > (ye — ce) (A + Ex) 
t=1 


and set its partial derivatives equal to zero: 








* 
= Ve el + bt = 0 @=1,...,T) 
Ly (8-12) 
* 
x = » (ye — ce) (1 + &y)—? = 
Me Bis ¢ Tt 


(+e) 
and — t=+7** (1 4+,) “(@r=1,...,T) 


OCt (1 + &,)7} 
(r >t) (8-18) 
and substituting from (8-1a} and (8-11), 


le = bt (t, T= 1; eae y T) (r > t) (8-14) 


The consumer in this case adjusts his subjective preferences to his market 
opportunities by equating his rate of time preference between every pair 
of periods to the corresponding market rate of return. If 7, were less 
than &,,, the consumer could buy bonds and receive a premium greater 
than necessary to maintain indifference. If m, were greater than &:,, 
he could increase his satisfaction by selling bonds and increasing his con- 
sumption in period ¢ at the expense of consumption in periodr. Though 
ntr May be negative for some consumption-expenditure patterns, the 
observed (optimum) values of 7; will always be positive if the interest 
rates are positive. 

Second-order conditions require that the principal minors of the rele- 
vant bordered Hessian determinant alternate in sign: 


Vu Vie —1 
Vu Ve —(1 + &12)-1|] > 0; 
=i. (he 2) 0 
Vu Vie Vis —1 
Va Vor Vo —(1 + &12)-7 
Vai Vso V3 —(1 + £13)-1] < 03 +++ (8-15) 
—1 —(Q+ &12)-? -—(1 + £13)73 0 


The reader may verify that the second-order conditions imply that the 
rates of time preference be decreasing. . 

For a numerical example consider a hypothetical consumer with a two- 

Period horizon. Assume that his utility function is U = cice and that his 
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actual and expected incomes are (y; = 10,000, y2 = 5,250). Form the 
function 


V* = cic2 + w[(10,000 — cr) + (5,250 — c2)(1 + 41)—*] 
and set its partial derivatives equal to zero: 
oV* 











0c1 a aia 
y* 2 
ce ML + a) = 
aV* a 
Far = (10,000 — e1) + (5,250 — e)(1 + a4)! = 0 


If the interest rate is 0.05 (5 per cent), the optimum consumption expen- 
ditures are c, = 7,500 and cz = 7,875. The consumer’s rate of time pref- 
erence for these expenditures equals the interest rate (market rate ot 
return): 





dc _ ©2 7,875 = 
i ene ee 1 = 7500 1 = 0.05 
The second-order condition requires that 
0 1 —1 
1 0 -(1 + 4,)7! = 2(1 + 4,)7! >0 
—-1 -(+%)" 0 


and is satisfied for 7, > —1. 
The two-period horizon case can be described graphically by giving a 
new interpretation to the conventional indifference-curve diagram. The 
consumer’s earned-income stream is 
given by the coordinates of point A “2 
in Fig. 8-1. Let y°® be the present 
value of this income stream. The 
consumer’s budget constraint is 


y® — ¢, — e2(1 + 24)" = 0 


The locus of all consumption points 
with a present value of y° forms a 
straight line with negative slope 
equal to the market exchange rate, 
(1 + 72:), between consumption ex- 
penditures on the first and second 
marketing dates, One dollar of in- 
come on the first marketing date can 
be transformed into (1 + 7) dollars of consumption expenditure on the 
second if the consumer lends at the market rate of interest. Likewise, 





FicureE 8-1 
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(1 + 21) dollars of income on the second marketing date can be trans- 
formed into 1 dollar of consumption expenditure on the first if the con- 
sumer borrows at the market rate of interest. Assume that the con- 
sumer’s budget constraint is given by the line labeled y® in Fig. 8-1. If 
he borrows on the first marketing date, he will move along his budget line 
going to the right of point A. If he lends, he will move along his budget 
line going to the left of point A. 

The curves labeled U™ and U®) are members of the family of time indif- 
ference curves. Each is the locus of consumption expenditures yielding a 
given level of satisfaction. The slope of a time indifference curve is 
—(1 + m2). These curves reflect the assumption that the rate of time 
preference is decreasing, i.e., the curves are convex with respect to the 
origin as required by the second-order condition (8-15). The coordinates 
of the tangency point B give the optimal consumption expenditures. The 
consumer will buy AC dollars worth of bonds on the first marketing date 
and will spend the principal and interest, CB, for consumption goods on 
the second. . 

Substitution and Income Effects. The effects of a change in the rate 
of interest upon the consumer’s optimal consumption levels can be 
separated into income and substitution effects by methods similar to 
those employed in Sec. 2-6. 

Assume that the consumer’s horizon encompasses two marketing dates. 
In order to determine the effects of changes in the interest rate and 
earned-income levels, differentiate the first-order conditions (8-12) 
totally for T = 2: 


Vis dey + Vie dee — du =0 
aetaas Vin deo — (1 + ii)"'du = —w(L+%)-*dé, (8-16) 
—de, — (1 + 41)7!dez — 0 = —dy: — (1 + 41) dye 


+ (y2 — 2) + 41)? dtr 
The array of coefficients on the left-hand side of (8-16) is the same as the 
array for the last (and for J’ = 2, the only) bordered Hessian determinant 


of (8-15). 
Using Cramer’s rule to solve (8-16) for dei, 


dey = —p(1 + as)? 28 diy + [dy — (+ a) dy 


+ a — e(L + 4)? dt] 22 (8-17) 


where D is the bordered Hessian determinant and D,, is the cofactor of 
the element in its tth row and 7th column. Dividing (8-17) through 
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by dz, and assuming that _ = dy. = 0, 


0. D 
= = —p(l + i)? 22 Ht (ye ~ ex) + 4) 55 (8-18) 
1 
Let y denote the present value of the consumer’s’ earned-income 
stream: 


y=Hyt yl + 1) 


An increase of y; by 1 dollar or of yz by (1 + 7) dollars will each increase 
y by ldollar. The rate of increase of c; with respect to a dollar’s increase 
in the present value of the consumer’s earned-income stream can be 
derived from (8-17): 


— oy _ ) 94 _ Das 
a Ot Oa D (8-19) 


A change of 7; will alter the present values of the consumer’s earned- 
income and consumption streams. Consider thosé-changes of 7; which 
are accompanied by changes in ¢; and cz such that the level of the con- 
sumer’s utility index remains unchanged: dU = V, de, + Vode, = 0. 
Since (8-13) requires that V2/Vi = (1 + 1)~}, it follows that 


—de — (1 + %1)-?dee = 0 
and from (8-16) it follows that 
| —dy; — (1 + %)7! dy2 + (y2 — c2)(1 + %4))-* diy = 0 
Substituting into (8-17) 


(3!) ‘= —p(1 + a)-? a (8-20) 
11 J Uaconst 


- Substituting —(y1 — ¢1)@ + 41) = (ye — c2)(1 + 71)-?, which follows 


from the budget constraint, and utilizing (8-18) and (8-19), (8-17) may be 
written as 


Oc; ae de, _ 3 O¢1 ie 
a (3) + Gi ea) tay (32) 2) 


The total effect of a change in the rate of interest is the sum of a substitu- 
tion and an income effect. The income effect equals the rate of change of 
consumption expenditure with respect to an increase in the present value 
of the consumer’s earned-income stream weighted by his bond holdings 
multiplied by a discount factor. 

The sign of the substitution effect is easily determined. From the 
first-order conditions » > 0, and from the second-order condition D > 0. 
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Evaluating Da, 


Vie 


ae | (+i) 


) =(1+i)">0 


Therefore, the substitution effect with respect to c; in (8-18) is negative. 
The substitution effect with respect to ce is 


dC2 ae )~2 D22 
(2) 7 al » ty) D 


Since Dx», = —1 < 0, the substitution effect with respect to c2 is positive. 
An increase of the interest rate will induce the consumer to substitute 
consumption in period 2 for consumption in period 1 as he moves along a 
given time indifference curve. This follows from the fact that an increase 
of the interest rate is equivalent to an increase in the prices of commodities 
on the first marketing date relative to those un the second. If the con- 
sumer reduces consumption in period 1 and purchases bonds, his interest 
earnings will be greater, and he will be able to purchase a larger quantity 
of commodities on the second marketing date for each dollar’s worth of 
purchases sacrificed on the first. 

Although an increase of income may cause a reduction in the purchases 
of a particular commodity, it is difficult to imagine a situation in which an 
increase of income will cause’ a reduction in the aggregate consumption 
expenditure on any of the marketing dates. One can assume that 
(0c1/OY);,-cont 1S positive for all except the most extraordinary cases. If 
this is true, the direction of the income effect is determined by the sign of 
the consumer’s bond position (y; — c1) at the end of trading on the first 
marketing date since the second term of (8-21) is of the same sign as 
(y1 — ¢:). If the consumer’s bond holdings are positive, an increase of 
the interest rate will increase his interest income and is equivalent to an 
increase of his earned income. If he isin debt, an increase of the interest 
rate will increase his interest expense and is equivalent to a reduction of 
his earned income. In this case both effects are negative, and the total 
effect, 0c:/02, will therefore be negative. If his bond position is positive, 
the total effect will be positive or negative depending upon whether the 
value of the income effect is larger or smaller than the absolute value of 
the substitution effect. 


8-4, Multiperiod Production 


The theory of the firm can also be extended to the multiperiod case. 
The analysis of the entrepreneur is similar to that of the consumer, as in 
the single-period case. 
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The Multiperiod Production Function. Production is seldom instan~ 
taneous. Generally, time must elapse between the application of inputs 
and the securing of outputs. Assume that (1) the entrepreneur buys 
inputs and sells outputs only on the marketing dates within his horizon, 
(2) he performs the technical operations of his production process in the 
time between marketing dates, (3) during the ‘th period he applies the 
inputs he purchased on the ‘th marketing date, and (4) on the (¢ + 1)th 
marketing date he sells the outputs secured during the ‘th period. These 
assumptions serve to define the time sequence of production. The fol- 
lowing analysis could be based on many alternative sets of time-sequence 
assumptions without any major changes of its results. 

Consider an entrepreneur who desires to formulate an optimal produc- 
tion plan for a horizon encompassing L complete periods and (LZ + 1) 
marketing dates. Following the notation of Sec. 3-6, the entrepreneur’s 
production function can be written in implicit form as 


F(q1, ene Qs, L41jQothty + + - Gmt) = 0 (8-22) 
whereg: (7 = 1, ...,8)¢@=2,...,L£+1) is the quantity of the jth 
output secured during the (¢ — 1)th period und sold on the th marketing 
date and -—q@ (7 =s+1,...,m) (¢=1,... ,Z) is the quantity of 


the jth input purchased on the ‘th marketing date and applied to the 
production process during the ¢th period. Any outputs which the entre- 
preneur may sell on the initial marketing date are the result of past pro- 
duction decisions, and their levels enter (8-22) as constants rather than 
variables. On the (L + 1)th marketing date the entrepreneur plans to 
sell the outputs secured during the Lth period, but does not plan 
to purchase inputs, since he does not anticipate production in any 
period beyond the Lth. The multiperiod production function relates 
the input and output levels for all periods within the entrepreneur’s 
planning horizon. The inputs applied during each period contribute to 
the production of outputs during all periods, and it is usually impossible 
to attribute a particular output to inputs applied during a specific period. 
However, it is possible to ascertain the effects of marginal variations and 
compute the marginal productivities of each input applied during each 
period with respect to each output secured during each period. 

Profit Maximization. The entrepreneur also faces a perfectly com- 
petitive bond market and is free to borrow and lend on the same terms as 
consumers. Given these opportunities, he will generally desire to maxi- 
mize the present value of his net revenues from production subject to the 
technical constraints imposed by his production function. Form the 
function 


wt = YY pygld + buy + Pag, « - « sQnt) 
j=] 
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and set its partial derivatives equal to zero: 


an* Aa OF _ 

Bgu Pil + Exe) Naa y 
(@=2,...,L+4+1) for(j=1,...-,8) 
(Ca Tees 65 2) for(j=s+1,...,m) 


* 


or 
oy — Fae, » + +5 Qmt) =0 


and 
OG = OF /0Qkr — Dre (1 + £17)! 


Oger OF /Oqe pill + Fx)? 

(@,7=2,...,L4+1) forG,k=1,...,8) (8-23) 
@7r=1,...,2) for (j,k =s+1,...,m) 
If Q; and Q; are both outputs, (8-23) requires that their rate of product 
transformation (RPT) equal the ratio of their discounted prices. If 
both are inputs, it requires that their rate of technical substitution (RTS) 
equal the ratio of their discounted prices. If Q; is an output and Q; an 
input, let ti, = —Qze and rz, = Der and write (8-23) as 


oe pil + &12)—? = ree(l + &1,)7 


CF Sey scree 538) (K=s+1,...,m) 
(im 2, ys 64g ad) Ge dy oo 5B) 





The discounted value of the marginal product of X; applied during the 
tth period with respect to each output in each time period must be 
equated to the discounted price of X; on the rth marketing date. 

The second-order conditions are the same as those presented in Sec. 
3-6 if each output and each input on each marketing date is defined as a 
distinct variable and simple prices are replaced by discounted prices. 
Substitution effects may be derived for changes in each of the discounted 
prices, assuming that the interest rates remain unchanged. 

An entrepreneur would not undertake single-period production if all 
inputs were variable and his maximum profit were negative. A similar 
limitation applies in the multiperiod case. If all inputs are variable, the 
entrepreneur will not undertake production at all if the discounted value 
of his net revenues from operations is negative. However, this restriction 
does not take account of all his options. He may find it most profitable 
to undertake production, but to cease operations before the end of his 
planning horizon. The entrepreneur will not operate after the rth 
marketing date unless the present value of the added net revenues is 
nonnegative: 
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L+1 8 
>» Pnde(l + Eu)7? 
é=rt+17=1 
L m 
er. >» » reta(1 + yy) 2 0 (r=1,...,L) (8-24) 
t=rj=st+l 


If (8-24) does not hold for some value of 7, the entrepreneur can earn more 
by investing all his funds in bonds on the 7th marketing date than by con- 
tinuing production. If (8-24) does not hold for 7 = 1, he will not under- 


. take production at all. 


Demand and supply functions can be derived in a manner similar to 
that used in Sec. 8-1 to derive consumer demand functions. The entre- 
preneur’s demands for inputs, supplies of outputs, and demands for bonds 
on each marketing date can be expressed as functions of all prices and 
interest rates. The demand functions for inputs and supply functions 
for outputs are homogeneous of degree zero, and the demand functions 
for bonds are homogeneous of degree one with respect to all input and 
output prices. 


8-5. Investment Theory of the Firm 


The multiperiod production decisions of the firm are presented in a 
very general form in Sec. 8-4. The advantages and disadvantages of this 
formulation are similar to the advantages and disadvantages of the multi- 
period consumption analysis contained in Sec. 8-2. The formal relation-_ 
ships between single-period and multiperiod production decisions are 
obvious, but many of the new problems arising from the introduction of 
time and interest rates are obscured by this formulation. Simplifying 
assumptions similar to those employed in Sec. 8-3 are utilized in the 
present section in order to bring the new problems to the forefront and 
derive some of the concepts and results of neoclassical investment theory. 
Specifically, it is assumed that entrepreneurs consider all current and 
expected input and output prices as known and constant and perform 
certain preliminary optimizations. It is then possible to treat the invest- 
ment expenditures and revenues from sales on each of the marketing dates © 
within the entrepreneur’s horizon as the only variables and confine the 
analysis to an investigation of their interrelationships and the effects of 
the interest rates. 

Special cases have played an, important role in the development of 
microeconomic investment theory. Cases are frequently distinguished 
on the basis of input and eutput time structures. The simplest case is 
point-input—potnt-output, which covers investment in working capital: 
all inputs are purchased on one marketing date, and all outputs are sold 
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on a subsequent marketing date. Tree growing and wine aging often 
serve as examples. The multipoint-input—point-output case covers the 
production of an output which requires the application of inputsduring a 
number of successive periods.! Shipbuilding might fall into this cate- 
gory. The point-input—multipoint-output case covers an investment 
in a durable good which is purchased on one marketing date and is used 
for the production of outputs during a number of successive periods. 
Finally, there is the general multtpoint-input—multipoint-output case. 
The first three cases are, of course, embraced by the fourth. In the 
present section attention is limited to the general and point-input—point- 
output cases. 

The Investment-opportunities Function. The entrepreneur’s invest- 
ment expenditure on the éth marketing date, denoted by J;, equals the 
value of his input purchases on that date: 


Ii = > DuLit (é => 1, oe ,L) (8-25) 
jretl 


His total revenue from sales on the ¢th marketing date, denoted by Ry is 


a 
R=) pie (=2,...,L4+1) (8-26) 
jal 
The definitions (8-25) and (8-26) require 2 equations. 

Assume that an entrepreneur is given the levels for all his inputs and 
outputs except the inputs he purchases on the éth marketing date, and 
desires to minimize the present value of his investment expenditure on 
that date. To solve his constrained-minimization problem, form the 
function 


Iif=- > pyax(l + Ex)? 
gre+l 


* 0 6 0 0 
ale r F (ia, e ee 194.L+UVe4119 oe © Metts 2 Ys+2t) 2 + « 1UmL) 


and set its partial derivatives equal to zero: 


Olt _ waar. eee 5 

OQ; = Pi a £11) + Og; = 0 G =s+ 1, aay m) 

alt re 

Onrn* a F(qhs, ee Qs n+199st1,1) © * © Asrtity © + © 9Ys42ty 2 + = 9.1) = 0 
and _ Gj _ Pet (j,6=s+1,...,m) (8-27) 


Ode: Pt 


1 If time is treated as a continuous variable, the word continuous replaces multipoint 
in the titles of the special cases. 


OPTIMIZATION OVER TIME 245 


The first-order conditions are the familiar ones for single-period con- 
strained cost minimization (see Sec. 3-2): RTSs are equated to fixed price. 
ratios. The optimum intraperiod RTSs are independent of the interest 
rates. It is assumed that the entrepreneur always allocates his invest- 
ment expenditure on the ith marketing date so that (8-27) is satisfied. 
Conditions (8-27) contain (m — s — 1) independent equations for each 
marketing date, or a total of L(m — s — 1) independent equations. 

Now assume that the entrepreneur is given the levels for all his inputs 
and outputs except the outputs he sells on the ith marketing date, and 
desires to maximize the present value of his revenue from sales on this 
date. The first-order conditions for this constrained-maximization 
problem require that 


Og; Pkt dk 
—— SS To ) = 1, ae 8 yg 8-28 
O”dxe Dye G 8) ( ) 


The optimum RPTs for outputs sold on a given marketing date are also 
constants which are independent of the interest rates. It is assumed that 
the cntrepreneur always adjusts his production so that (8-28) is satisfied. 
Conditions (8-28) contain a total of L(s — 1) independent equations. 

The entrepreneur’s investment-opportunities function is constructed 
with the assumptions that (1) he satisfies his multiperiod production 
function, (2) he always equates his intraperiod RTSs to the fixed input- 
price ratios, and (3) he always equates his intraperiod RPTs to the- 
fixed output-price ratios. His investment opportunities therefore are 
described by his production function (8-22) and Eqs. (8-25) through* 
(8-28). The system asa whole contains (Lm + 1) independent equations 
and (Lm + 2Z) variables. Generally, Lm of the equations can be used to 
eliminate the Lm qys. The revenues and investment expenditures are 
then related by a single implicit funciion: 


A, sone lr, Re, eee 2141) = 0 (8-29) 


Given all the revenues and all but one of the investment expenditures, 
(8-29) gives the minimum value for the remaining investment expendi- 
ture. Similarly, given all but one of the revenues and all the investment 
expenditures, (8-29) gives the maximum value for the remaining revenue. 

The entrepreneur possesses both external and interna] investment 
opportunities: he can purchase bonds and he can invest in his own firm. 
His external rates of return are the same as those for consumers, as given 
by (8-1). In the general case, average internal rates of return cannot be 
defined in a manner parallel to average market rates of return, since it is 
not possible to attribute the entire revenue on the 7th marketing date to 
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the investment on any particular marketing date. Each revenue depends 
upon all the investment expenditures. However, marginal internal rates 
of return can be defined for any investment-revenue pair, assuming that 
all other investments and revenues remain unchanged. The marginal 
internal rate of return! from investment on the ith marketing date with 
respect to revenue on the rth, denoted by »,, is 


_ oR, _,_ _ dH/ale _ , 
Pi als ~ ~ 9H/aR, 
G=1,...,D @=2...,L4+1) (8-30) 





Each of the marginal internal rates of return depends upon the levels of all 
the planned revenues and investment expenditures. 

The marginal internal rate of return functions given above by (8-30) 
are independent of the market rates of interest and the entrepreneur’s 
borrowing and lending opportunities. For given input and output price 
expectations, (8-30) provides a description in marginal terms of the objec- 
tive technical framework within which the entrepreneur operates. For 
some investment and revenue combinations p,, may be negative. 

The Investment Plan. The entrepreneur’s maximization problem of 
Sec. 8-4 can now be expressed in terms of investment expenditures and 
revenues. From the set of investment and revenue streams that satisfy 
(8-29) he desires to select one that maximizes the present value of his net- 
revenue stream. Form the function 


L+1 L 
rt = ) Ril + &u)7) — ») Tid + &:)7 + wH(y, . . . , R41) 
. t=2 t=1 


and set its partial derivates equal to zero: 


ant , OH 
aR, (1+ £1) ‘+ Hop = 0 


On* a OH _ a: 
ar, 7 A+ &y* + agp = 0 (@=1,...,D) 


On* 
On 


=H, ..., Run) = 0 


1 There is no generaliy accepted name for this concept. Friedrich Lutz and Vera 
Lutz, The Theory of Investment of the Firm (Princeton, N.J.: Princeton University 
Press, 1951), use “marginal internal] rate of return.’ Irving Fisher, The Theory of 
Interest (New York: Kelly and Millman, 1954), uses “marginal rate of return over 
cost.” Other names for this or closely allied concepts include “marginal productivity 
of investment,” “marginal efficiency of investment,’ and “marginal efficiency of 
capital.” 
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where » < 0.{ Substituting from (8-30), the first-order conditions 
require that 


Ptr = Ste (SD Sy (8-31) 
The entrepreneur must equate each of his marginal internal rates of 
return to the corresponding market rate of return. 

The second-order conditions require that 


Hy Hw Mh Hn Ay Hy Ay *, 
Ha He He} <0;|Ha He He He| <0;+*-+ (8-82) 
H, He O Axa Hs Hs Hs 


Hi H2 Hs 0 


where H; is the first-order partial derivative of the implicit function 

(Eq. 8-29) with respect to the jth variable and Hx is the second-order 

partial derivative with respect to thejth and kth variables. All the above 

determinants must be negative.! These conditions must hold regardless 

of the order in which the 2Z investments and revenues are listed. 
Expanding the first determinant of (8-32), 


2H AH: — Helly? — Hy? <0 (8-33) 


The rate of change of the marginal internal rate of return for investment 
on the ith marketing date with respect to revenue on the vth is 


Cole ja Oe _ (Au? — 2HwHiH2 + HoH’) 
where H, = dH/al, and Hz = dH/aR,. Since (8-33) must hold for 
the variables listed in this order and since Hz > 0, (8-33) implies that 


G=1,...,L) 
(7=2,...,L+4+1) 


Optr 
ol, <0 


(8-34) 
Thus, the second-order conditions imply that all the marginal internal 
rates of return be decreasing. 


} The first-order conditions require that 0H/dR; and 0H/d@l, be of opposite sign. 
The investment-opportunities function is assumed to be constructed so that 0H/ 
oR: >0 and 8H/al; <0 for the optimum production plan. If a solution were 
obtained with the signs reversed, it would only be necessary to redefine (8-29) as —H 
to obtain the desired form. 

1 Second-order conditions require that the principal minors of the Hessian determi- 
nant of the second-order derivatives of x* bordered by the first-order derivatives of 
HI,, ... ,fz41) be alternately positive and negative. Conditions (8-32) are 
obtained by factoring out » < 0. 


Differentiating, 
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If conditions (8-31) and (8-34) were not satisfied, the entrepreneur 
could increase the present value of his profit by either selling bonds and 
expanding internal investment or buying bonds and contracting internal 
investment. 

Point-input—Point-output. In the simplest case the entrepreneur 
invests on one marketing date and receives the resultant revenue on the 
next. He may repeat the production process over time, but his produc- 
tion on the first marketing date only affects his revenue on the second, and 
his effective planning horizon includes one full period and two marketing 
dates. 

The entrepreneur’s revenue can generally be stated as an explicit func- 
tion of his investment expenditure: , 


Ro=h(h) / (8-35) 


In this special case all revenues on the second marketing date can be 
attributed to investment on the first, and it is possible to define an aver- 
age internal rate of return: 


Re —_ I; = h(Nh) _ 1 
£ 1 I 1 
The average internal rate of return can be co1apared with the correspond- 
ing market rate of return 24. 
The entrepreneur desires to maximize the present value of his net 
revenues from operation: 


r= R,(1 + 4;)7} - Ty 
Substituting from (8-35), + can be stated as a function of J; alone:! 


r=hA1)A+a)7- hh 


dir 


ar, — A+ 44-1 = 0 (8-36) 


Rearranging terms and substituting from (8-1) and (8-30), the first-order 
condition becomes 


fiz = ty = Eye 


The entrepreneur equates his marginal internal rate of return to the cor- 
responding market rate of return—in this case the market rate of interest. 


1 Direct substitution and the use of a Lagrange multiplier are equivalent alterna- 
tives. The same result is obtained by maximizing 
a* = Rol + 4)? — Ii + alRa — h(Fa)} 
(see Sec. A-3). 


OPTIMIZATION OVER TIME 249 
The second-order condition requires that 


Fa = WIN + 41 <0 
and if 4 > —1, 
7 h(x) <0 (8-37) 


The marginal internal rate of return must be decreasing. 
Imagine that (8-37) is satisfied, but pi2 > é12. The marginalreturn 
from borrowing funds for internal use exceeds their interest cost, and the 


Oo 





Fiaure 8-2 


entrepreneur can increase his profit by expanding investment. Con- 
versely, if piz < &2, he is earning less on the marginal dollar of internal 
investment than he must pay for it and he can increase his profit by con- 
tracting investment. 

By total differentiation of (8-36), 


AMI) dl, = diy 
dl, 1 
and diy ~ WI) <0 (8-38) 
If the second-order condition is satisfied, (8-38) is negative: an increase 
in the rate of interest will cause the Seen to reduce his investment 
expenditure. 

Possible shapes for the average and marginal internal return functions, 
labeled ARR and MRR respectively, are pictured in Fig. 8-2a. Both 
the average and marginal rates increase, reach a peak, and then decline 
as investment is increased. These curves possess the normal properties 
of average and marginal pairs (see Sec. A-2). If the interest rate is 
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7}, the entrepreneur will invest Z¢ dollars. For this level. of investment 
the marginal internal and market rates of return are equal (first-order 
condition), and the marginal internal rate is decreasing (second-order 
condition). The entrepreneur’s total interest cost is given by the area 
OI3Ai%, his total return by OI{BC, and his net return by 72ABC. 

In a perfectly competitive system the net return of the representative 
firm in each industry will be driven down (or increased) to zero by the 
entry (or exit) of firms. A long-run competitive equilibrium is pictured 
in Fig. 8-2b. The optimal investment of the representative firm is J?. 
The average and marginal internal rates of return are equal, and the 
average internal rate of return now equals the rate of interest. 


8-6. Interest-rate Determination 


The methods of Chapters 4 and 5 can be utilized for an analysis of 
bond-market equilibrium, and interest-rate determination can be included 
within the general pricing process. A closer analogy with the earlier 
analyses of market .cquilibrium is obtained if the use of loanable funds 
rather than bonds is treated as the commodity for sale! A demand for 
(supply of) bonds is equivalent to a supply of (demand for) loanable 
funds. An interest rate is the price of using loanable funds for a specified 
period of time. By convention, interest rates are expressed as propor- 
tions of the amounts borrowed, but they can be expressed in terms of 
money of account, as are all other prices. Let 100 dollars serve as a unit 
of purchasing power. An interest rate of 7; is then the equivalent of a 
price of 1007; dollars per unit of purchasing power. 

First, consider a partial-equilibrium analysis of the loanable-funds 
market. From the individual equilibrium conditions derived in Secs. 
8-3 and 8-5 the current excess demand for loanable funds by each con- 
sumer and entrepreneur can be expressed as a function of the current and 
expected interest rates. It is convenient to use excess demand functions 
rather than demand and supply functions, since individual consumers 
and entrepreneurs may demand loanable funds at one interest rate and 
supply them at another. 

A theory of interest-rate expectations must be formulated before 
market equilibrium can be determined. Many different expectation 
theories might be utilized. One possibility is to assume that individuals 
expect future interest rates to be at fixed levels regardless of the current 
interest rate; future interest rates then enter the current excess demand 
functions as constants rather than variables. Another possibility is the 
expectation that future interest rates will equal the current interest rate: 


_ 1 In the present analysis there is assumed to be no circulating money. Loanable 
funds represent general purchasing power expressed in terms of a money of.account. 
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4, = 42 = 73° ++. Still another possibility is the expectation that the 
current absolute change of the interest rate will be realized in the future: 
1, — % = t2 — 11 = 13 — 72 = ++: , Or in general, ¢, = M1 — (¢ — 1)%o. 
Each of these expectation saninnptions allows the individual excess 
demands to be stated as functions of the current interest rate alone. An 
aggregate excess demand function is constructed by summing the indi- 
vidual functions. Since the individual excess demands are transformed 
into functions of the current interest rate before aggregation, it is not 
necessary that all individuals plan for horizons of the same length. An 
equilibrium current interest rate is one for which the excess demand for 
current loanable funds equals zero. 

The multimarket equilibrium theory of Chapter 5 can also be extended 
to include the interest rate and multiperiod expectations. Theories of 
price and interest-rate expectations must be introduced to allow the 
individual excess demands for each commodity and loanable funds to be 
expressed as functions of only current prices and the current interest rate.! 
Multimarket equilibrium is then determined by the requirement that the 
excess demand for every commodity and for loanable funds simul- 
taneously equal zere. 

The formulation of the mathematical requirements for specific cases of 
single-market and multimarket equilibrium is left as an exercise for the 
reader. 


8-7. Summary 


_Consumers and entrepreneurs are assumed to have free access to a per- 
fectly competitive bond market and may adjust their income and outlay 
streams over time through borrowing (selling bonds) and lending (buying 
bonds). An interest rate expresses the cost of borrowing, or income from 
lending, for a duration of one period, as a proportion of the amount bor- 
rowed or lent. Market rates of return for durations longer than one 
period are defined as compounds of the interest rates connecting pairs of 
successive periods. Discount rates are defined as the reciprocals of the 
corresponding market rates of return. An entire income or cost stream 
can be reduced to a single number, its present value, by multiplying each 
of its elements by the appropriate discount rate and summing. 

The consumer’s utility index is defined as a function of the quantities 
of n goods that he consumes during each of the 7’ periods within his 
planning horizon. He desires to maximize the level of this index subject 
to a lifetime budget constraint, which requires the equality of the present 
values of his consumption and earned-income streams. First-order con- 


1See J. R. Hicks, Value and Capital (2d ed.; Oxford: Clarendon Press, 1946), oe 
XVI, for a specific theory of price expectations: 
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ditions require that he equate intraperiod and interperiod RCSs to dis- 
counted commodity-price ratios. Second-order conditions follow from 
those for the n-commodity, single-period analysis. The consumer’s 
' present and planned commodity demands are functions of all current and 
expected prices and interest rates and are homogeneous of degree zero 
with respect to all prices and earned incomes. His demands for bonds are 
functions of the same variables, but are homogeneous of degree one with 
respect to all prices and earned incomes. 

If prices are assumed to remain unchanged, the consumer’s utility 
index can be expressed as a function of his consumption expenditures. 
The consumer’s rate of time preference for consumption during period ¢ 
rather than period 7 (>) is defined as the smallest premium which he will 
accept as compensation for postponing a marginal dollar’s worth of con- 
sumption expenditure. The first-order conditions for constrained utility 
maximization require that the consumer equate his rates of time prefer- 
ence to the corresponding market rates of return. Substitution and 
income effects with respect to changes in the rate of interest can be defined 
analogously to the single-period case. 

An entrepreneur is assumed to formulate a production plan for a 
planning horizon encompassing L periods and (Z + 1) marketing dates. 
On the ith marketing date he sells the outputs produced during the 
(¢ — 1)th period and purchases inputs for application to the production 
process during the ith period. He desires to maximize the present value 
of his net operating revenues subject to the technical rules specified in his 
multiperiod production function. First-order conditions require that he 
equate input and output substitution rates to discounted price ratios. 
Second-order conditions again follow from those for the general one- 
period analysis. 

The analysis of the entrepreneur’s investment problems can also be 
simplified by assuming that actual and expected prices remain unchanged 
and that he always combines inputs and produces outputs so that intra- 
period RTSs and RPTs are equated to the appropriate price ratios. The 
entrepreneur’s investment-opportunities function relates his investment 
expenditures and revenues on the assumption that he performs this pre- 
liminary optimization. Marginal internal rates of return are defined for 
each of the investments with respect to each of the revenues. First- 
order conditions require that each marginal internal rate of return be 
equated with the corresponding market rate of return. Second-order 
conditions imply that each of the marginal internal rates be decreasing. 
The general analysis is applied to the special case of point-input—point- 
output. 

Single-market and multimarket equilibrium analyses can be extended 
to include the current interest rate and multiperiod expectations, 
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Appendix: A Note on the Length of the Investment Period 


Capitalistic production is characterized by the fact that time elapses 
between the application of inputs and the attainment of the resultant 
outputs. The multiperiod approach tends to obscure some of the time 
aspects of capitalistic production. Though the variables are dated, 
entrepreneurs’ horizons are assumed to be of fixed length, and time does 
not enter the analysis as a variable. In the point-input—point-output 
case the length of time for which inputs are invested by definition always 
equals one period and is unaffected by changes in the rate of interest. 
The members of the “ Austrian school” of capital theory considered the 
length of the investment period, or the ‘‘period of production,” as they 
called it, to be the crucial variable in the theory of investment and 
capital.? 

A consideration of the investment period in the point-input—point- 
output case requires the adoption of an alternative approach in which 
time is treated as a continuous variable and purchases and sales may take 
place at any point in time. A time period, such as a year, is necessary 
to provide a unit with which to measure time, but it has no other sig- 
nificance. Since elapsed time is now a variable, let ¢ = 0 represent the 
present. The value? = 7 now represents a point in time z periods hence, 
where 7 no longer need be an integer. . 

The concepts of Sec. 8-1 do not allow the determination of compound 
and present values for sums due on dates for which ¢ is not an integer. 
Since time is assumed a continuous variable, interest is assumed to be com- 
pounded continuously. It can be proved with the use of advanced 
methods? that if interest is compounded continuously, the value of prin- 
cipal and compound interest at time ¢ of a present investment of w dollars 
is 


wert 


where the irrational number ¢ = 2.71828 apx is the base of the system of 
natural logarithms and 7 is the interest rate per year which is assumed to 
remain unchanged. The present value of « dollars payable at time ¢ is 


ue 


since a present investment of ue~** dollars in bonds will have a value of 
u dollars at time ¢. 


1 See Eugen v. Béhm-Bawerk, The Positive Theory of Capital, trans. by W. Smart 
(New York: G. E. Stechert, n.d.), and Knut Wicksell, Lectures on Political Economy, 
trans. by E. Classen (London: Routledge, 1934), vol. I, pp. 144-195. 

2 These methods are described, though not rigorously derived, by R. D. G. Allen, 
Mathematical Analysis for Economists (New York: Macmillan, 1938), pp. 228-232, 
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Imagine an entrepreneur engaged in the point-input—point-output 
process of wine aging. He purchases a cask of grape juice for J° dollars 
and waits while it ferments and ages. Assume that fermentation and 
aging are costless processes so that his only other cost is the interest charge 
on his initial investment. Further assume that the sales value of the wine 
is a function of the length of its aging period [R(é)]. 

The entrepreneur’s optimization problem is to select an aging period, 
i.e., a value for ¢, that maximizes the present value of his profit: 


a = R(t)e* — 7° 
Setting the derivative of x with respect to ¢ equal to zero, 


Om Gps has eee 
a = RB We* tR(t)e-* = 0 


Factoring out e~* ~ 0 and rearranging terms, 


RO _ 


Ri 7? (8A-1) 


The entrepreneur must equate his marginal rate of return with respect 
to time [R’(t)/R(t)] to his marginal rate of cost with respect to time (2). 
The second-order condition requires that 


aa °F ae Z oy 
wo [R’(t) — 2¢R’(t) + 2?R(HJe** < 0 


Substituting from (8A-1) for z and 2? and multiplying through by e*/R(é) 
> 0, 
RV ORO) — [ROP 
[R(é)]? 


The marginal rate of return with respect to time must be decreasing, i.e., 
its derivative must be negative. If (8A-1) and (8A-2) are satisfied 
for t = r, the entrepreneur’s marginal earnings would be more than the 
rate of return if his investment period were slightly shorter than +, and 
less than the market rate of return if it were slightly longer than r. 

The effect of a change of the rate of interest upon the investment period 
can be determined by total differentiation of (8A-1): 


R(t) dt — tk’() dt — R@) di = 0 

dt _ R(t) 

u RG) — in <9 
The numerator of (8A-3) is positive, and (8A-2) requires that its denomi- 
nator be negative. A decline in the interest rate will lead the entre- 
preneur to lengthen his investment period. 


<0 (8A-2) 


and (8A-3) 
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The investment period is a meaningful concept for point-input—point- 
output production processes such as wine aging and tree growing. It 
provides a description of the ‘method of production” and varies in a 
known way with the interest rate. Some members of the Austrian school 
attempted the impossible task of extending the point~input—point-output 
results to more complex cases by defining average investment periods. 
Investment periods cannot be defined in the multipoint-input—multi- 
point-output case, since it is impossible to attribute particular outputs to 
particular inputs. But this is not the only difficulty. An entire output 
stream can be attributed to the inputs on a specific date in the point- 
input—multipoint-output case. There are as many investment periods 
as there are elements in the output stream. The average investment 
period must be some weighted average of these periods. The values of 
the elements in the output stream cannot be used as weights, since dollars 
at different points in time are not identical. It is necessary to discount 
intertemporal values if they are to be comparable, but if discounted values 
are used as weights, the average investment period is not independent of 
the interest rate. 
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APPENDIX 


MATHEMATICAL REVIEW 


This appendix contains a brief review of some of the mathematical 
concepts that are used in the text. Rigorous proofs are generally 
omitted; in fact, many statements are not proved at all. 

The major tools of analysis are algebra and differential and integral 
calculus. The solution of simultaneous equations and the use of deter- 
minants are outlined in Sec. A-1. The fundamentals of differential 
calculus with respect to functions of a single variable are discussed in 
Sec. A-2. The analysis is extended to functions of many variables, and 
the applications of partial differentiation are discussed in Sec. A-3. The 
basic properties of integrals are reviewed in Sec. A-4, and the appendix 
ends with a discussion of difference equations in Sec. A-5. 


A-1, Simultaneous Equations and Determinants 


A system of 7 equations in 7 variables can be written as 


Q11%1 + Gy ++ + Aintn = bi 
Goi + Ante + °° * + Aetna = be (A-1) 
Onyt1 + Anore + Pr os + anrztn = Bn 


where the as are coefficients and the bs constant terms. ‘Any set of n 
numbers that preserves all n of the equalities in (A-1) when substituted 
for the zs is a solution for this system. A simple example of a system of 
simultaneous equations is 


324 ba 520 11 
V1 + 22 = 11 


Its only solution is 7; = 7, x2 = 2. 

A determinant is a number derived from a square array of numbers 
according to rules to be specified. It is denoted either by vertical lines 
on both sides of the array from which it is calculated or by a boldface 
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letter. If A denotes the array,} A denotes its determinant: 


Q41 G2 * * * Qin 


ae © © ee © we ee ee 


The elements of the matrix A are the coefficients a;; where the first sub- 
script is the row index and the second subscript the column index. Thus 
@s7 is the element in the fifth row and seventh column of the array. 

_ The rule by which a determinant is calculated from an array is merely 
stated here. Products of numbers (or elements) are formed from A 
such that each product contains one and only one element from each row 
and one. and only one element from each column. Thus the determinant 
is defined only for square arrays. All such products can be written with 
the row indices in natural order (1,2,3, ...,n). Examples are the 
products d@11@22 ‘+ - Gan and aid21d33--- Gna. If the number of 
tnversions? among the column indices is even, the sign of the product is 
left unchanged. If the number of inversions among the column indices 
is odd, it is changed from minus to plus or from plus to minus. The value 
of the determinant is the algebraic sum of all such products. Consider 
the determinant 
Qir ie 
Qo. dee 


A= 


== G11002 —- Greer 








Only two products can be formed from the matrix A according to the rule 
stated above. A negative sign precedes the second term, since it con- 
tains one inversion (an odd number) of the column subscripts when the 
row subscripts are written in natural order.‘ 


1 Any rectangular array of numbers is called a mairiz. A matrix with m rows 
and n columns is of the order (m Xn). An (7% X1) matrix is a column vector, 
and a (1 X m) matrix is a row vector. The terms “array” and “matrix’’ are used 
interchangeably. 

_? For more extensive discussion see A. C, Aitken, Determinants and Matrices (New 
York: Interscience, 1951), chap. II; S. Perlis, Theory of Matrices (Cambridge, Mass.: 
Addison-Wesley, 1952), chap. IV; cr G. Birkhoff andS. MacLane, A Survey of Modern 
Algebra (rev. ed.; New York: Macmillan, 1953), chap. X. 

% An inversion is an instance in which a lower index follows a higher one. For 
example, the indices 1, 2 are in natural order; the sequence 2, 1 contains one inversion. 
The sequence 1, 3, 2, 5, 4 contains two inversions, since it contains two instances in 
which a lower index follows a higher one: 3 comes before 2, and 5 before 4. The 
sequence 4, 3, 2, 1, 5 contains six inversions. 

4 The same result is obtained by counting the number of inversions among row 
subscripts when the column subscripts are written in natural order. The reader may 
check that if a matrix has n rows and n columns, the number of terms in the expression 
for its determinant is n! (read ‘‘n factorial’’), ie., n-(n —~1)+--3-2-1. See 
Aitken, op. cit., pp. 26-36. : 
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[1 4] 


the determinant is 12 + 2 = 14, 

The above rule is very cumbersome if the matrix contains a large num- 
ber of rows and columns. Generally, a determinant is more easily evalu- 
ated by an expansion in terms of cofactors. For any element a,; of the 
matrix A form an array by striking out the 7th row and thejth column of 
the original matrix. The determinant of the remaining array, which 
contains (n — 1) rows and (n — 1) columns, is the minor of the element 
a;;.— The cofactor of this element is its minor multiplied by +1 if 
(¢ +7) is even and by —1 if (¢ +7) is odd. The determinant A can be 
written as 


If the matrix is? 


A = anCi + apCie + > °° + AinCin 


for any given row index 7 where C;; is the cofactor of the element in the 7th 
row and jth column. Similarly, 


A = 4;Ci; + dyxCo + ° ++ + AnjCnj 


for any column index 7. Since a determinant can be expanded in terms 
of any single row or column, the multiplication of any row or column of 
the array A by a number k changes the value of the determinant by the 
same multiple. 

Imagine that the 7th row of the matrix is multiplied by k. Then 
expanding the new determinant in terms of the 7th row and denoting it 
by A*, 

A* = kanCa + kawCie + ° + + + kainCin = kA 

The expansion 

GC +. aieCje +--+ + + dinCin for? #7 


is an expansion by alien cofactors and equals zero.2 Using this theorem 
it can be proved that adding a multiple of any row (or column) to any 


.1The matrix or the array itself is written with square or round brackets. The 
operation of forming the determinant, however, is indicated by vertical bars instead 
of brackets. 

t The diagonal of the array running in northwest-southeast direction is the principal 
diagonal. Minors of elements on the principal diagonal (i.¢., of @31, az2, etc.) are 
called principal minors. The principal minor of ai; in the original determinant A is a 
determinant of the order (n — 1) X (nm — 1) and is denoted by A;;. The principal 
minor of ag2 in the minor Ay; is a determinant of order (n — 2) X (n — 2) and is 
denoted by Ais22. This (n — 2) X (n — 2) determinant is itself a principal minor 
of the original determinant. 

- 2See Birkhoff and MacLane, op. cit., p. 286. 
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other row (or column) leaves the value of the determinant unchanged. 
For example, multiply the jth row by k, add it to the zth row, and denote 
the new determinant by A**. Expanding A** in terms of its 7th row: 


A** = (an + kaji)Ca + (Gee + kaje)Cio + + > > + (Gin + hajn)Cin 
= aiCe + aC + °° + + AinCin 
+ k(ajnCa + ajeCi2 + > ° + + ajnCin) 
=A 


since the bracketed term in the second line is an expansion by alien cofac- 
tors and therefore equals zero. 

The system of simultaneous equations in (A-1) can be solved by 
Cramer's rule, which states that the solution for x; is given by the ratio of 
two determinants, the denominator being the determinant of the coef- 
ficients of the system of equations and the numerator being the deter- 
minant of the coefficients with the jth column replaced by the column of 
constant terms. First applying the rule that multiplying a column of 
the array multiplies the value of the determinant oy the same number and 
then applying the rule that adding multiples of one column to some other 
column does not alter the value of the determinant, the solution for 2 
is derived as follows: 


G21. G22 * * * Gen| _ | Qei%1 + Goete2 ee ** * Gon|_ |, , 
tA Ses Ae eed oe. wee ey fered PN ce Silo ud 1 Boog Ths thas yw, re ig ee Ged veg = ° 
Qni%1 GQn2 * ” * Onn Qn1%1 + Qnole Gaz * * * Ann 

Q11%1 + Qiete + + * * +. inXn Aig * * * Ain 
_ | Gait + Aeete2 + + > > + Genkn 22° * * Gen 
An11 + Anore + Cen? + AQnnin An2 °° *° Ann 

bi Qiz Ain 

= be dee Gen 

+ 

bn Qn2 Qan 


by substituting the column of constants from (A-1) for the sums in the 
first column. Denoting the determinant on the right-hand side by A,, 
the solution for 2x; is 

Ai 


i= A (A-2) 


-as stated. The expression (A-2) is meaninglessif A = 0. In this case no 
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unique solution exists, and the rows of the array are linearly dependent or, 
equivalently, the matrix is singular. 

If the value of a determinant is zero, one of the equations can be 
expressed as a linear combination of the remaining ones. For example, 
the nth equation might then be obtained by multiplying the first equation 
by 6 and adding 3 times the second to the first. The nth equation con- 
tains no new information and can be omitted, because it depends linearly 
on the first (n — 1) equations. For example, assume that the nth equa- 
tion is a linear combination of the first (n — 1) equations. The 7th 
equation is 


Y, agay = by 


and the nth is 
n n-1 

Ci »: Oyfly = > cbs 
; i=1 


where the cs are constants not all equal to zero. Any set of zs which 
satisfies the first (n — 1) equations necessarily satisfies the nth. The 
last equation adds no new informaticn. The system is reduced to 
(n — 1) equations in n variables. If no (n — 1)-rowed minor vanishes, 
it is possible to solve for any (n — 1) variables in terms of the constant 
terms and the remaining variable. 

If the original system of n equations is homogeneous (all constant terms 
equal zero), all the zs are zero if the determinant of the system is non- 
vanishing. According to Cramer’s rule each x is expressed as a fraction. 
The denominator is nonzero by hypothesis. The numerator vanishes 
for every x, because all bs equal zero, and the determinant of any array 
with a column of zeros is itself zero. If the determinant vanishes, it is 


- possible to solve only for the relative values of the variables, and the solu- 
tion is unique except for a factor of proportionality. For example, if 


. 


1 Denote by = (the Greek capital letter sigma) the operation of summing such that 
n 
a; is defined to mean a; + a.-+ +--+ +a, The rows of the matrix A are 
i=l 
defined to be linearly dependent if it is possible to find a set of numbers ¢1, c2, - - « » Cn 
- 


such that cia;; = O for all values of the index j, provided that the es are not all 
i=l ; 

equal to zero. It can be proved that the value of the determinant of the array is 

zero if and only if the rows (or the columns) of the array are linearly dependent. 

See Aitken, op. cit., pp. 62 and 64. 
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the system of simultaneous equations is 


32, — 42. = 0 
621 = 8x2 = 0 


the determinant is (3)(—8) — (6)(—4) = 0. Hence the two equations 
are not independent, and the second equation can be omitted.!. Then 


321 — 42, = 0 
or wy _4 
Le 3 


Any set of values satisfies the system as long as the relation between 2; 
and zz is as 4:3.t Numerical values for the variables can only be 
obtained by choosing an arbitrary value for one of them. 


A-2. Calculus: Functions of a Single Variable 


Functions, Limits, Coniinuity. The relation y = f(x) (read ‘‘y is a 
function of x’’) means that arule exists by which it is possible to associate 
values of the variable y with values of the variable z. Examples are 
y = 1/2, y = 32’, y = log sin z, and y = 1 when z is an odd integer and 
y = 0 for any other value of x. In each case values of y correspond to 
given values of x according to the rule of association specified in the form 
of the function. The variable y may be undefined for some values of 
x; y = 1/z cannot be evaluated for x = 0, and y = log sin x cannot be 
evaluated for values of x for which sin z is negative. 

The relation y = f(z) is an explicit function, since y is expressed in 
terms of z. If the functional relation between y and z is denoted by 
g(y,z) = 0, y is an tmplictt function of z. Specifying a value of x implic- 
itly defines a value of y such that the expression on the left-hand side 
reduces to zero when the appropriate values of x and y are substituted in 
it. The relations y = z?, y = az + b, and y = ~/z provide examples of 
explicit functions; the expressions az + b —y =0, 2? — y? =0, and 
ev -+y— 2+ log xz = 0 are examples of implicit functions. In order to 
rewrite an implicit function in explicit form it is necessary to solve the 
equation g(y,z) = 0 for y. This is not always possible. The implicit 
function e¥ + y — ++ logz = 0 cannot be written in explicit form 
because the equation cannot be solved analyticaliy for z or y. An 


tIt does not matter which equation is omitted. Discarding the first leads to the 
Same answer. 

t The discussion in the previous paragraphs is intentionally not rigorous. Neces- 
sary and sufficient conditions for the solubility of a system of simultaneous equations 
are proved in any textbook on algebra. See Aitken, op. cit., pp. 63-66, 69-71, or 
Perlis, op. cit., pp. 45-48. 
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explicit function can always be rewritten in implicit-function form. 
For example, the explicit function y = 321+ 2sinz —1 becomes 
y — 3x24 — 2sinx + 1 = 0 in implicit form. 

A sequence of numbers is a list or enumeration of numbers such as 
1, 2, 3, 4, 5, . > + Or 1, 4, 4,44, hs, - aed ; or 2, 1, 4, i ¥, - - + Or 
1, 0, —1, 0,1, ... . Hach number in a sequence can be assigned an 
index indicating how ‘“‘far out” the number is in the sequence. Thus 
in the third sequence above, x2 = 1. The sequence converges to a limit 
K if there exists a number K with the property that the numerical mag- 
nitude of the difference between K and an item in the sequence is arbi- 
trarily small (can be made as small as one desires) if one takes an item in 
the sequence sufficiently “far out,” i.e., an item with sufficiently high 
index, and if the difference remains at least as small for every item in the 
sequence with even higher index. The third sequence has the limit zero. 

The explicit function f(x) (or, what is the same thing, the variable y) 
approaches the limit Z as x approaches the number a, if the value of the 


. function can be made to be as near the number L as is desired by taking x 


values which are sufficiently close to a, and if the value of the function 
remains at least as near L for all x values even closer toa. The process of 
finding the limit of f(x) at « =a may be visualized in the following 
manner. Take successive values 2, 22, ..., etc. of x that form 
a sequence converging to a. Substitute these values of x in f(z). 
This results in a sequence of values f(x), f(xe), ..., etc. If this 
sequence converges to a number J, f(x) has the limit Latz =a. A limit 
exists if L is finite. The operation of taking the limit of f(x) is denoted by 
lim f(z) = L. 
a 


nae 

The function f(z) = 1 + 1/x approaches the limit 1 as x > © (a 
approaches infinity). However, this result cannot be obtained by sub- 
stituting © forzin 1 + 1/z because 1/ doesnot equalzero. A/B =C 
implies that A= B-C. If1/o =0,then1l = ()-(0). Since thisis 
untrue, the problem must be resolved by a different reasoning, namely by 


‘an application of the definition of the limit. In fact, © is not a number, 


but rather a direction. Its appearance in a formula is equivalent to 
the command to list the positive integers in increasing order and go as far 
as possible, i.e., to take the limit. The value of y can be made to differ 
from 1 by less than 0.1 by selecting a value for x greater than 10. If 
x = 20, 1+ 1/xz = 1.05, which differs from 1 by only 0.05. Likewise, y 
can be made to differ from 1 by less than 1/1,000,000 by selecting a value 
for x greater than 1,000,000. The difference between the value of y 
and the number 1 can be made smaller than any prespecified number by 
taking an x that is sufficiently large. 

The function f(x) is continuous at the point z = aif the following con- 
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ditions are fulfilled: (1) lim f(z) exists, (2) f(a) exists, (3) f(a) = lim f(z).f 
i ed ZG 


The function is continuous in the interval a < x < 6 if it is continuous at 
every point in the interval. This definition of continuity implies that 
the function must be “continuous” in the everyday sense of the word: 
one must be able to draw the graph of the function without lifting the 
pencil from the paper.! 

The Derivative. Assume that the function y = f(z) is continuous in 
some interval. Ifthe independent variable x changes by a small quantity 
Az, the value of the function will change by the quantity Ay. Hence 
y + Ay = f(z + Az). The change in the value of the function can be 
expressed as 


Ay = f(x + Az) — f(z) (A-3) 
Dividing both sides of (A-3) by Az: 

Ay _ f(z + Az) — f(z) 

rr a 


The average rate of change of y per unit change of x for the interval x 
to x + Az is given by (A-4). For example, imagine that if one walks 
another half-hour, one covers an additional distance of 2 miles. The 
independent variable time is changed from z to x + 44 hours; Ay = 2 
miles, Ax = 44 hour, and Ay/Az = average speed = 4 miles per hour. 
The derivative of f(x), denoted by dy/dz, f’(x), or y, is defined as the rate 
of change of f(x) as Az approaches zero: 
wen 

ou = I"(2) = lim He + Az) — JG) (A-5) 
The derivative is the rate of change or the speed in terms of the above 
example, or, to put it differently, the limit of the average rate of change 
(average speed) as Az (the time interval) approaches zero. If the graph 
of f(x) is plotted, the derivative calculated at the point x = ais the slope 
of the curve representing f(z) at the point x = a. The average rate of 
change is the slope of the secant between two points on the curve, and 


¢ At the point « = a the value of the function must be finite, and this value must 
equal the limit of the function as z approaches a. The function y = 1 when zis an 
odd integer and y = 0 for any other value of z is not continuous when =z is an odd 
integer. If f(x) and g(x) are two functions which are both continuous at z = a, 
then f(x) + g(x), f(x) + g(x), and f(x) /g(xz) (provided that g(x) # 0) are also continuous. 

1 Note that a function that has “‘corners”’ or ‘“‘kinks’’ but no gaps is continuous. 
The absolute value of a number x (denoted by !z]) is defined as follows: 


|z| = x ifs 20 
\z| = —2z ifz <0 


The function y = |z| has a kink at x = 0, but is continuous. 
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the derivative is the slope of the tangent to the curve at a given point. 
These concepts are illustrated by 
Fig. A-1. 

The derivative of a derivative is 
a second derivative, denoted by 
d*y/dzx?, and is defined as 

Ua / 
ou = tim Ee PA (A-6) 
The second derivative is the rate of 
change of the first derivative, i.e., the 
rate at which the slope of the function oO 
is changing. In terms of the previous 
example it is the acceleration or the 
rate of change of speed. Higher-order derivatives are defined similarly. 

Techniques of Differentiation. To differentiate a function is to find its 
derivative. Some of the more important techniques of differentiation 
are stated below without proof:! — 

- 1. f(x) = ¢ (constant), f(z) = 0 

2. f(x) = x, f(x) = nz"! 

3. f(z) = g(x) * h(a), f(z) = g' (a) + A(z) + g(a) -h'(z) 

4. f(x) = 9(x)/h(x), h(x) ¥ 0, f(x) = [9'(z) - he) — g(x) - h’(z)I/[h(a)!? 

5. f(x) = glh(x)], f’(z) = g’[h(x)] - h’(x) (function of a function rule) 

6. f(z) = log z, f’(x) = 1/z (log to base e) 

7. f(x) = e*, f(x) = ae 

8. If y = f(x) is single-valued and continuous, and can be written 
in inverse form as z = g(y) such that f’(x) is continuous and = 0, 
f(z) = 1/g'(y) or dy/dx = 1/(dx/dy) (inverse-function rule). 

Maxima and Minima. A function of one variable y = f(x) has a 
(relative) maximum at the point z = a if f(a) = f(x) for all values of x 


f 






fix+Ax) -flx) 


x x+Ax 


Ficure A-l 


’ in a small neighborhood about the point a. The value f(a) is not neces- 


sarily larger than values of f(z) outside the small neighborhood about a. 
Similarly, f(z) has a minimum at x = b if f(b) S f(*) for all z in a small 
neighborhood about b. 

Sufficient conditions for maxima and minima can be indicated intui- 
tively as follows. A function that has a maximum (or minimum) is, by 
definition, neither increasing nor decreasing at its extreme point. But 
the first derivative is the function’s rate of increase. It must therefore 
equal zero at an extreme point. A function first increases, becomes 
stationary, and then decreases in the case of a maximum. Thus the 

1 Proofs can befound in any standard elementary text on calculus. See R. Courant, 


Differential and Integral Calculus (London: Blackie, 1934), pp. 136--140, 173, 175, or 
H. B. Fine, Calculus (New York: Macmillan, 1937), chaps. III and VII. 
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second derivative (the rate of change of the first derivative) is negative at 
a maximum. For similar reasons it is positive at a minimum. These 
conditions on the first and second derivatives are sufficient for maxima 
and minima. 

A more rigorous proof of necessary and sufficient conditions runs as 
follows. Assume that y = f(x) is a continuous function with continuous 
first- and second-order derivatives. The theorem of the mean states! 
that its average rate of change between two points (the slope of its secant) 
is equal to its derivative (slope of the tangent) evaluated at some point 
within the interval: 


ee) =f(e+ ear) 0<0<1 (A-7) 


If f(z) is a maximum, f(z + Az) — f(z) S$ 0. Then the fraction on the 
left-hand side of (A-7) is nonpositive for positive values of Az and non- 
negative for negative values of Az. Let Az approach zero from the right 
(i.e., through positive values). Then the limit of the fraction in (A-7) 
must itself be nonpositive. Letting Az approach zero from the left (i.e., 
through negative values), the limit of the fraction must be nonnegative. 
But the limit of the fraction in (A-7) as Az approaches zero is f(x); this 
must be neither positive nor negative and hence must equal zero. A 
necessary condition for a maximum or minimum is that the first deriva- 
tive equal zero. This condition on the first derivative is the ses 
condition for a maximum or minimum. 

An additional condition must be fulfilled for « maximum or minimum. 
Expanding f(x) in Taylor series? with remainder term about the point z, 


f(@ + Az) = f(x) + Azf'(z) + SC +6Ar) O<0<1 (A-8) 
Since f(z) = 0 when f(z) is a maximum, (A-8) becomes 
ie + As) — f(a) = “pe + one) (A-8) 


This implies that f’’(z + @ Az) is nonpositive for all values of Az within a 
small neighborhood of x By the continuity of the second derivative 
A f'(e¢ + 6 Ax) = f’(x), and this must be nonpositive. Hence, the 


first derivative must equal zero, and the second derivative must be non- 
positive for a maximum. These conditions are necessary, but not suf- 
ficient. Their insufficiency is illustrated by the function y = z°. Its 


1 Proved in any standard text on calculus. See Courant, op. cit., pp. 102-104, or 
Fine, op. cit., pp. 104-105. 

2 See Fine, op. cit., pp. 208, 214-216, or any other standard text on calculus. 

3 Courant, op. cit., pp. 169-163. 
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first and second derivatives vanish at x = 0, yet the function has neither 
a.maximum nora minimum at that point. Sufficient conditions can be 
stated as follows: a zero first derivative and a negative (positive) second 
derivative implies that the function attains a maximum (minimum). 
However, this statement does not provide necessary conditions, since 
the second derivative may vanish although f(z) attains a maximum or 
minimum. As an example consider the function y = z* which possesses 
zero first and second derivatives at x = 0, yet has a minimum at that 
point. 

Necessary and sufficient conditions for a maximum (minimum) are as 
follows: f(x) attains a maximum (minimum) at z =a if and only if 


— (1) dy/dx = 0 at x = a, (2) the first (n — 1) (n even) derivatives are all 


zero and the first nonzero derivative (the nth) is negative (positive) at 
x= a 

In general, the maximum and minimum values of a function are found 
by determining and solving the equation f’(x) = 0, then substituting the 
values of x for which the first derivative vanishes into f” (x) and evaluat- 
ing its sign. If it is negative, the corresponding value of f(x) is a maxi- 
mum; if it is positive, the corresponding value is a minimum. If the 
second derivative is zero, there are three possibilities: (1) d*y/dz* ¥ 0, 
(2) d*y/dx? = 0 and d‘y/dz* ¥ 0, or (8) d*y/dz? = 0 and d‘y/dz* = 0. 


If (1) holds, the function has an inflection point (i.e., the first derivative 
_has an extreme value) rather than a maximum or minimum. If (2) 


holds, the function has a maximum or minimum according to whether the 
fourth derivative is negative or positive. If (3) holds, the signs of the 


- fifth and sixth derivatives must be examined and (1) and (2) applied with 


d’y/dx® replacing d®y/dx* and d*y/dzx‘ replacing d*y/dz'. 
The examples in Chapters 2 through 8 are based on functions which fall 
into a class with the property that the second derivative is nonzero for 


_ extreme values. Necessary and sufficient conditions for functions in this 


class involve only the first and second derivatives. The above refine- 
ment involving higher-order derivatives is not mentioned in the text, 
but should be kept in mind. The conditions on the second derivative are 
the second-order conditions. - 

Average and Marginal Curves. Assume that R = pq and 


_R_ 
a f@ 


The functional relationship p = f(q) is frequently referred to as an aver- 
age curve. The curve the ordinate of which measures the rate of change 


1 The relation p = f(g) is an average curve because it relates values of p to the aver- 


_age values (with respect to q). of the variable R. An economic example is provided by 


the demand curve where q is-quantity sold, p is price, and FR is total revenue. 
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of R (the change at the margin) is the marginal curve or the curve 
marginal to p = f(g). Substituting the value Kia) te for p in R = pq and 
differentiating with respect to q 


i =jo+0@ (A-10) 


Let q be restricted to nonnegative values. The relationship (A-10) 
implies that the marginal curve will lie below the average curve if the 
average curve is decreasing and above it if the average curve is increas- 
ing, since f’(¢) < 0 and g > 0 imply f(q) > dR/dg for all positive values 
of g and conversely for f’(qg) > 0. Hence the average curve is rising when 
the marginal curve is above the average, and the average is falling when 
the marginal is below the average. It also follows that if the average 
curve has an extreme point (i.e., a point at which f’(q) = 0), the marginal 
curve intersects the average curve at this point. 
When g = 0, (A-16) becomes. 


= f(0) (A-11) 


The value of p from the average curve is p = f(0). Hence the average 
curve and the curve marginal to it intersect at the point where they both 
meet the p axis. The slope of the average curve is dp/dq = f’(q), and 
the slope of the marginal curve is 


aR 

dq? 
If the average curve is a straight line, f’(q) = 0, and the slope of the 
marginal curve is twice the slope of the average curve. On the basis of 


this information the marginal curve can be constructed diagrammatically 
with ease if the average curve is given. . 





=fQD+IO + FO = 2 @ + of") 


A-3. Calculus: Functions of Many Variables 


Partial Derivatives. The definitions of a limit and continuity are 
easily generalized to a function of n independent variables 


y = f(ei,%2, . . ~ sn) 
The partial derivative of y with respect to 2; is 
pos Oy _ lim S (41,02, . ~~ et Avy... tn) — f (21,82, . . . tn) 
Ox; Axi-+0 Ax; 


which is the rate of change of the function with respect to 2;, all other 


epee 
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variables remainmg constant. The techniques of differentiation are 
the same as those for a functiun of a single variable; all variables other 
than x; are treated as constants. For example, if 


y = 3x02? + ze log X11 


then se = 82.7 + = and 2 = 6772 + log 1 
Higher-order derivatives are determined by successive partial differentia- 
tion; 0?y/dz;? is the partial derivative of f; with respect to x;, also denoted 
by fu; 0?y/dx; 0x; is the partial derivative of f; with respect to z; (one of the 
second cross partial derivatives) and is denoted by f,;. For the previous 
example 





Oy i 
OX, OX, 7 6x2 e ey 
If the first and second cross partial derivatives are continuous, f;; = fix- 
The partial derivatives of the implicit function f(27i,22, . . . ,tn) = 0 are 
obtained by assuming that y = f(21,%2, . . . ,@) and calculating 07/82, 
dy/dX2, etc. 
The Total Differential. For a function of a single variable 


SY =F (2) 


The symbol dy/dxz denotes the derivative and was not interpreted as a 
fraction composed of the quantities dy and dz. Defining dz as an 
increment or change in the independent variable, dy can be defined as 


dy = f'(x) dx (A-12) © 


- This is the differential of f (zx). At a given point x° the value of the func- 


tion is y® = f(x), and (A-12) can be rewritten in terms cf deviations from 
this point as 


y — y= f(a) « (2 — 2°) (A-13) 


which is the equation of the tangent to y = f(x) at the point (x°,y°). 
Hence, (A-12) is the general form of the equation of the tangent to the 
function. For small changes of x (A-13) gives the approximate value of 
the corresponding change of f(z). 

The ¢otal differential of a function of n variables is defined as 


dy = fidr + fodx2 + T= + fn AXn (A-14) 


which is the general form of the equation of the tangent plane (or hyper- 
plane) to the surface (or hypersurface) defined by y = f(21,22, . . . ,n). 
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It also provides an approximate value of the change in the function when 
all variables are permitted to vary, provided that the variation in the 
independent variables is small. The total derivative of the function with 
respect to 7; is 


= 


=f thet s+ +f (A-15) 


or the rate of change of y with respect to 2; when all other variables are 


’ permitted to vary and where all 2; are specified functions of 2;. 


Given the implicit function f(x1,72, . . . ,2n) = 0, the partial deriva- 
tive 021/022 is obtained by first finding the total differential 


fidtit+tfedtz+ ++: +frzdrm =0 
dividing by dz; 


dz 1 


i Zt 4 f,St +... +5 Zit 


din _ 
Pfs oss Tinga =e 
and setting all differentials other than dz; and dz; equal to zero. Then 


nee +f: = 0 


ae _ _ fi 7 
and aa (A-16) 
Equation (A-16) is the implicit-function rule. 

Assume that y = f(x1,%2), %1 = g(wi,we), and z2 = h(wi,we). The 
partial derivatives of ¥ with respect to w; and w2 are determined by the 
composite-function rule derived below. Taking total differentials 


_ 9 oy , 17). 
dy = on, ax + ae axe (A: 17) 
Ps Ox, O21 
dx = aw, dw, + 3w, 1? : . (A-18) 
= 9X2 O22 : 
dx od aw, dw, + awe dws (A. 19) 


and substituting (A-18) and (A-19) into (A-17) and collecting terms 
on dw; and dw2, 


Oy O21 | OY IX2 ‘dy Ax. , dy Axe : 
dy = (3u 32 aw, 3 ay 322) dw, + (2 an, a. Ba. ous dw, (A-20) 


The expression (A-20) is itself a total differential in which the first 
bracketed term equals dy/dw1 and the second one equals dy/dws. Hence 
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Oy _. dy Or Oy O22 


dw. 02, 0w, * Ize dw 
Oy _ dy Ox Oy O22 


OWe2 = Ox, OW2 O22 OW2 


(A-21) 


If the independent variables of a function f(%,22) are themselves func- 
tions of some other variables w; and we, f(21,22) is differentiated partially 
with respect to wi and we according to (A-21). This is the composite- 
function rule. 

Envelopes. Let f(z,y,k) = 0 be an implicit function of the variables 
xzandy. The form of this function is assumed to depend on the magni- 
tude of the parameter k. In general, f(z,y,k) = 0 describes a curve in 
the zy plane. A different curve corresponds to each possible value ofk. 
The envelope of this family of curves is itself a curve with the property 
that it is tangent to each member of the family. The equation of the 
envelope is obtained by taking the partial derivative of f(z,y,k) with 
respect to k and eliminating k from the two equations. . 


f(a,y,k) = 0 
fix(z,y,k) = 0 


This method of obtaining the envelope is generally applicable, provided 
that fix ~ 0 and fife — fifa ~ 0.T 

Maxima and Minima without Constraints. The definitions of maxima 
and minima are similar to those for a function of a single variable. 
Necessary and sufficient conditions are difficult to derive. Only suf- 
ficient conditions are stated here.t It is sufficient for a maximum or 
minimum that the following conditions be fulfilled: (1) all first partial 
derivatives must equal zero: fi; = 0, fo = 0,. . . , fa = 0; (2) forming the 
Hessian determinant A of the second partial derivatives: 


fu fie *°* fin 
cS far fas 2s fon 


eo e€ © © © © e © we © 


and using A; to denote the principal minor of A which is obtained by 
deleting the last (n — 7) rows and (n — 7) columns of the array A, the 
principal minors must alternate in sign for a maximum: A; < 0, As > 0, 


+ For proof see W. F. Osgood, Advanced Calculus. (New York: Macmillan, 1925), 
pp. 186-193; Fine, op. cit., pp. 272-274. 

1See W. F. Osgood, op. cit., pp. 178-179; R. G. D. Allen, Mathematical Analysis for 
Economists (London: Macmillan, 1988),.chap. XIX; P. A. Samuelson, Foundations of 
Economie Analysis (Cambridge, Mass.: Harvard University Press, 1948), appendix A. 
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A; <0, ...,A,(—1)" >0.f All principal minors must be positive 
fora minimum.! The conditions on the signs of the principal minors are 
the second-order conditions. Extreme values are determined in a man- 
ner analogous to that employed in the single-variable case. The n 
equations jf: = 0, f2=0, ..., fn. =0 are solved for the n variables 
Z1, G2, -.. ,2%n. The signs of the principal minors of the Hessian are 
calculated for each solution. If their signs are as required for a maximum 
(minimum), the function f(21,r2, . . . jn) attains a maximum (mini- 
mum) for that solution. 

Constrained Maxima and Minima. Many maximum and minimum 
problems in economics are such that the independent variables are not 
permitted to take on all possible values; the variables are ‘‘ constrained”’ 
to satisfy some side relation. The constrained-maximum problem is to 
maximize the function f(11,272, . . . ,2n) subject to the constraint that 
only those values of (%1,%2, . . . ,tn) that satisfy the equation 


g(%1,%2, . . » tn) = 0 
are admissible. For example, the function 
f(@i,%2) = (a1 — 1)? + (2 — 2)? 


has an unconstrained minimum at the point 71 = 1, x2 = 2. However, 
if this function is subject to the requirement that 2; — +2 — 2 = 0, its 
minimum value is achieved at the point 7} = %, x2 = —%%. The func- 
tion f(%,72) defines a surface in three-dimensional space. The equation 
x1 ~ x2 — 2 =O defines a straight line in the horizontal axe plane. 
The constrained-minimum problem is one of finding the lowest point of 
the surface defined by f(x1,22) such that this point is above the straight 
line defined by the constraint. These concepts are illustrated with 


t In the two-variable case this means that fi. < 0 and firfez — (f12)? > 0, which 
also implies that fzz must be negative. 

1 The second derivative must be negative (positive) for a maximum (minimum) in 
the one-variable case if one disregards the possibility of a zero second derivative. 
The second total differential (d*y) must be negative (positive) for a maximum (mini- 
mum) in the many-variable case, disregarding again the possibility of a zero value. 
The second total differential 


n n 
d’y = » » fis day day 
j=l i=1 
is a quadratic form in the variables dz;. It can be shown that a quadratic form is 
negative definite (d@?y < 0 for all values of the dz:s except dx; = 0 for all z) if the 


principal minors of the Hessian alternate in sign as indicated and is positive definite if 
they are all positive. 
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reference to a maximum problem in Fig. A-2. The unconstrained maxi- 
mum occurs at the point M. The constraint is given by the line AB, 
All points on the surface other than 
those lying above the line AB, namely 
the points along the curved line PNQ, 
are irrelevant. The constrained maxi- 
mum occurs at the point N. The 
result will generally differ from the 
unconstrained case, and the constrained 
maximum will generally be lower than 
the unconstrained maximum. 

There may be more than one con- 
straint, but the number of constraints 
must be smaller than the number of 
variables. The following discussion is 
confined to the case of a single con- 
straint, since cases with more than 
one constraint are relatively rare in economics.! 

Method 1. If it is possible to solve the equation g(21,%2, . . . tn) = 0 
for one of the variables, say 21 = h(xo,... ,tn), the solution for 2 
can be substituted in f(11,42, ... ,%n) to give f[h(te, ... ,tn), Xa, 

. ,%] which is a function of n ~— 1 variables. Denote this function 
by H(a2, ... ,tn). The maximization of f(x1,2%2, . . . ,%n) subject to 
the constraint is equivalent to the unconstrained maximization of ~ 
H(2x2, . . - ,tn) with respect to x2, . . . , a. The constrained-maximum 





Ficurs A-2 


problem is thus reduced to an unconstrained one that is handled in cus- ~" 


‘tomary fashion. 

Method 2. The procedure outlined above involves a loss of symmetry 
depending upon which variable is expressed in terms of the others from the © 
constraint. A more general procedure involves the use of Lagrange 
multipliers. Form the function 


V = f(@r,00, . . . Bn) + Ag(art2, . . » tn) (A-22) 


The function (A-22) is a function of the (n + 1) variables x1, %2,. . . Zn 
and A, which is the undetermined Lagrange multiplier (different from 
zero). Maximizing V is equivalent to maximizing f(21,22, ... ;tn), 
subject to g(x1,%2, ... ,tn) =0. In addition, f(x,,22, ... ,2n) is 
identically equal to V only for those values of the variables that satisfy 
, the constraint. 


1 For an exception see W. J. Baumol, “Income Effect, Substitution Effect, Ricardo 
Effect,’ Economica, n.s. vol. 17 (February, 1950), pp. 69-80. 
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The first-order conditions require that-the first partial derivatives of V 
must vanish for both maxima and minima. This condition gives (7 + 1) 
equations in (n + 1) variables 


aV 

az, = fi + Agr = 

aVv -2 
Sa 7 int Mn = 0 ee 
aV 

rn g(t1,%2, .. . ,tn) = 0 


The last equation ensures that the constraint is satisfied. The solution 
of this system of simultaneous equations gives the point or points at 
which f(21,22, . . . ,t) achieves a maximum (or minimum) subject to 
9\x1,22, aor ,&n) a 0.7 

Denote the second partial derivatives of V by V.; and form the deter- 
minants 


Vu Ve Vir Vie Viz ga 
Va Vo g2\, Var Voo Vos Joly - +2 9 
91 gz O Vs, Vse Vas gs 

9. gz gs O 


Vu Vir- Vin 91 

Va Vo Von gJ2 

Va Vue Van Jn 
91 J2 gn O 


which are obtained by bordering the principal minors of the Hessian 
determinant of second partial derivatives of V by a row and a column 
containing the first partial derivatives of the constraint. The element in 
the southwest corner of each one of these arrays is zero. By the second- 
order conditions all these bordered determinants, must be negative for a 
minimum and must alternate in sign, starting with plus, for a maximum; 
i.e., the signs of the determinants from left to right must be +, —, +, etc. 
The above conditions on the signs of the determinants together with 
(A-23) are sufficient for maxima and minima.? 


¢ Note that it makes no difference whether the function V is formed by writing 
f — Ag orf +g. 

1 See Samuelson, op. cit., appendix A; Allen, op. cit.; chap. XIX; and for a rigorous 
treatment of some aspects of this problem, G. Debreu, “ Definite and Semi-definite 
Quadratic Forms,”’ Econometrica, vol. 20 (April, 1952), pp. 295-300. 
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Jacobians. Consider the system of simultaneous equations 


f(x1,22, aves s@n) = Yt 
f?(@1,%2, . . . Ln) = Yo (A-24) 


~ e @ © © © © © & © © # 


f*(&1,22, ses »n) = Yn 


The Jacobian of (A-24) is the determinant of the first partial derivatives 
of the functions f* and is denoted by 


02, AX. * O2n 
SOG oe Me): dell eo A-25 
J = O(a U2, 2 2 oe ta) eA ( ) 
O21 OX On 


The importance of Jacobians is clear from the following two theorems: 

1. If the functions f‘(71,272, . . . jn), (¢ = 1, 2,. . . , m), are continu- 
ous and possess continuous first partial derivatives, it is necessary and suf- 
ficient for the system of equations (A-24) to possess a solution x; = ¢*(y1, 
Y2 - - » Yn), (@ = 1,2,... , n), that the Jacobian be nonvanishing in a 
neighborhood about a point (9,28, . . . ,2°) for which (A-24) holds. 

2. The existence of a function H(y1,y2, . . . ,Yn) = 9, i.e., functional 
dependence among the equations of (A-24), is necessary and sufficient 
for the Jacobian of (A-24) to vanish identically or to vanish at every 
point in a neighborhood around (z{,72, . . . ,22). 

Proofs are given for the sufficiency parts of the theorems in the two- 
variable case. The proof of the first theorem utilizes the lemma that a 
continuous function f(@1,22) = y1 with continuous first partial derivatives 
possesses the solution 21 = ¢$(22,y1) if fi ~ OT Consider the two- 
variable system consisting of the equations 


f(x1,%2) =" . (A-26) 
9(t1,02) = Ye (A-27) 


If the Jacobian does not vanish, not all partial derivatives may equal zero. 
Assume that f; # 0. Then one may write 


zy = $(22,y1) (A-28) 

Substituting in (A-27), 
F= glb(x2,y1) 2] —-y= 0 (A-29) 
Then * = gibi + 92 (A-30) 


{ See W. F. Osgood, op. cit., pp. 133-135. 
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Substituting (A-28) in (A-26), 
G = f[o(x2,y1), 22] — 1 = 0 


Since G is identically equal to zero, its partial derivative with respect to 
22 also equals zero: 


=fiiit he = (A-31) 


Solving (A-31) for ¢1 and substituting its value in (A-380), ° 


oF = (- fr) +92.= ee (A-32) 


Since by hypothesis the Jacobian (the numerator) and f; do nct vanish, 
OF /dx2 # 0 and (A-29) can be solved for x2. Therefore 


re = h(y,y2) (A-38) 


Substituting (A-33) into (A-28) gives the solution for 7. 
To prove the second theorem, assume that there exists a functional 
dependence H(y:,y2) = 0. Taking the total derivative, 


AH, dy, + H2dyz = 0 


Substituting for dy: and dy, their values obtained by differentiating 


(A-26) and (A-27) and collecting terms, 
(Hifi + Hogi) dzi + (Aife + H2g2) dx2 = 0 


Since this must hold for all values of dx; and dxe, the bracketed terms musi 
each equal zero: 


Aifi+ Hogi = 0 Hafz + Hoge = 0 


Moving the second terms te the right-hand side and dividing the first 
equation by the second, 








Ayfhi - —Hgi 
Aife —H2go 
or fige — fog. = 0 (A-34) 


The left-hand side of (A-34) is the Jacobian which equals zero. 
As an example, consider the functions 


a? — 2m —-2=y 
at — 421% + 47.7 = Y2 


The functional dependence between them is given by (ys: -& 2)? — ye = 0. 
The Jacobian 
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A(y1,Y2) _ 204 —2 
O(21,22) ~~ 4x3 baa 82129 —4r,? + 822 

= (—8213 + 16222) — (—8213 + 162,22) = 0 
vanishes identically. 

If the functions (A-26) and (A-27) are linear, the first theorem reduces 
to the familiar proposition that the determinant of the array of coef- 
ficients must be nonvanishing. This condition is fulfilled if the number 
of equations equals the number of variables and if the equations are not 
functionally dependent. If the Jacobian of a system of linear equations 
vanishes, the equations are linearly dependent (see Sec. A-1). 


A-~-4, Integrals 


The integral of a function f(x) is another function F(z) which has the 


_ property that its derivative equals f(z); F’(z) = f(z). An integral is 


unique except for an arbitrary additive constant e, since a constant 
vanishes on differentiation. Tlus if F(z) is an integral of f(x), so is 
F(z) +c. Integration is the process of finding the integral and is in a 
sense differentiation in reverse. The integral F(x) + cis known as the 
indefinite integral and is denoted by 


[f@) de =F@ +e 


The techniques for finding the indefi- <a 
nite integrals of various kinds of wo 


functions are fairly difficult and are 
not treated here. | 
Integration can be used to calcu- ; 


late the area under a curve. The Ax,) 
function f(x) is plotted in Fig. A-3. 
To calculate the area between the 
x axis and the curve between points Ax; 

a and 6b, subdivide the distance 9 6 he ae 
(b — a) into segments of width Az;,, Fiaure A-3 

and then erect rectangles of height 

f(xi) over each segment. The height of each rectangle is the value of the 
function evaluated at the left-hand boundary of each segment. The 
required area A is approximately Zf(x:) Az;.t As the width of the rec- 
tangles becomes smaller, the expression 2f(x,) Ax; comes closer to the true 


J 








7 The sum of these rectangles underestimates the area under the curve. If the 
height of the rectangles were given by the value of the function corresponding to the 
right-hand boundary of each segment, the approximation would overestimate the 
correct area. Hither method is permissible for the analysis. 
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area A. In fact, 
A= lim Zf(x:) Ax; 
axi+0 

provided that this limit exists... Now change the right-hand-side 
boundary 6 of the area under consideration to a variable boundary z. 
The area from a to a variable right-hand-side boundary z is a function of 
xz and will be denoted by A(a,x). A somewhat larger area would result 
if the right-hand-side boundary were somewhat farther to the right, i.e., 
if this boundary were x + Ax. The resulting area will be denoted by 
A(a,z + Ax). The difference between these two areas is 


A(a,z + Ax) — A(a,xz) = A(a,x.+ Az) 


The area between the points x and x + Az is also given by the width of 
the interval Az multiplied by the value of the function f(x) at some point 
between x and x + Az. Denote this value of x by 20: 


A(a,xz + Ax) — Alaa) = f(xo) Ax 
A(a,z + Ar) — A(a,x) _ 
or a f (xo) 
_ When Az approaches zero, x + Az approaches x, and hence x» approaches 
x, since Xp is between x and x + Az. Taking limits 
dA _ lim A(a,x + aoee A(a,z) 


dx Az—0 





= f(x) 


This proves that the derivative of the area under a function is the func- 
tion itself or that the integral of a function is the area under it. The area 
A(a,b) is the definite integral of f(z) between the points a and b. If 
F(z) is an indefinite integral of f(x), the definite integral between a and 
bis 

[P$@ dx = FO) — F@) 


Integration is important for the solution of differential equations. A 
differential equation is one in which a derivative occurs. An example is 
dy/dx — 3y +2 =0. To solve this equation means to find a formula 
f(z) which satisfies the equation when it is substituted into it. In the case 
of the above equation one has to find an expression for y in terms of z 
which has the property that if one differentiates it and subtracts from the 
derivative three times the expression and adds two, the result is zero. 
Such a solution is given by y = e** + 34, as can be checked by sub- 
stituting this expression in the differential equation above. 


t The limit exists if the function f(z) is continuous. 
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A-5. Difference Equations 


Consider the sequence of numbers 1, 4, 9, 16, 25, etc., and denote them 
by yi, yz... Ys .--- The first differences of this sequence are 
Ayi = Y2 — y1 = 3, Aye = ¥3 — Ye = 5, Ay3 = ys — ys = 7, etc. The 
second differences are the differences between the first differences or 
A’y, = Aye — Ay; = 2, A*ye = Ay3 — Aye = 2, etc. In this particular 
sequence of numbers the second differences are constant and equal 2. 


This can be written as 
A'y, = 2 (A-35) 


Equation (A-35) can also be written as the difference between two first 


differences, or 
AYty1 = Ay: = 2 (A-36) 


Each of the first differences in (A-36) can be written as the difference 
between two members of the sequence, or 


(Yer2 — Yess) — Yer — Ye) = Yue — WYrar tye = 2 (A-37) 


Equation (A-37) is a d7fference equation, since it was obtained by taking 
differences of a sequence of numbers. It relates the (¢ + 2)th member 
of the sequence to the (¢ + 1)th and the ith members. In general, differ- 
ence equations relate the ‘th member of a sequence to some previous mem- 
bers. The general linear difference equation of nth order with constant 
coefficients is 


Gy: + dry + Aeyr-2 + + + + AnYen +b = 0 (A-38) 


Equation (A-388) is linear because no y is raised to any power but the first 
and because it contains no products of ys. It is an nth-order equation 
because the most distant value of y upon which y depends is yz-n. 
Thus (A-37) is a linear difference equation of second order with constant 
coefficients. A difference equation is homogeneous if 6 = 0. Both 
(A-37) and (A-38) are nonhomogeneous. , 

The Nature of the Solution. The homogeneous first-order equation is 


Ys = Aer (A-39) 


Given the information that yo = 2, y; = 2a can be determined from 
(A-37) by substituting the value of yo on the right-hand side. Then 
y3 = a(2a) = 2a%, In this fashion it is possible to calculate the value of y 
for any value of t. This procedure is cumbersome and can be avoided by 
finding a general solution for the difference equation. A general solution 
is an expression, usually a function of ¢, which gives the value of y 
immediately upon substitution of the desired value of ¢ A function of ¢ 
must be found such that y, = f(t). Any such function is a solution if it 
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satisfies the difference equation. In the first-order case the solution 
F() must satisfy? 


f@® = af — 1) (A-40) 


In addition the solution must also be consistent with the initial conditions. 
The initial conditions are a statement about the value of y at one or more 
specified points in the sequence. The number of initial conditions must 
be the same as the order of the equation in order to obtain a complete 
solution. Only one initial condition is necessary in the first-order case. 
This was given by yo = 2 in the previous example. The problem is to 
find the solution or solutions that satisfy the difference equation and then 
to select the solution that also satisfies the initial conditions.2 Subse- 
quent discussion is confined to linear difference equations of first and 
second order with constant coefficients. 

Homogeneous First-order Equations. Equation (A-39) can be written 
as 


wt gq for all ¢ 


Yi-1 
Therefore, 
= Ye Yer | | ¥en = At 
Yea Yee yy? 


The term a‘ is itself a solution since it satisfies (A-39): 
a’ = a(a'~) 


If f(t) is a solution, so is cf(¢) where ¢ is a constant. Thus assume that 
the general solution is y; = ca‘. This satisfies the difference equation 
because 

cat = a(ca*—) 


The parameter a is given by the difference equation and cis determined on 
the basis of the initial condition such that the general solution ca! is con- 
sistent with it. In the previous example the initial condition was given 
by yo= 2. yo = ca® = c = 2, and the general solution is y; = 2a’. 


Homogeneous Second-order Equations. The homogeneous linear 
second-order equation is 


ay: + bye1 + cyr2 = 0 (A-41) 


1A difference equation can also be regarded as defining y as a function of ¢. To 
every value of ¢ there corresponds a value of y with the proviso that the independent 
variable ¢ can take on only integral values, i.e., 0, 1, 2, 3, etc. 

2In the subsequent discussion, most proofs are omitted, and the ones given are 
sketchy at best. The reader is referred to W. J. Baumol, Heonomic Dynamics (New 
York: Macmillan, 1951), chaps. IX~XI, and S. Goldberg, Introduction to Difference 
Equations (New York: Wiley, 1958), chaps. II-III. 





MATHEMATICAL REVIEW 281 


Any function of ¢ is a solution if it satisfies the difference equation. A 
solution is provided by zx‘ where z is a number as yet undetermined, as 
can be verified by substituting x‘ into (A-41): 


eta nee oe (A-42) 
and dividing through by z‘-? 
ax? + br +e =0 (A-43) 


Equation (A-43) is a quadratic equation which is solved by the customary 
formula 


_ —b* /b? — 4ac 
z= ¥ . (A-44) 


This generally gives two values of x: x; and z2. Then z;‘and 22’ are both 
solutions of (A-42).¢ It is known that in this case kiz:¢ + kere! is also a 
solution. This, in fact, is the general solution of the homogeneous 
second-order difference equation where k; and kz are constants determined 
in accordance with the initial conditions. Two initial conditions are 
needed in the second-order case. Assume that these are yo = 3 and 
yi =4. Then 


kyry? + kot = ky + ke =3 
kyr} + kext) = ky, + koxe =4 


This system of equations can be solved for ki and ke, since x and 22 are 
already known. 

In some cases 6? — 4ae is negative. This introduces a complication 
because, according to (A-44), one would have to take the square root of a 
negative number. In such a case the solution is obtained by a different 
method and involves the trigonometric functions sine and cosine. The 
solution is merely stated here. Introduce the following notation: 


gears 
2a 
eae Sa 
2a 
R= Vor FoF 


+ If b? — 4ac = 0, the two roots of the quadratic equation are not distinct, i.e., 
%1 = 2, = —b/2a. Then set 2° = (~b/2a)' and 2x24 = 1(—b/2a)*. See Baumol, 
op. cit., p. 178. 

1 The square root of a negative number is an imaginary number, denoted by the 


letter 7, e.g., VV —16 = 42. The quantity x (sum of areal and an imaginary number) 
is a complex number. See Baumol, op. cit., pp. 181-195. , 
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Find the angle z the sine of which is v2/~/v;? + v,? and the cosine of 
which is /+/v1 + 022. The solution is 


= R'{w; sin (tz) + we cos (tz)] (A-45) 


where w; and w,2 are constants determined in the usual fashion in accord- 
ance with the initial conditions. 

Nonhomogeneous Difference Equations. Two steps are required to 
find the solution of a nonhomogeneous difference equation. The first 
one is to find the solution f(£) of the corresponding homogeneous equation. 
The second one is to find the particular solution denoted by g(é). The 


. final general solution is f(£) + g(é). Finding the particular solution is 


illustrated with reference to a second-order equation. The nonhomo- 
geneous equation is 


aye + by:—1 + CYr—2 +d=0 (A-46) 


The solution of the homogeneous part of (A-46) is kizi! + kere’. To 
find a particular solution substitute in (A-46) y% = K (constant) and 
solve for K: 
ak +bK+cK+d=0 
A... 


provided that a + 6+ c+0. Then the general solution is 
y = kyr + oe 
11 2 a zo atbte + c 


where ki and ke are now determined in accordance with the initial con- 
ditions. If a+6-+c=0, assume that the particular solution is 
ye = Kt, substitute this in (A-46), and solve for K. Then the general 
solution is y% = kizy + kore! + Kt, provided that (—b — 2c) ~Q. If 
—b — 2c = 0, substitute Kt? and proceed analogously. In the first- 
order case either y = K or % = Kt, and in the second-order case either 


Ye = K, or y% = Kt, or y% = Ké? leads to the correct particular solution. 
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